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Preface

Theneedfor everfastercomputers has naeased sincthe beginningof the computer
era.Every new applicationseemsto pushexistingcomputersto their limit. So far,
computermanufacturers have kepp with thedemandadmirablywell. In 1948,the
electronic componentsisedto build computerscould switch from one state to
anotherabout10,000times everysecondThe switching timeof this year'scompo
nentsis approximately1/10,000,000,000th of a second. These figureseanthat the
numberof operationsa computercando in onesecondhas doubledroughly every
two years, ovethepastforty yearsThisis veryimpressiveput howlong canit last?It
is generally believedhat thetrend will remainuntil the end of this century.lt may
even be possibléo maintainit a little longer by using optically basedr even
biologically basedcomponentsWhat happenatfter that?

If the current andontemplated applicationsf computers are anindication,
our requirementsn termsof computingspeedwill continue at leastat thesame rate
asin the pastyell beyondthe year2000.Already,computerdasterthan anyavailable
today are neededto perform the enormous numbesf calculationsinvolved in
developing cureto mysteriougliseases. Thegreessentiato applicationswhere the
humanability to recognize complex visuahdauditory patterns to besimulatedin
realtime. And they areindispensablé we areto realizemanyof humanity'sdreams,
rangingfrom reliablelong-term weatheforecastingo interplanetarytraveland outer
space explorationt appearsiow that parallel processing theway to achieve these
desiredcomputingspeeds.

The overwhelmingmajority of computers irexistencaoday,from the simplest
to themostpowerful,areconceptuallyerysimilarto one anotherTheir architecture
and mode of operationfollow, more or less, the same basic design principles
formulatedin the late1940sand attributedto Johnvon Neumann.The ingenious
scenariois very simple and essentially goess follows: A control unit fetchesan
instruction andts operandd$rom a memory uniandsends themo a processing unit;
there the instructiors executecandthe resulsent backo memory. Thissequencef
eventsis repeated foeachinstruction. Thereis only one unit of each kindandonly
one instruction can be executedat a time.
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With parallel processing thgtuationis entirely differentA parallelcomputeris
onethat consistof a collection of processing unitsyr processorsthatcooperate to
solvea problemby working simultaneouslyon different partsof that problem.The
numberof processoraisedcan rangdrom a few tensto several millionsAs aresult,
the timerequiredto solve theproblemby a traditional uniprocessorcomputeris
significantly reduced. Thispproachis attractivefor a numberof reasonsFirst, for
manycomputationaproblemsthe naturabkolutionis a parallelone.Second, the cost
and size of computer componentBave declinedso sharply in recent yearghat
parallel computerswith a large numberof processors have becorfeasible. And,
third, itis possiblen parallel processintp selectthe parallelarchitecturehatis best
suited to solve the problemor class of problems under consideratioindeed,
architectsof parallelcomputerdavethe freedonto decide howmanyprocessorsre
to beused, how powerful theséouldbe,what interconnectionetwork links thento
one anothenvhetherthey share a commomemory,to what extentheir operations
areto be carriedout synchronouslyanda hostof otherissuesThis wide rangeof
choiceshasbeen reflected byhe many theoreticahodelsof parallelcomputation
proposed asvell asby the several paralletomputersthat wereactually built.

Parallelismis sureto changethe way we think aboutand use computers.It
promisesto put within our reachsolutionsto problemsand frontiersof knowledge
neverdreamedof before Therich variety of architecturewill leadto the discoveryf
novel and moreefficient solutionsto both old and new problems. lItis important
thereforeto ask: How do we solve problemson a parallel computer?The primary
ingredientin solving a computationalproblem on any computeris the solution
method,or algorithm.This bookis aboutalgorithmsfor parallelcomputersit describes
howto goaboutdesigningalgorithmsthatexploit both theparallelisminherentin the
problem and that availableon the computerlt also shows howo analyze these
algorithmsin orderto evaluate theispeedand cost.

The computationgbroblemsstudiedin this bookaregrouped into threelasses:
(1) sorting, searching, and related problems;2) combinatorial and numerical
problems;and(3) problemsarising ina number of applicatioareas. These problems
werechosendueto their fundamentahature It is shownhow a parallelalgorithmis
designedand analyzedto solveeachproblem.In somecasesseveralalgorithmsare
presentedthat perform the same job,eachon a different model of parallel com
putation.Examplesare usedas oftenas possibleto illustrate the algorithmdiVhere
necessarya sequential algorithnis outlined for the problemat hand. Additional
algorithms are briefly described inthe Problemsand Bibliographical Remarks
sections. A list of referencegdo other publications, where related problenasid
algorithms are treateds providedat the endof eachchapter.

Thebookmay servasatextfor agraduateourseon parallelalgorithmsit was
usedat Queen's Universitfor thatpurposeduringthe fall termof 1987.Theclass met
for four hourseveryweek over aperiod of twelve weeksOne of the four hourswas
devotedto studentpresentationsf additional materialreferenceo which was found
in the Bibliographical RemarkssectionsThebook should alsbe usefulto computer
scientists, engineergnd mathematiciansvho would like to learn about parallel
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modelsof computationand the designand analysisof parallel algorithms. It is
assumedthat the readerpossesseshe backgroundnormally provided by an
undergraduate introductogourseon the designand analysisof algorithms.

Themost pleasanpartof writing a bookis when onefinally getsa chanceo
thank those whbelpedmakethe taskanenjoyable onel-ourpeople deserve special
credit:Ms. IreneLaFleche preparedheelectronic versiomf the manuscriptwith her
natural cheerfulnesand unmistakable talentThe diagramsare the result of Mr.
Mark Attisha's expertiseenthusiasmandskill. Dr. BruceChalmersofferednumerous
trenchant anéhsightfulcomment©nanearly draft Adviceandassistancen matters
big and small wereprovidedgenerouslyby Mr. ThomasBradshaw.l alsowish to
acknowledgethe severalhelpful suggestionsnadeby the studentdan my CISG-867
classat Queen'sThe supporprovided by the staff of Prentice Hallat everystageis
greatly appreciated

Finally, | amindebtedto my wife, Karolina, andto my two children,Sophiaand
Theo,who participatedin this projectin morewaysthan | can mention. Thedn
particular, spenthefirst yearof hislife examining, froma vantage point, eaatord as
it appearedn my writing pad.

Selim G. Akl
Kingston, Ontario



Introduction

1.1 THE NEED FOR PARALLEL COMPUTERS

A battery of satellitesin outerspaceare collectingdataat the rate of 101° bits per
secondThedatarepresentnformationon theearth'sweather, pollution, agriculture,
andnaturalresourcesln orderfor this informationto be usedin atimely fashion,it
needsto be processedt a speedof atleast10'* operationsper second.

Back on earth,a teamof surgeonswish to view on a special displaya
reconstructedhreedimensionalimageof a patient'sbodyin preparatiorfor surgery.
They needto be ableto rotatetheimageat will, obtaina crosssectionalview of an
organobservadt in living detail,andthenperforma simulated surgemyhile watching
its effect, all without touching the patient. A minimum processing speedf 103
operationgper secondwould makethis approachworthwhile.

The precedingtwo examplesare representativeof applicationswhere trem:
endouslyfastcomputers areeeded o process vashmountf dataor to performa
largenumberof calculationgquickly (or atleast withina reasonable lengthf time).
Othersuch applicationsnclude aircraft testing,the developmentf new drugs,oll
exploration, modelindusion reactors, economic planning, cryptanalysis, managing
large databases, astrononiypmedical analysis, reéime speechiecognition,robo
tics, and the solutiorof large systemsof partial differential equationsarising from
numerical simulationsin disciplinesas diverse as seismology,aerodynamicsand
atomic, nuclear,and plasmaphysics.No computerexiststodaythat can deliver the
processing speedsquiredby theseapplications Eventhe so-called supercomputers
peakat a few billion operationgersecond.

Over the pastorty yearsdramaticincreases iromputingspeed were achieved.
Most of thesewerelargelydueto theuseof inherentlyfaster electronicomponentdy
computermanufacturersAs we wentfrom relaysto vacuum tubeso transistorsand
fromsmall to mediumto largeandthento verylargescaleintegration we witnessed—
oftenin amazementthegrowth in sizeand rangeof the computationaproblems
that we could solve.

Unfortunately, itis evidentthatthistrendwill sooncometo anend.Thelimiting
factoris a simplelaw of physicsthatgivesthe speedof light in vacuum.Thisspeeds
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approximately equafo 3 x 10® metersper second. Now, assuntigat an electronic
devicecan perform 10!? operationgper secondThen ittakes longer foa signalto
travel betweertwo suchdevices onéalf of a millimeterapartthanit takesfor either
of themto processit. In other words, allthe gainsin speedobtainedby building
superfasklectroniccomponentsare lost while onecomponentis waiting to receive
someinput from anotherone. Why then (one& compelledto ask)not put thetwo
communicating componentaven closer together? Agaimhysics tellsus that the
reductionof distancebetween electronic devices reaclgsoint beyondwhich they
beginto interact,thusreducingnot only their speedut also their reliability.

It appeardhatthe onlyway aroundthis problemis to useparallelism.Theidea
hereis thatif severabperationsareperformed simultaneouslyhen thetimetakenby
acomputation camesignificantly reducedrhisis afairly intuitive notion,andone to
which we areaccustomedn any organized society. We knothat several peoplef
comparableskills can usually finish a jobin a fractionof the timetaken by one
individual. From mail distributionto harvestingandfrom office to factory work,our
everydaylife offersnumerousxamplesof parallelismthroughtask sharing.

Even inthefield of computing theideaof parallelismis notentirelynewand has
takenmanyforms. Sinceheearly daysof informationprocessing, people realizttht
it is greatlyadvantageout havethe various components a computedodifferent
things at the sametime. Typically, while the central processingunit is doing
calculationsjnput canbereadfrom a magnetictapeand outputproducedon a line
printer. In more advancedmachines,there areseveral simple processors each
specializingin a given computationaltask, such as operations orfloating-point
numbers, foexample. Somef today'smostpowerfulcomputersontaintwo or more
processingunits that shareamongthemselveshe jobs submittedor processing.

In eachof the examples justmentioned parallelismis exploited profitably but
nowhere near itpromised power. Strictly speakinggneof the machines discussisd
truly a parallel computer.In the modern paradignihat we are aboutto describe,
however, the idea of parallel computing camealize itsfull potential. Here, our
computationalool is a parallel computer,thatis, a computemwith many processing
units, or processorsGiven a problemto be solved, itis brokeninto a numberof
subproblemsAll of thesesubproblemsare now solved simultaneously, eacm a
different processorThe resultsare then combinedto producean answerto the
original problemThisis a radicaldeparturdrom themodelof computation adopted
for the past fortyyears in building computers namelythe sequentialiniprocessor
machine.

Only during thelast ten yearshas parallelism becoméruly attractiveand a
viable approachto theattainmentof very high computationaspeedsThedeclining
costof computer hardwarkasmadeit possibleto assemble parallel machines with
millions of processorsinspiredby the challengecomputerscientists begato study
parallel computers bothn theoryandin practice. Empirical evidence providdxy
homegrown prototypesften cameo supportalargebody of theoretical studiefAnd
very recently,a numberof commercial parallecomputershave made their ap-
pearanceon the market.
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With the availability of the hardware the most pressing questiofin parallel
computingtodayis: How to programparallelcomputerdo solve problemsefficiently
andin a practicaland economically feasiblavay? As is the case inthe sequential
world, parallelcomputing requires algorithms, programmilagguagesand com-
pilers,aswell asoperatingsystemsn orderto actually performacomputatioron the
parallelhardwareAll these ingredientsf parallelcomputingarecurrentlyreceivinga
good deal of well-deservedattentionfrom researchers.

This book is about one (and perhaps the most fundamenta¥pect of
parallelism, namelyparallel algorithms. A parallelalgorithmis a solution methodbr
agivenproblemdestined o beperformedona parallelcomputerln orderto properly
designsuch algorithms, on@eedsto havea clear understandingf the model of
computationunderlyingthe parallelcomputer.

1.2 MODELS OF COMPUTATION

Any computerwhether sequentiar parallel,operatedyy executingnstructionson
data.A streamof instructions (the algorithntglls the computer whatio do ateach
step. A streanof data(the input tothe algorithm)s affectedby theseinstructions.
Depending onwhetherthereis one or severalof these streamsye can distinguish
amongfour classe®f computers:

1. Singlelnstruction streamSingleDatastream (SISD)

2. Multiple Instructionstream Single Datastream(MISD)

3 Singlelnstruction streamMultiple Datastream(SIMD)

4. Multiple Instructionstream,Multiple Datastream(MIMD).

We now examineeachof theseclassesn some detailln thediscussiorthatfollows we
shall not beconcerned withinput, output, orperipheral unitghat areavailableon
everycomputer.

1.2.1 SISD Computers

A computeiin thisclass consistsf asingle processingnit receivinga singlestreamof
instructionsthat operaten a singlestreamof data,asshownin Fig.1.1.At eachstep
during the computatiothe controlunit emitsone instructionthat operateson a
datumobtainedfrom thememoryunit. Suchaninstructionmaytell the processor, for

CONTROL INSTRUCTION | PROCESSOR DATA MEMORY
STREAM STREAM

Figure 11 SISD computer.
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exampleto performsomearithmeticor logic operationon thedatumandthenputit
back in memory.

The overwhelmingmajority of computers today adhete this model invented
by Johnvon Neumann andis collaboratorsin the late1940s.An algorithm for a
computerin this classis said to be sequential(or serial).

Example 1.1

In order tocomputethe sumof n numbersthe processoneedsto gain accesto the
memoryn consecutive timeand eachtime receiveone number. Therarealson — 1
additionsnvolvedthat areexecutedh sequencé hereforethis computatiomequireson
the orderdf n operationsn total. [

This example showshat algorithmsfor SISD computersdo not contain any
parallelism.The reasonis obvious, theras only one processor!n order to obtain
from acomputer thekind of parallel operationdefined earlierjt will needto have
severalprocessorsThisis providedby the nextthreeclassesf computersthe classes
of interest inthis book.In eachof these classes,computerpossessel processors,
whereN > 1.

1.2.2 MISD Computers

Here, N processors each with its owaontrol unit sharea commonmemory unit
wheredataresideasshown inFig. 1.2. Thereare N streamf instructionsand one
streamof data.At each steppnedatumreceivedrom memoryis operateduponby all
the processors simultaneously, eamtcordingto the instructionit receives fromits
control. Thusparallelismis achievedby letting the processorslo differentthingsat
the samdime on the samedatum.This classof computerdendsitself naturally to
thosecomputationsrequiring an input to be subjectedto severaloperations, each
receivingtheinput in its original form.Two suchcomputationsare now illustrated.

PROCESSOR INSTRUCTION CONTROL
1 STREAM 1 1
PROCESSOR INSTRUCTION CONTROL
2 STREAM 2 2
MEMORY DATA
STREAM
° [
PROCESSOR INSTRUCTION CONTROL
N STREAM N N

Figure 1.2 MISD computer.
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Example 1.2

It is requiredto determine whethexgivenpositive integer hasnodivisorsexceptl and
itself. The obvious solution to this problemto try all possible divisorsf z: If noneof
these succeeds dividing z, thenz is saidto be prime;otherwisez is saidto becomposite.

We can implement thisolutionasa parallel algorithmon an MISDcomputer.
Theideais to split the job of testing potential divisor@mongprocessorsAssumethat
thereare agmany processomn the parallel computeastherearepotential divisorsf z.
All processordake z as input, then each trigs divide it by its associateghotential
divisor and issuesan appropriate outpubased onthe result. Thusit is possibleto
determine ironestep whether is prime.More realisticallyf therearefewer processors
than potential divisors, then each processor bamiven the job of testinga different
subsetof these divisorsln either casea substantial speedup obtained ovea purely
sequential implementation.

Although moreefficientsolutionsto the problenof primality testing existye have
chosen the simple oneiadllustrates the point withouhe needfor much mathematical
sophistication. [

Example 1.3

In many applicationspe often needo determineto which of a numberof classesloesa
given object belong. The object maybe a mathematicalone, where itis requiredto
associat@ numberwith oneof several setgach withits own propertiesOr it may bea
physical oneA robot scanning theleepseabed"seel different objectsthatit has to
recognizein order to distinguish among fish, rocks, algaeand so on. Typically,
membershipf the objectis determinedby subjectingt to a numberof differenttests.

The classification process chadonevery quickly on an MISD computerwith as
many processorm@asthere arelassesEach processas associatedavith a classand can
recognizememberf that classthrougha computationaltest. Given an objecto be
classified,it is sentsimultaneousliyto all processors where i$ testedin parallel. The
objectbelongsto the class associatedth that processothat reportsthe successf its
test,(Of coursejt maybethat theobject does not belong anyof theclasses testefr,
in whichcase all processors report failufs)n examplel.2, whenfewer processorthan
classesare available, several testse performedby each processohere, howevern
reporting successa processormust also providethe classto which the object
belongs. O

The precedingexamplesshow that the classof MISD computerscould be
extremely usefulin many applications.It is also apparentthat the kind of com-
putationsthat canbe carried out efficiently on thesecomputersare ofa rather
specialized nature. For most applications, MISD computerswould be rather
awkwardto use.Parallelcomputerghat are mordlexible, and hencesuitable fora
wide rangeof problems,aredescribed inthe nexttwo sections.

1.2.3 SIMD Computers
In this class,a parallelcomputerconsistsof N identical processorsasshownin Fig.

13.
Eachof theN processorpossesseiss ownlocalmemorywhereit can storeboth
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SHARED MEMORY
OR
INTERCONNECTION NETWORK

DATA DATA DATA
STREAM STREA% STREAM
1
PROCESSOR PROCESSOR PROCESSOR
1 2 e o o N
INSTRUCTION
STREAM
CONTROL

Figure 1.3 SIMD computer.

programs andlata.All processor@perateunderthe control of a singleinstruction
streamissued bya centralcontrol unit. Equivalently, the N processors maye
assumedo hold identicalcopiesof a single program, eaclprocessor's copy being
storedin its local memory.Thereare N datastreamspne per processor.

The processoroperatesynchronouslyAt eachstep,all processors execute the
same instruction, eaabn a differentdatum.The instruction could be a simpleone
(suchasaddingor comparingtwo numberspr a complex one (suchsmergingtwo
lists of numbers)Similarly, thedatummay be simpléone numberdrcomplex (several
numbers) Sometimesjt may be necessarto have onlya subsetof the processors
executean instruction. This information canbe encodedin the instructionitself,
therebytelling a processor whether ghouldbe active(andexecutethe instructionpr
inactive (andwait for the nextinstruction). Theras a mechanism, suchsa global
clock, thatensuredock-step operationThusprocessorghat areinactive during an
instructionor thosethatcompleteexecutionof the instructionbeforeothersmaystay
idle until the nextinstructionis issued.The time interval betweentwo instructions
may be fixed or may dependon the instructionbeing executed.

In most interesting problenthatwe wish to solveonanSIMD computer, itis
desirablé€for the processorso be ableto communicatemongthemselvesluring the
computationin orderto exchangedata orintermediateresults. This can be achieved
in twoways, giving ris¢o two subclasseSIMD computersvherecommunications
througha shared memoryand thosewhereit is donevia aninterconnectionnetwork.
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1.2.3.1 Shared-Memory (SM) SIMD Computers. This classs also
known in the literature as the Parall®andomAccessMachine(PRAM) model.
Here, the N processosbare acommon memoryhat they usein the sameway a
groupof peoplemayusea bulletin board.Whentwo processongishto communicate,
theydo sothrough the sharethemory.Say processor wishesto passa numberto
processolj. This is donein two steps. First, processomrites the numbetrin the
sharedmemoryat a givenlocation knowrto processoj. Then, processgireads the
number fromthatlocation.

During theexecutiorof aparallel algorithm, the N processgain accest® the
sharednemory forreadingnputdatafor readingor writing intermediate resultand
for writing final results.The basic model allows alprocessorso gain accesso the
sharedmemorysimultaneously the memory locationtheyaretrying to readfrom
or writeinto aredifferent. Howevertheclassof shareememorySIMD computers can
befurther dividedinto four subclassesccordingo whethertwo or more processors
cangainaccesgo the samenemorylocation simultaneously:

(i) ExclusiveRead, ExclusiveWrite (EREW) SM SIMD Computers. Access
to memory locationsis exclusive.In other wordsho two processorsre allowed
simultaneouslyto read fromor write into the samememorylocation.

(ii) Concurrent-Read, ExclusiveWrite (CREW) SM SIMD Computers.
Multiple processorareallowedto read from the same memory locatiout theright
to write is still exclusive:No two processorsire allowed to write into the same
location simultaneously.

(iii) ExclusiveRead, Concurrent-Write (ERCW) SM SIMD Computers.
Multiple processors arallowedto write into the samenmemorylocation but read
accessesemainexclusive.

(iv) Concurrent-Read, ConcurrentWrite (CRCW) SM SIMD Computers.
Both multiplereadand multiple-write privilegesaregranted.

Allowing multiple-read accesse$o the same addresa memory should in
principleposeno problemgexceptperhapsometechnological one® bediscussed
later). Conceptually, eadh theseveraprocessors readirigpm thatlocation makesa
copy of the location'ontents andgtoresit in its own local memory.

With multiple-writeaccesse$ioweverdifficulties arise lf severaprocessorare
attemptingsimultaneousiyto store (potentiallydifferent)dataat a given address,
which of themshouldsucceed®h otherwords, there shouldea deterministiovay of
specifyingthecontentf thataddress after tharite operationSeveral policies have
beenproposedo resolvesuchwrite conflicts, thusfurther subdividinglassesiii) and
(iv). Somedf thesepoliciesare

(a) the smalleshumbered processarallowedto write, andaccesss deniedto all
other processors;

(b) all processors arallowed to write provided that the quantitiesthey are
attemptingto store areequal, otherwisaccesss deniedto all processorsand

(c) thesumof all quantitiesthat the processom@reattemptingto write is stored.
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A typical representativef theclassof problemsthat can besolvedon parallel
computersof the SM SIMD family is givenin thefollowing example.

Example 1.4

Considera very large computerfile consistingof » distinctentries.We shall assuméor
simplicity that thefile is notsortedin any order.(In fact, it may bethe casethatkeeping
the file sortedat all timesis impossibleor simply inefficient.) Now supposethat it is
requiredto determinewhether agivenitem x is present inthefile in orderto perform a
standard databassperation,such asread, update,or delete.On a conventional(i.e.,
SISD) computerfetrieving x requiresn stepsin the worstcase where eacétepis a
comparisonbetweenx anda file entry. The worst caseclearly occurs wherx is either
equal tothelastentryor notequalto anyentry. Ontheaveragepf course weexpectto
doa little better:If thefile entriesaredistributeduniformly over agivenrange,thenhalf
asmanystepsarerequiredto retrievex.

The job can be donea lot fasteron an EREW SM SIMD computerwith N
processors, wheré < n. Letus denote thprocessorby P,, P,,..., P, Tobeginwith,
we needto let all the processorsnow thevalueof x. Thiscanbedoneusinganoperation
known asbroadcasting:

1. P, readsx andcommunicatest to P,.
2. SimultaneouslyP, and P, communicatex to P; and P,, respectively.

3. Simultaneously,P,, P,, P;, and P, communicatex to P, P¢, P,, and P,,
respectively,
andsoon.

The processcontinues untilall processor®@btain x. As the numberof processorghat
receivex doublesat eachstage broadcasting to all N processors requires |dy steps.>
A formal statemenbf the broadcastingorocesss givenin section2.5.1.

Now the file to be searchedor x is subdividedinto subfiles that are searched
simultaneouslyby the processorsP; searcheghe first n/N elements,P, searcheshe
secondn/N elementsand soon. Since all subfiles are of the samesize,n/N stepsare
neededn the worst case¢o answer the quergboutx. In total, therefore, this parallel
algorithmrequires logN + /N stepsin the worstcase O n theaveragewe cand o better
than that (asvasdonewith the SISD computer)A location F holdinga Booleanvalue
canbesetasidein the shared memony signalthatoneof the processordiasfound the
item searched foand,consequentlythat all other processorshould terminatetheir
searchlnitially, Fis setto false. Whena processor finds in its subfile, it setsF to true.
At everystepof the searchall processorsheckF to seeff it is trueand stopf thisis the
case.Unfortunately this modificationof thealgorithmdoes notomefor free:log N steps
areneededto broadcast thealue of F eachtime the processorsieedit. Thisleadsto a
totalof log N + (n/N)log N stepsin theworstcaselt is possibleo improvethis behavior
by havingthe processors eitheheckthe valueof Fatevery (logN)th step,or broadcast
it (oncetrue) concurrentlywith the searchprocess.

'Note that theindexing schemessedfor processorm this chapterarefor illustration only. Thus,
for example, in subsequenhapters aet of N processorsnay be numbered to N, or ¢ to N — 1,
whicheveris more convenient.

2All logarithmsin this bookare tothe base2, unlessotherwise indicatedf N is not a powerof 2,
thenlogN is always roundedo the next higher integer. Similarlyand unlessotherwise statedye shall

assumethat all real quantities—such as those arising from computing squareots andratios—are
roundedappropriately.
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In orderto truly exploit thisearlyterminatiortrick without increasing the worst
caserunningtime, we needto usea more powerful model, namely CREW SM SIMD
computer.Since concurrentread operationgre allowed, it takesone step for all
processorfo obtainx initially and onestepfor themto readF eachtime it is needed.
This leadsto a worst casef n/N steps.

Finally we notethat an evenmore powerful modeks neededf we removethe
assumptiommadeat the outsetd this examplethat all entriesin thefile are distinct.
Typically, thefile may representa textual databasewith hundredsdof thousandsf
articles, eachontainingseverathousandvords;it may benecessario searctsuchafie
for a given wordx. In thiscasemorethanoneentry may beequalto x, and hencemore
thanoneprocessomay needto reportsuccessit thesametime. This meanghat two or
moreprocessongil attempt tanrite into locationF simultaneoushasituation thatan
only be handledby a CRCW SM SIMD computer. [

w

vs
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Feasibility of the Shared-Memory Model. The SMSIMD computer
is a fairly powerful modelof computation,even inits weakest manifestatiorthe
EREW subclassindeed,the model allows all available processtosgain accesso
the sharedmemory simultaneouslhyt is sometimessaidthat the modeis unrealistic
and no parallelcomputerbasedon that model canbe built. The argumentgoesas
follows. When one processomeedsto gain acces$o a datumin memory,some
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circuitry is neededto createa pathfrom that processorto the locationin memory
holdingthatdatum. The costf such circuitryis usuallyexpressecs the numbeof

logicalgates requiretb decode the addrepsovidedby the processorif thememory
consistof M locations, therthecostof the decoding circuitrynay be expresseas
T (M) for some costunctionf. f N processorsharehatmemoryasin theSM SIMD

model, then the cost the decoding circuitrglimbsto N x f (M).ForlargeN and M
this may lead to prohibitively largeand expensivalecoding circuitrybetweenthe
processors and thmemory.

There are manyaysto mitigatethisdifficulty. All approachemevitablyleadto
models weakethanthe SM SIMD computer Of course, any algorithm for the latter
may besimulatedbn aweaker modeht the cosof morespaceand/orcomputational
stepsBy contrastanyalgorithmfor a weaker modetunsontheSM SIMD machine
at no additional cost.

Oneway to reduce thecostof the decoding circuitrys to divide theshared
memoryinto R blocks, saypf M/R locationseach.There areN * R two-way lines
thatallow any processdp gainaccesso anymemory blockat anytime.However, no
morethanone processor caread fromor write into a block simultaneously. This
arrangemenis shownin Fig. 1.4for N = 5andR = 3. Thecirclesat the intersections
of horizontalandvertical lines represent small (relatively inexpenswéches. When

PROC?SSOR Py Py 9
PROCESSOR e Py 9
PROCESSOR & PN Py
PROCESSOR Fy & L J
PROCESSOR W
MEMORY MEMORY MEMORY
BLOCK 1 BLOCK 2 BLOCK 3

Figure 1.4 Dividing a shared memory into blocks.
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theith processomwishesto gainaccesgo the jth memoryblock, it sendsits request
alongthe ith horizontalline to thejth switch, whichthen routesit down thejth

vertical line to the jth memory block. Each memoryblock possessesne decoder
circuit to determinewhich of the M/R locationsis needed. Thereforéhe total cost of

decoding circuitryis R x f(M/R). To thiswe mustaddof course the cosff the N x R

switches. Another approachto obtaininga weaker versionof the SM SIMD is
described inthe next section.

1.2.3.2 Interconnection -Network SIMD Computers.  Weconcluded
section1.2.3.1 byshowinghow theSM SIMD modelcan be made mordeasibleby
dividing the memoryinto blocks and makingaccesgo theseblocksexclusive.lt is
naturalto think of extendingthisideato obtaina slightly morepowerful modelHere
the M locationsof the sharednemoryaredistributedamong theN processorseach
receivingM/N locations.In additioneverypair of processorareconnectedy a two
way line. This arrangemenis shownin Fig. 1.5 forN = 5. At any step during the
computationprocessoiP; canreceiveadatumfrom P; andsendanother on¢o P, (or
to P;). Consequently, each processor memsttain

(i) a circuitof costf(N — 1) capableof decoding alog(N — 1)-bit address—this
allowsthe processotto selectone of the otherN — 1 processorgor communt
cating;and

(i) a circuitof costf (M/N) capableof decoding dog(M/N)-bit addresgrovided
by anotherprocessor.

This modelis thereforemore powerful than theR-block sharedmemory,asit allows
instantaneousommunicationbetweenany pair of processors. Severphirscanthus
communicatesimultaneously (providedef course,no more than one processor
attemptsto senddatato or expectsto receivedatafrom anotherprocessor)Thus,

PROCESSOR 1

PROCESSOR 2 PROCESSCR 5

PROCESSOR 3 PROCESSOR 4 Figure 1.5 Fully interconnected setf
processors.
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potentiallyall processorgan be busycommunicating all théme, somethingthatis
not possiblen theR-block shared memorwhenN > R. We now discusa numbeiof
featuresof this model.

(i) Price. The first question to ask is: What is the price paid to fully
interconnect NprocessorsThere areN — 1lines leavingeach processor fortatal of
N(N — 1)/2 lines. Clearly such a networks too expensive, especially for large values
of N. Thisis particularlytrueif we notethatwith N processorghe bestwe canhope
for isanN-fold reductionin thenumberof steps requirely a sequential algorithm, as
shownin section1.3.1.3.

(i) Feasibility. Even if we could afford such ahigh price,the model is
unrealisticin practice,again forlarge valuesof N. Indeed, theras a limit on the
numberof linesthatcanbeconnectedo a processognd thatimit is dictatedby the
actual physicalsize of the processoitself.

(iii) Relation to SM SIMD. Finally, it should be noted that the fully
interconnected modelsdescribeds weakerthana shareememorycomputerfor the
same reasonsthe R-block sharedmemory:No morethanone processorcangain
accesssimultaneouslyto the memory block associatedwith another processor.
Allowing the latterwould yield a costof N? x f (M/N), whichis aboutthe samesfor
the SM SIMD (not countingthe quadraticcost of the two-way lines): This clearly
would defeatour original purposeof getting amorefeasible machine!

Simple Networksfor SZMD Computers. It is fortunatethat in most apph
cationsa small subsatf all pairwise connectionss usuallysufficientto obtaina good
performanceThemostpopularof thesenetworksarebriefly outlinedin whatfollows.
Keepin mind that sincetwo processorcan communicaten a constantnumberof
stepsona SM SIMD computeranyalgorithmfor aninterconnectiometwork SIMD
computercan be simulatedn the former modelin no more stepsthan requiredto
executet by thelatter.

(i) Linear Array. Thesimplestwaytointerconnect Norocessorssin theform
of a onedimensionahrray,asshownin Fig.1.6for N = 6.Here, processar;is linked
toits two neighborspP;_, and P;, , througha two-way communicationline. Eachof
the endprocessorspamely, P, and P,, hasonly oneneighbor.

(i) Two-Dimensional Array. A two-dimensional networkis obtained by
arrangingthe N processormitoanm x marray,wherem = N'/2, as showrin Fig. 1.7
for m= 4. The processorin row j and column k is denoted by P(j, k), where
0<j<m-1and0 < k< m- 1. Atwo-way communicationline links P(j, k) to its
neighbors P (j* 1,k), P(j— 1,K), P(j,k * 1), and P(j, k — 1). Processoron the

Figure 1.6 Lineararrayconnection.
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COLUMN

NUMBER 0 1 2 3
ROW 0 | pPoo P(O.1 P©.2 P(0.3
NUMBER (0,0) (0.1) (0.2) (0.3}
P(1.0) P(1,1) P(1,2) P(1,3)
2 P(2,0) P(2,1) P(2.2) P(2.3)
3| PEo P31 Pe.2) PE3 [ Figure 1.7 Two-dimensionalarray (or
mesh)connection.

boundary rows and columns have fewer than four neighborsand hencefewer
connectionsThis networkis also known asthe mesh.

Both the oneand two-dimensionalarrayspossessan interestingproperty:All
the lines in the networkhave thesamelength. The importancef this feature,not
enjoyed byotherinterconnections studieid this book, will becomeapparentwhen
we analyze thdime requiredby a networkto solvea problem (seesectionl1.3.4.2).

(i) Tree Connection. In this network, therocessors forna completebinary
tree. Sucha treehasd levels,numbered0 to d — 1, and N = 2¢ — 1 nodes eaclof
which is a processoras shown inFig. 1.8 for d = 4. Each processoat level i is
connectecy a two-way linetoits parentatleveli + 1and toits two childrenat level
i — 1. Theroot processor (develd — 1) has no parent antthe leavegall of whichare
atlevel 0) havenochildren.In this book, the termsee connection(or tree.connected
computer)are usedto referto sucha treeof processors.

(iv) Perfect Shuffle Connection. Let N processorsP,, P,,...,Pyx_, be
availablewhereN is a powerof 2. In the perfectshuffle interconnection aneway line
links P; to P;, where

,_{Zi forO<igN/2-1,

TZ0i+1-N forN2<i<N-1,

asshownin Fig.1.9for N = 8. Equivalently the binary representationf j is obtained
by cyclically shiftingthat of i one positionto the left.

In additionto theseshuffie links, two-way linesconnectingvery evemumbered
processotto its successoare sometimesaddedto the network. Theseconnections,
called the exchangelinks, are shown as broketines in Fig. 1.9. In this case,the
networkis known asthe shuffle-exchange connection.
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ROOT P, LEVEL 3

P, Py LEVEL 2

P, Ps Pg P, LEVEL 1
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Figure 1.8 Tree connection.

I | | [ ]

0 F--7 2 == P3 Ps F--4 s Pe P

~

i T |

Figure 1.9 Perfect shuffle connection.

(v) Cube Connection. Assumethat N =27 for someq > 1 andlet N pro-
cessordeavailableP,, p,, .., Py_,- A g-dimensional cube(or hypercube)s obtained
by connectingeach processdo q neighborsThe g neighborsP; of P; aredefined as
follows: Thebinary representationf j is obtainedfrom thatof i by complementinga
singlebit. Thisis illustrated inFig. 1.10for q = 3. The indicesof Py, P,,..., P, are
given in binarynotation. Note thateach processor has three neighbors.

There are severalother interconnection networkbesidesthe onesjust de-
scribed. The decision regarding whiclof theseto use largely dependson the
applicationandin particular onsuchfactorsasthe kindsof computations tde
performed, the desired spegfeexecutionandthe number oprocessors availablgve

conclude thisectionby illustrating aparallelalgorithmfor an SIMD computer that
usesan interconnection network.

Example 15

Assumehatthesumof n numberst,, x,,..., x, needso becomputedTherearen — 1
additions involved in this computation,and a sequentialalgorithm runningon a
conventionali.e., SISD)computerwill requiren stepsto complete it, as mentioneid
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Figure 1.10 Cube connection.

examplel.1l. Usinga treeconnectedSIMD computerwith log n levelsand n/2 leaves,
thejob canbe donein log n stepsasshownin Fig. 1.11 for n = 8.

Theoriginalinputis reczived attheleavestwo numberserleaf. Eachleafaddsits
inputsandsends theesulttoits parentThe processs now repeatecateach subsequent
level:Eachprocessorreceiveswo inputsfrom its children,computegheir sum,andsends
it to its parent.Thefinal result iseventually producedy the root.Sinceat eachlevel ail
the processomsperatan parallel,the sums computedn log» stepsThiscomparewvery
favorably with the sequentiatomputation.

Theimprovementn speeds evenmore dramatiavhen m setsgachof n numbers,
areavailableandthesumof eachset isto be computedA conventionalmachinerequires
mnstepsn this caseA naiveapplicationof the parallelalgorithm produceshemsumsin

ouTPUT

Py

2 P3
n Pg P P
Figure 111 Adding eight numberson a

Xy X2 X3 X4 X5 Xg X7 Xg  processor tree.

P

P 7
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m(log n) steps. Througha processknown as pipelining, however,we can do significantly
better. Notice that once a set habeen processetly the leavesthey are free to receivethe
next one. Thesameobservationappliesto all processors athigher levels.Henceeach of
the m — 1 setsthat follow the initial onecan beinput to the leavesone stepafter their
predecessor. Oncehe first sum exitsfrom the root, a new sum is produced inthe next
step.The entire procesgherefore takeslogn + m — 1 steps. [J

It should be clear from our discussionso far that SIMD computers are
considerablymore versatilethan thoseconformingto the MISD model. Numerous
problemscoveringa wide varietyof applicationscanbe solvedby parallelalgorithms
on SIMD computers Also, asshown by examplesl.4 and 1.5, algorithmsfor these
computers areelatively easyto design, analyzeand implement.In one respect,
however this classof problemss restrictedto thosethatcanbesubdividedinto a set
of identical subproblems adf whicharethensolvedsimultaneouslyy the samaetof
instructions. Obviously, there ameany computationshat donotfit this pattern.In
some problemst may not be possible or desirableto execute allinstructions
synchronouslyTypically, such problemsre subdividedinto subproblemghat are
not necessarily identicahnd cannotor should notbe solvedby the sameset of
instructions.To solve thesgroblemswe turn to the classof MIMD computers.

1.2.4 MIMD Computers

This classof computerds the mostgeneraland most powerful in our paradigmof
parallel computationthat classifies parallel computersaccordingto whether the
instructionand/or the datastreamsare duplicated.Here we have N processorsN
streamf instructions,and N streamsof data,asshownin Fig. 1.12.The processors
hereareof the typeusedin MISD computersn thesensdhateachpossesséass own
controlunit in additionto its localmemoryandarithmeticandlogic unit. Thismakes
these processoraore powerfulthan the onesused forSIMD computers.

Each processarperatesinderthe controlof aninstruction streanssuedby its
control unit. Thusthe processorsare potentiallyall executing differenprograms on
differentdatawhile solving differensubproblem®f asingleproblem Thismeanghat
the processors typicallpperateasynchronouslyAs with SIMD computerscommu
nication betweenprocessorss performedthrougha sharedmemoryor anintercon
nection networkMIMD computers sharing common memorgreoften referredo
asmultiprocessorqor tightly coupled machinesjvhile thosewith aninterconnection
network are known asmulticomputers(or loosely coupled machines).

Sincethe processorsn a multiprocessocomputershare acommonmemory,
the discussionin section1.2.3.1regardingthe various modesf concurrentmemory
access applies heaswell. Indeed two or moreprocessors executirgnasynchronous
algorithm may, by accidentor by design,wish to gain accesgo the same memory
location. Wecanthereforetalk of EREW,CREW,ERCW, andCRCW SM MIMD
computers analgorithms,and variousmethodsshould be established for resolving
memoryaccess conflictthn modelsthat disallow them.
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Figure 112 MIMD computer.

Multicomputersaaresometimes referre asdistributed systemsThedistinction
is usually basean the physicaldistance separating thprocessorandis therefore
often subjectiveA rule of thumbis the following: If all the processorsrein close
proximity of one another(they are all in the sameroom, say), then they are a
multicomputer; otherwise (theyare in different cities,say) they are a distributed
system.The nomenclatureis relevant only wherit comesto evaluatingparallel
algorithms.Becaus@rocessors a distributedsystemaresofar apart,the numbenf
dataexchangesamongthem is significantly more important tharthe number of
computationalstepsperformed byany of them.

The following example examinean applicationwherethe greatflexibility of
MIMD computerds exploited.

Example 16

Computer programthat play gamesf strategy, such ashessdo so by generatingand
searching sealledgametrees.The rootof the treeis the currengame configuratioror
positionfrom which theprogramis to makea move.Childrenof the rootrepresenall the
positions reachethrough onenoveby theprogramNodesatthe nextlevelrepresenéll
positions reachethroughthe opponent'seply. This continues upo somepredefined
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numberdf levels. Eacheaf positionis nowassignea valuerepresentings "goodness
from the program'point of view. The programthendetermineshe patheadingto the
bestposition itcanreach assuminidpatthe opponenplaysa perfectgame.Finally, the
original moveon thispath(.e., an edgeleavingthe root)is selected fothe program.

As therearetypically severamovesper position,gametrees tendo be very large.
In orderto cut down on thesearchtime, these treemregenerateds theyaresearched.
Theideais to explore the treesingthedepthfirst searchmethod.From thegiven root
position,pathsarecreatedind examined ortgy one.First, acompletegpathis built from
the root to a leaf. The next pathis obtainedby backingup fromthe currenteaf to a
positionall of whosedescendantsavenot yet beerexploredand buildinga new path.
During the generatiari sucha pathit mayhapperthat apositionis reachedhat,based
oninformationcollectedsofar, definitelyleadsto leavesthatareno betteithan theones
alreadyexaminedin this casethe prograninterruptsts search alonghat path anchll
descendantdf that positionareignored.A cutoff is said to haveoccurred Searchcan
now resumealonga new path.

Sofar we havedescribedhesearch procedure asvbuld beexecutegequentially.
Oneway to implementit onan MIMD computerwould beto distributethesubtrees of
the root amongthe processorand let as manysubtrees as possiblebe exploredin
parallel.During the searchthe processorsnay exchangevariouspiecesof information.
For examplepne processomay obtainfrom anotherthe best movdoundsofar: This
may lead to further cutoffs. Anotherdatum thatmay becommunicateds whethera
processor hafinished searchingts subtree(s). If thereis a subtree that is still under
consideratiorthenanidle processomay be assignedhe job of searchingpart o that
subtree.

This approachclearly does notlend itself to implementation onan SIMD
computeras the sequencef operationsnvolved in the searchis not predictablén
advanceAt anygivenpoint,theinstructionbeing executed varies from opecessoto
anotherWhile one processommay be generatinga new position, a secondmay be
evaluating leaf,a third maybeexecuting cutoff, afourth may bebackingupto starta
new path afifth maybecommunicatingts best movea sixth maybesignalingheendof
its searchand so on. []

1.2.4.1 Programming MIMD Computers. As mentionedearlier, the
MIMD model of parallel computationis the mostgeneraland powerful possible.
Computersin this classare usedto solvein parallelthose problemshat lack the
regularstructurerequiredby theSIMD model. Thisgeneralitydoesnotcome forfree:
Asynchronous algorithmaredifficult to design.evaluateandimplement.In orderto
appreciatghe complexity involvedn programmingMIMD computersit isimport-
ant to distinguish betweenthe notion of a processand that of a processor.An
asynchronous algorithis a collectionof processesomeor all of which areexecuted
simultaneouslyon a numberof available processoritially, all processorsirefree.
Theparallelalgorithmstarts itexecutiononanarbitrarily chosen processdghortly
thereafteiit createsa numberof computationatasks,or processedo beperformed. A
processhuscorresponds$o a sectionof thealgorithm:Theremaybeseveraprocesses
associated withhhe same algorithmsection, eaclwith a differentparameter.

Oncea processscreatedit mustbeexecutedna processorlf a freeprocessor
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is available the processs assignedo the processothat performsthe computations
specified bythe processOtherwise(if no free processols available) the processs
gueuedand waitsfor a processoto befree.

Whena processor completes execut@ma processit becomedree.If a process
is waiting to beexecutedthenit canbe assignedo the processqgustfreed. Otherwise
(if noprocesss waiting),the processois queuedandwaitsfor a procesdo becreated.

The orderin which processeareexecutedby processorgan obeyany policy
thatassigns prioritieso processed-or example, processesinbeexecutedn a first-
in-first-out or in a lastin-first-out order. Also, the availability of a processois
sometimesnot sufficient for the processoto be assigneda waiting process.An
additional conditiormay haveto besatisfied befor¢he processstarts.Similarly, if a
processor haslready been assigned processand an unsatisfiedcondition is
encounteredduring executionthen theprocessoiis freed.When the condition for
resumptionof that process idater satisfied,a processofnot necessarilthe original
one)is assignedoit. Thesearebutafew of thescheduling problemihatcharacterize
the programmingf multiprocessorskinding efficient solutionsto theseproblemsis
of paramounimportancef MIMD computersareto beconsidereduseful. Notethat
noneof these scheduling problems arige the lessflexible but easierto program
SIMD computers.

1.2.4.2SpeciatPurposeArchitectures. In theory, any parallel al
gorithm canbe executefficiently on the MIMD model.Thelatter canthereforebe
usedto build parallelcomputerswvith a wide variety of applications Suchcomputers
are said to have ageneratpurpose architecture.In practice,by contrast,it is quite
sensiblein many applicationgo assemble severgbrocessors in a configuration
specifically designed fothe problemat hand.Theresult isa parallelcomputerwell
suitedfor solvingthatproblemveryquickly butthat cannoin generalbe usedfor any
otherpurpose. Such eomputeris saidto have aspecialpurposearchitecture.With a
particularproblemin mind, thereareseveral ways$o designa specialpurposeparallel
computer.Forexample,a collection of specializedor very simple processors mae
usedin one of the standardnetworks suchas the mesh.Alternatively, one may
interconnecta numberof standardprocessors in a customgeometry. Thesawo
approaches may aldm® combined.

Example 1.7

Black-andwhite picturesrestoredn computerin theformd two-dimensionarrays.
Eacharray entryrepresenta picture element,or pixel. A 0 entry represengswhite pixel,
alentryablack pixelThelargerthearraythemore pixelswe have, andhencehehigher
theresolution, thatis, the precisionwith whichthe picturas representedncea picture
is storedin thatway, it canbe processedor exampleto removeany noisethat may be
present, increase the sharpnfilsis, missingdetails, and determimentoursy objects.
Assumethatit is desiredto execute very simple noise removalgorithmthatgets
rid of "salt' and"'peppe' in picturesthatis, sparsewhite dotson a black background
and sparsdlack dotson a white backgroundrespectivelySuchan algorithmcan be
implementedvery efficiently on a setd very simple processoré a two-dimensional
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configuratiorwhereeach processas linked to itseight closest neighbofis., the mesh
with diagonal connectioris additionto horizontal andvertical ones). Each processor
correspondgo a pixel and storesits value. All the processors camw executethe
following stepin parallelif a pixel iso(1) andall its neighbors arg0), it changegs value

to 10). O

Onefinal observationis in orderin concluding thissection.Having studied a
variety of approacheso building parallelcomputers, iis naturalto ask:How is one
tochoose garallelcomputeffrom amongtheavailable models? Waready savihow
onemodel canuseits computationahbilities to simulatean algorithm designed for
anothemodel.In fact, we shall showin the next sectiorthatoneprocessois capable
of executingany parallel algorithm. This indicatethat all the modelsof parallel
computers areequivalentin terms of the problemsthat they can solve. What
distinguishe®nefrom anotheris theeaseandspeedwith whichit solvesa particular
problem.Thereforethe rangef applicationgor whichthe computewill beusedand
the urgency with which answerko problemsare neededare importantfactorsin
deciding what parallelcomputerto use.However,aswith many thingsin life, the
choiceof a parallel computeris mostly dictatedby economic considerations.

1.3 ANALYZING ALGORITHMS

This bookis concernedvith two aspect®f parallelalgorithms:their designandtheir
analysis.A number ofalgorithm designtechniqueswvereillustratedin section1.2in
connectionwith our descriptionof the different modelwf parallelcomputationThe
examplesstudiedthereinalso dealwith thequestionof algorithm analysis.Thisrefers
to the processof determining howgood an algorithm is, that is, how fast,how
expensiveto run, and how efficientit is in its useof the availableresourceslin this
sectionwe definemoreformally thevariousnotionsused inthis bookwhenanalyzing
parallel algorithms.

Once a new algorithm for some problem hakeen designedt is usually
evaluatedusing the following criteriarunningtime, numberof processorsisedand
cost.Besides thesstandardmetrics,a numberof othertechnologyrelated measures
are sometimesused wherit is known that the algorithm is destinedto run on a
computerbasedon that particulartechnology.

1.3.1 Running Time

Since speedingpcomputations appeate bethemain reasorehindour interestin
building parallel computersthe mostimportantmeasurein evaluating a parallel
algorithm is thereforeits running time. This is defined as the time taken by the
algorithmto solvea problemona parallecomputerthatis, the time elapseffom the
moment thalgorithmstartsto the momenit terminateslif the variougprocessorsio
not all beginand endtheir computationsimultaneously, themhe runningtime is
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equalto thetime elapsed between theomentthe firstprocessoto begincomputing
starts andhe moment thdast processoto end computing terminates.

1.3.1.1 Counting Steps. Before actually implementing an algorithm
(whether sequentiabr parallel) on a computer,it is customaryto conduct a
theoreticalanalysisof the time it will requireto solvethe computationgbroblemat
hand. Thisis usually done by countingthe numberof basicoperations,or steps,
executed byhe algorithmin theworstcaseThis yieldsanexpression describinthe
numberof such steps as a functiohthe inputsize.Thedefinition of what constitutes
a step varies of course fromone theoreticalmodel of computationto another.
Intuitively, however,comparing, addingor swappingtwo numbersare commonly
acceptedasicoperationsn mostmodels.Indeed gachof theseoperationsequiresa
constant numbeof time units,or cycles,on a typical (SISD) computerTherunning
time of a parallel algorithmis usually obtainedby countingtwo kindsof steps:
computationalstepsandrouting steps.A computational stejs anarithmeticor logic
operationperformedon a datumwithin a processorin a routingstep,on the other
hand,a datumtravels from one processdo anothervia the shared memorgr
through thecommunication networkzora problemof sizen, the parallel worsicase
runningtime of analgorithm, a functiorof n, will bedenotedby t(n). Strictly speaking,
the runningtime is also a functiorof the numberof processors. Sindée latter can
alwaysbe expresseds a functiorof n, we shall writet asa functionof the sizeof the
input to avoid complicatingour notation.

Example 1.8

In examplel.4we studied aparallel algorithm that searches dile with nentrieson an N-
processorEREW SM SIMD computer. The algorithm requires log N parallel stepsto
broadcast thevalue to be searchedfor and n/N comparisonsteps withineach processor.
Assumingthat eachstep(broadcastor comparison)requires one time unit, we say that
the algorithms runs in log N + /N time, that is, t(n) = logN + n/N. [

In generalcomputationastepsandroutingstepsd o not necessarily require the
samenumberof time units.A routing stepusuallydependon the distancdetween
the processomndtypically takes dittle longerto executehana computationastep.

1.3.1.2 Lower and Upper Bounds. Givenacomputationaproblem for
which a new sequential algorithmmhasjust been designedt, is common practice
amongalgorithmdesignerdo ask the following two questions:

(i) Is it thefastest possiblalgorithmfor the problem?

(i) If not, how doesit comparewith other existing algorithms for the same
problem?

Theanswerto thefirst questionis usuallyobtainedby comparing the numbexf
stepsexecutedby the algorithm to a knownlower bound on the numberof steps
requiredto solvethe problemin the worst case.
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Example 1.9

Say that we want to computethe produciof two » x a matricesSince the resulting
matrix hasr? entries at leastthis manystepsare neededoy any matrix multiplication
algorithmsimply to producethe output. (1

Lower boundssuchastheone inexamplel.9,areusuallyknownasobviousor
trivial lower bounds, aghey are obtainedby countingthe numberof stepsneeded
during input and/or outpufA more sophisticateldwer boundis derivedin the next
example.

Example 1.10

The problentf sorting is definedasfollows: A setof n numbersn random ordeis given;
arrangethe number$ nondecreasingrder.Therearen! possiblepermutationsf the
input andlogn! (i.e., on theorderof nlog n) bitsareneededo distinguish amonghem.
Therefore, inthe worst caseany algorithnfor sortingrequires orthe orderof nlogn
stepsat leastto recognizea particularoutput. [

If thenumberof stepsanalgorithmexecutes irtheworst case igqualto (or of
thesameorderas)thelower bound, therthe algorithmis thefastest possiblandis
saidto beoptimal.Otherwise, dasteralgorithm may haveo beinventedorit may be
possibleaoimprovethelower bound.In anycasejf thenewalgorithmisfasterthanall
known algorithms forthe problem,thenwe saythatit hasestablished aew upper
boundon the numberof stepsrequiredto solve that problemin the worst case.
Question(ii) is therefore always settledy comparingthe runningtime of the new
algorithmwith the existingupper boundor the problem(establishedby the fastest
previouslyknown algorithm).

Example 1.11
To date,no algorithmis known for multiplying two n x » matricesin n* steps. The
standardextbook algorithrmequires orthe ordeiof n® operationsHoweverthe upper
boundon this problemis establisheat thetime of this writingby an algorithm requiring
on theorderd n* operationsat most,wherex < 2.5,
By contrastseverakorting algorithmexistthat require onthe orderof at most
n log n operations andrehenceoptimal. 3

In the precedingdiscussion,we usedthe phrasé'on the order of" to express
lowerandupperbounds.We nowintroduce someaotationfor thatpurpose. Lef (n)
andg(n) be functiondrom the positive integerdo the positivereals:

() Thefunctiong(n)is saidto bed orderatleasf (n), denoted(f (n)),if thereare
positiveconstants andn, suchthatg(n) = d (n)for all n = n,.

(ii) Thefunctiong(n) is saidto bed orderat mosff (n), denotedO(f (n)),if thereare
positiveconstantsc andn, suchthatg(n) < d (n)for all n = n,.

This notationallowsusto concentrat@nthe dominatingerm inanexpression
describing dower or upperboundandto ignoreany multiplicative constants.
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Example1.12

For matrix multiplication,the lower boundis R(n? andthe upper bounco(?-%). For
sorting,the lower boundis R(nlogn) and theupper boundd(nlogn). [

Ourtreatmenbf lower andupper bound thissectionhas sdar concentrated
on sequentialalgorithms. Clearly, the samegeneralideas also applyto parallel
algorithmswhile taking two additionafactorsinto consideration:

(i) the modelof parallelcomputationusedand
(ii) the numbef processorinvolved.

Examplel.13

An »n x n meshconnected&IMD computel(sed-ig. 1.7)is usedto compute theumof n?

numberslnitially, thereis one numberper processor. ProcessB(n— 1,n — 1) is to

produce th@utput.Sincethe number initiallyn P(0, 0) hasto bepartof thesumiit must
somehowfind its way to P(n— 1,n — 1). This requiresat least2(n— 1) routingsteps.
Thusthelower bound on computing th&imis Q) steps.

These ideaarefurther elaboratedn in the following section.

1.3.1.3 Speedup. Inevaluating a parallel algorithfior a givenproblem,it
is quite naturalto doit in termsof the bestavailable sequential algorithfior that
problem.Thusagoodindicationof thequality of a parallelalgorithmis thespeedujit
producesThisis definedas

Speedup=

worstcaserunning time of fastestknown sequential algorithm for problem
worstcaserunningtime of parallel algorithm

Clearly,thelargerthe speedupthe betterthe parallel algorithm.

Examplel.14
In examplel.4,afile of n entriesis searchedy analgorithm runningpn a CREW SM
SIMD computerwith N processori 0(n/N) time. Sincethe runningtime of the best
possible sequential algorithio(n), the speedugs equalto O(N). [

For most problemsthe speedupchievedn this exampleis usuallythe largest
thatcanbeobtainedwith N processorsl o seethis,assuméhatthefastestsequential
algorithm for a problem requiresime T,, that a parallel algorithm for the same
problemrequires timeT,, and that T, /T, > N. We now observehat any parallel
algorithm carbesimulatedona sequentiatomputerThesimulationiscarriedoutas
follows: The (only) processor omhe sequentiacomputerexecuteshe parallel steps
serially bypretendingthatit is P,, thenthatit is P,, andsoon. Thetime takenby the
simulationis thesumof thetimestakentoimitateall N processors, which &t mostN
timesT,. But NT, < T, implying thatthe simulationwe havejust performed solves
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the problemfasterthan the sequentialalgorithm believedto be the fastest forthat
problem. Thiscanmeanone of two things:

(i) Thesequentialalgorithmwith runningtime T, is not really the fastest possible
andwe havejust found aasteronewith runningtime N T,, thusimprovingthe
stateof theart of sequential computingyr

(i) thereis anerrorin our analysis!

Supposeve know thata sequentiablgorithmfor a givenproblemis indeedthe
fastest possible. Ideallgf course,onehopesto achievethe maximumspeedupf N
when solving sucla problemusing N processor®peratingin parallel.In practice,
such a speedugannotbeachieved for everproblemsince

(i) it is notalways possibléo decompose a problemto N tasks,eachrequiring
(1/N)th of thetime takenby one processotto solvethe original problemand

(i) in mostcasesthe structureof the parallel computerusedto solvea problem
usually imposes restrictiortbat renderthe desiredrunningtime unattainable.

Example 1.15

Theproblemof addingr numbers discussed in examplBis solvedin O(log n)timeona
treeconnected parall@lomputerusingn — 1 processors. Here the speedsifP(n/log n)
sincethe bestpossible sequential algorithm requi@®) additions. This speedugp far
from the ideah — 1 andis dueto thefactthatthen numberswvereinput at thdeavesand
the sunputputat theroot. Any algorithm for sucta modelnecessarilyequire<(log n)
time, that is, the time required fora singledatumto propagate€rom input to output
throughall levelsof thetree. [

1.3.2 Number of Processors

Thesecondmostimportantcriterionin evaluating gparallelalgorithmis the number
d processord requiresto solvea problem.It costs moneyo purchasegaintain,and
run computers. Wheseveral processoegepresentthe problemof maintenancen
particular,iscompoundedandthepricepaidto guarantee &igh degreef reliability
risessharply. Thereforethe larger the numberof processorsan algorithm usesto
solvea problem,the morexpensiveéhesolutionbecomeso obtain.For a problenof
sizen, the numberof processors requiretly an algorithm, afunction of n, will be
denotedby p(n). Sometimeghe numberof processorss a constanindependenof n.

Example 1.16
In examplel.5, thesizeof the tree dependsn n, the numberof termsto be addedand
pn)=n—1.

On the other handn examplel.4, N, the numberof processor®n the shared-
memory computelis in noway relatedto n, thesizeof thefile to besearchedexcept for
thefact thatN < n). Neverthelesgjivena valueof n, it is possibleo expresN in termsof
n asfollows: N = n* where0 < x < 1. Thusp(n) =n*. [
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1.3.3 Cost

Thecostof a parallelalgorithmis definedasthe producbf theprevious two measures;
hence
Cost= parallelrunningtime x numberof processorsised.

In otherwords,cost equals the numbeof steps executedollectively by all
processorsn solving a problem inthe worst case. This definition assumigst all
processors executee same numbeof steps.f thisis not thecase, then coss an
upperboundonthetotalnumberof steps execute&.ora problemof sizen, the cosof
a parallelalgorithm, a functiorof n, will be denotedby c(n). Thusc(n) = p(n) x t(n).

Assumethat a lower boundis known onthe numberof sequentialoperations
required inthe worst caseo solvea problem.If the costof a parallel algorithm for
that problem matches thiewer boundto within a constantmultiplicative factor,
thenthealgorithmis saidto becostoptimal.Thisis because any parallel algorithtan
be simulatedon a sequentialcomputer,as described in sectiod.3.1. If the total
numbersof stepsexecutedluringthesimulationis equalto thelower bound then this
meanghat,whenit comesto cost,this parallellgorithmcannotbeimproveduponas
it executes the minimum numbef stepspossible.It may be possible of course,to
reducethe running time of a cost-optimaparallelalgorithm by using more processors.
Similarly, we may beableto use fewer processorgyhile retaining cost optimalityf we
arewilling to settle fora higher running time.

A parallelalgorithmis not cost optimal if a sequentialalgorithmexistswhose
runningtime is smallethanthe parallel algorithm's cost.

Example1.17

In examplel.4,thealgorithmforsearching file with n entrieson anN-processo€EREW
SM SIMD computer has costof

N x O(n/N) = O(n).

This cost is optimal sinceno randomly orderedile of size n can be searchedor a
particularvaluein fewerthannstepsin the worst caseOne stefs neededo compare
eachentry with the given value.

In examplel.5, the cost of adding» numberson an (n— 1)-processotree is
(n— 1) x O(logn). This costis not optimal since we know how to add n numbers
optimally usingO(n) sequential additions.[]

We notein passinghatthe preceding discussion legds methodor obtaining
model-independent loweapoundson parallel algorithms.Let Q(T(n)) be a lower
boundon the numbeiof sequential steps requiréd solvea problemof sizen. Then
Q(T(n)/N) is alower boundon the runningtime ofany parallelalgorithmthat usesN
processorgo solvethat problem.

Example1.18

Since nlogn) stepsis a lower bound on any sequential sorting algorithm, the
equivalent lower boundn any parallel algorithm usinig processors Q(log n). [
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When no optimal sequential algorithim known for solvinga problem,the
efficiency of a parallel algorithm fothat problemis usedto evaluate its cost. This
definedasfollows:

Efficiency =

worstcaserunningtime of fastestknown sequential algorithm fgroblem
costaf parallelalgorithm

Usually,efficiency< 1; otherwisea fastersequential algorithm caloe obtainedfrom
the parallebne!

Example 119
Let the worst-caserunning time of the fastest sequential algorithrrio multiply two n x n

matrices be O(n?-%) time units. The efficiency of a parallel algorithm that uses n?
processorsto solve theproblem in O(n) time is O(n?%)/0(n3). O

Finally, let the cost of a parallel algorithnfor a given problem match the
running time of the fastest existingsequential algorithnior the same problem.
Furthermore, assumihat it is not knownwhetherthe sequential algorithns
optimal. In thiscase,the statusof the parallel algorithmwith respectto cost
optimality is unknownThusin examplel.19,if the parallel algorithm had aostof
0(n?-%), then itscostoptimality would be an openquestion.

1.3.4 Other Measures

A digital computer cabeviewedasa large collectiorof interconnectetbgical gates.
Theseggates arduilt usingtransistorstesistorsandcapacitors. Inoday'scomputers,
gatessomein packages calledhips.Thesearetiny piecesof semiconductor material
usedto fabricatdogical gates and theiresconnectinghem.The numbeof gateson
a chip determines thevelof integrationbeingusedto build thecircuit. Oneparticular
technologythatappeargo belinked to futuresuccesses iparallelcomputings Very
LargeScalelntegration(VLSI). Here, nearlya million logical gatesanbelocated on
asinglel-cm? chip. The chips thus abléo house a numbef processorandseveral
suchchipsmay beassembledb build a powerful parallelcomputerWhenevaluating
parallel algorithms fo¥LSI, thefollowing criteriaareoftenusedprocessor areajire
length,and periodof the circuit.

1.3.4.1 Area. If severalprocessoraregoingto share thé&realestatd ona
chip, the areaeededby the processorsnd wires connectinghemaswell as the
interconnectiongeometry determinehow many processorshe chip will hold.
Alternatively,if the numbeof processors pahipis fixedin advance, then thezeof
thechipitself is dictatedby the total area the processamsquire.if two algorithms
takethe sameamountof time to solvea problem, therthe oneoccupyingessarea
whenimplementedasa VLSI circuit is usually preferredNote that when usingthe
areaas ameasureof the goodnessf a parallelalgorithm,we arein fact usingthe
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criterionin sectionl.3.2,namely,the numbeiof processorsieededby the algorithm.
Thisis becausehe areabccupiedby each processas normally aconstant quantity.

1342 Length. This refers to the lengthof the wires connecting the
processorsn a given architecturelf the wires haveconstantlength, thenit usually
meansthat the architecturds

(i) regular, thatis, has apatternthat repeatseverywhereand
(i) modular, thatis, canbe built of one(or just afew) repeatednodules.

With these properties, extensioh the design becomes easyndthe sizeof a
parallelcomputercanbeincreaseddy simply adding moremodules.The linear and
two-dimensionalarraysof sectionl1.2.3.2enjoy thisproperty.Also, fixedwire length
meanshatthetime takenby a signalto propagatdrom oneprocessoto anotheris
alwaysconstantlf, on the other handwire length varies fromone section of the
network to another,then propagationtime becomes functionof that length.The
tree, perfecthuffle, andcubeinterconnections isectionl1.2.3.2areexamplef such
networks Again this measurés not unrelatedto thecriterionin sectionl.3.1,namely,
running time, sincethe duration of a routing step (and hence the algorithm's
performancejlependn wire length.

1343 Period. Assumehatseveraketsof inputs areavailableandqueued
for processindy a circuit in apipelinefashion.Let A,, A,,..., A, be a sequencef
suchinputssuchthatthe timeto processA, isthesame forall 1 < i < n. Theperiodof
thecircuit is the time elapsed betweethe momentswhen processingf 4; and A,+,
begin, whichshouldbe the same forall 1 <i <n

Example 1.20

In examplel.5 severabumswereto be computecbn atreeconnected|MD computer.
Wesawthatonce thdeaves haghrocessed one s#tnumbergo beaddedand sentt to
their parentdor further processing, theyvereready toreceivethe nextset. Theperiodd
this circuit is therefore1l: One timeunit (the time for one addition)separateswo
inputs. O

Evidently, a small periodis a desirableproperty of a parallel algorithm. In
general,the period is significantly smallerthan the time requiredto completely
proces®ne inputset.In examplel.20,the periods not onlysignificantly smallethan
the O(log n) time units requiredo compute theumof n numbersputalsohappens to
be constant.

We concludethis sectionwith a remarkconcerning théime takenby a parallel
algorithmto receiveits input and, oncdinishedcomputing,to returnits output.Our
assumption throughouhis book isthatall the processorsf a parallelcomputerare
capableof readingtheavailableinput andproducing thevailableoutputin parallel.
Thereforesuchsimultaneous inputr outputoperationswill beregardedasrequiring
constanttime.
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1.4 EXPRESSING ALGORITHMS

Sofar we have usedan informal languageo describe parallehlgorithms.In our
subsequentreatmentwe would like to makethis language a binoreformal while
keepingour statementf algorithmsasintuitive aspossible.As a compromisea
high-level descriptionwill be usedthat combinesplain English withwidely known
programmingconstructs.

A parallel algorithmwill normallyconsistof two kindsof operationssequential
and parallel.In describingtheformer, we usestatementsimilar to thoseof a typical
structuredprogramming languagsuchasPascal, say). Example$such statements
include: if...then... else, while...do, for...do, assignment statementsput and
outputstatementsand so on. The meaningsof thesestatementgareassumedo be
known. A left-pointing arrow denotesthe assignmeniperator; thus — b, means
thatthe valueof bis assignedo a. Thelogical operationsand,or, xor (exclusiveor),
and not are usedin their familiarconnotation.Thus,if a and b aretwo expressions,
eachtaking oneof the valuestrue or false,then

() (aandb)is trueif botha andb aretrue; otherwisga and b) is false;

(i) (aorb)istrueif atleastoneof a andb is true; otherwise (eor b)is false;
(i) (a xorb)is trueif exactlyoneof a andbis true; otherwise (axor b)is false;and
(iv) (nota)is trueif ais false;otherwise (not)is false.

Paralleloperations, on the other hand, expressedy two kindsofstatements:

() Whenseveralstepsareto be doneat the sametime, we write

dostepsi toj in parallel

stepi
stepit1

step/. O

(i) Whenseveralprocessorareto performthe sameoperationsimultaneouslyywe
write
for i=j tok doin parallel
{The operationgdo be performedby P; are statedhere}
endfor O

wherei takesevery integer valuéom j to k, or

fori=r,s ...,t do in parallel
{The operationgo be performedby P, are statedhere)
endfor OO
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wherethe integer valuesakenby i areenumeratedor

for all i in S doin parallel
{The operationgo be performedby P; arestatedhere}
endfor O

whereS is a given setof integers.

Commentsin algorithmsare surroundedvith curly brackets{ }, asshownin the
preceding.Curly bracketsare also usedto denotea sequenceof elements as, for
example, inA={a, a,, ...,a,-1} Orin E={s;e S:5; = m}. Both usesare fairly
standard aneasyto recognize fromthe context.

1.5 ORGANIZATION OF THE BOOK

Theremainderof this bookis organizedn thirteen chapter€achchapters devoted
to the studyof parallel algorithmsfor a fundamentakomputationalproblem or
problemareaTherelatedoperationf selection, mergingorting,andsearchingare
covered inchapter®-5, respectively. Severalomputation®f either a combinatorial
or numerical nature arethen examinedhamely, generating permutationand
combinations (chapte), matrix operationgchapter7), numericalproblems (chapter
8),andcomputing Fourietransforms (chapted). Fourapplication areas are treated
in chapters10 (graph theory), 11 (computationgleometry),12 (traversing com
binatorialspaces)nd 13 (decisionand optimization).Finally, chapterl4 addressea
numberof basicproblemsfor which the definition of a time unit (givenin section
1.3.1.1)s interpretedas thetime requiredto performan operation ora pair of bits.
Eachchapterconcludeswith a setof problems, bibliographicalemarksanda list of
references.

1.6 PROBLEMS

11 ShowhowanMISD computercanbe usedto handlemultiple querieona givenobjectin
a database.

1.2 Threeapplicationsof MISD computers argivenin examplesl.2and1.3andin problem
1.1. Canyou think of other computationfor which the MISD modelis suitable?

1.3 Thereis no mentionin section1.2.20of the possiblecommunicationamongprocessors.
Indeed, in most applicationsfor which the MISD model is practical, virtually no
communicationis needed.In some problems, however, imay benecessary forthe
processorsto exchange intermediateesults. In addition, there should always be
mechanisnto allow a processoto signalthe endof its computationwhich mayleadthe
othersto terminatetheir own.As with theSIMD andMIMD models,the processorgan
communicate through the commamemory they already shaend that generateghe
datastream Alternatively,andfor practicalreasonstherecould bea network connecting
theprocessorgin additionto thememory).In the lattercasethememory'sjob is to issue
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the datastreamwhile all communicationsare done throughthe network. Describa
problemthat can be conveniently solve@n an MISDcomputerwhereinterprocessor
communicationis possible.

In sectionl1.2.3.1,while discussing simulating multipkccessesn anEREW SMSIMD

computer,we mentionedthat procedure broadcastas not suitablein the following
situation: Several multipleeadoperations are attemptdxy several subsetsf the setof
processor®ach subset tryingto gain accessto a different memory location. Strictly
speaking, broadcastaybe usedbut the resulting algorithrmay beinefficient.Showhow
this canbe done andanalyzethe worst-case running timef the simulation.

Given a set of numbers(s,, 5,,...,sy}, all sumsof the form s, *'s,, s, t5, ts5,...,

s, + s, T... * sy areto becomputed Designanalgorithmfor solving this problem using

N processors on ead the four submodel®sf the SM SIMD model.

Showthat a fully connected networkf N processorss equivalentto an EREW SM

SIMD computerwith N processorandexactlyN locationsof sharedmemory.

Let an EREW SM SIMD computer haveN processorsand M locations of shared

memory. Givea procedure for simulating this computar afully interconnected network

of N processors eachith upto M/N locationsin its local memory. Hownany steps on
the seconddomputerarerequiredto simulateone sten the first?

Foreachof theinterconnection networkia sectionl.2.3.2describea problemthatcanbe

solvedefficiently on thatnetwork. Giveanalgorithmfor each problem, derivits running

time andcost,anddetermine whetheit is cost optimal.

It is requiredto determine the largesf a setof n numbers. Describe an algorithior

solving this problenon eachof the interconnection networks in sectib@.3.2. Express

the runningtime of each solutioras afunction of n.

Show how a fully connected networlof N processors can be simulated arcube-

connected networkwith the same numberof processors suchhat eachstep of a

computationon thefirst network requiresit most O(logN) stepson the second.

Prove thatan algorithm requiringt(n) time to solve a problemof size n on a cube-

connectedomputerwith N processors cahe simulatedon a shuffle-exchangaetwork

with thesame numbeof processorin O(log N) x t(n) time.

Theplus-minus2' (PM21) interconnection network f@am N-processo8IMD computeiis

defined as follows: P; is connectedto P, and P,, where r=j + 2'mod N and

s=j—2modN, for 0 <i<logN.

(i) Let A be an algorithm that requirdsstepsto run on a cube-connected computer.
Provethat a PM2I-connected computerwith the same numbeof processors can
executeA in at most2T steps.

(i) Let A bean algorithmthat requiresT stepsto run on a PM2I-connected computer
with N processorsProvethatacubeconnected computer algath N processors can
executeA in atmost T logN steps.

Branchandboundis the nameof a well-known algorithm for solving combinatorial
optimization problemd.et P bea problemfor whichwe wantto find a least-cossolution
from among Neasible solutions.ThenumberN is assumedo besolargeasto preclude
exhaustive enumeratiom branchand-boundwe think of the N feasiblesolutions as the
leavesof a gianttree.Each node o pathfrom root to leaf representa partial solution
obtainedby extendingthe partial solution representday its parent.Startingwith the
empty solutionat the root, the algorithm generatesll of the root's descendants.
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Expansion then continudésom the nodewith leastcostandthe processs repeatedWhen

thecostof a partial solutionexceedsa certainbound,thatnodeis no longer acandidate
for expansion. Search continues uamtleafis reachedandthereareno morenodesto be

expanded.This leaf represents a leasbst solution. Showhow this algorithm can be

madeto runin parallelonan MIMD computer.

1.14 It issometimes computationalipfeasible(even witha parallelcomputer)to obtainexact
answergo somecombinatorial optimizatiorproblems.Insteada nearoptimalsolutionis
computed using an approximation method. One such methodis known as local
neighborhoodsearch.Let f bea combinatorial functiorthatis to be minimized, sayWe
begin bycomputing thevalueof f ata randomlychosen pointThe neighborsof that
point arethenexaminedandthe valueof f computedfor eachnew point. Each time a
point reducesthe value of thefunction, we move to that point. This continuesuntil no
furtherimprovementanbe obtainedThe point reacheds labeled a local minimuniThe
entire procesds repeatedseveral timeseachtime from anew random point. Finally, a
global minimumis computedrom all localminima thus obtained. Thistheapproximate
answer Discussvariousways forobtaininga parallel versiomnf this methodthatrunson
an MIMD computer.

115 Examplel.6andproblemsl.13and1.14describethree applicationsf MIMD computers.
Describeother problemsthat can be solved naturally on anMIMD computerand for
which neitherthe MISD nor SIMD modelsare appropriate. Propose algorithm to
solveeach problem.

1.16 Threegeneralclasses ofparallel computerswere discussed in thighapter,namely, the
MISD, SIMD, and MIMD models.Can you think of other modelsof parallel com
putation?oreverymodelyou proposeexplainwhy it does, or doesot,belongto oneof
the precedingclasses.

1.17 A satellite pictureis representechsann x n arrayof pixelseach takinganinteger value
betweend and9, thus providing variougray levels.lt is requiredto smooththe picture,
thatis, the value of pixel (i, j) is to be replacedby the averagef its valueand thoseof its
eight neighbors(i— 1,j), (i-1L,j—1), G,j-1, (T1,j=1, (+ 1)) (+1,jt0,
(i, j t 1,and(i — 1, j + 1), with appropriaterounding. Describaspeciatpurposeparallel
architecturefor this problem.Assumethat N, the numberof processors availablés less
than n?, the number of pixels. Give two different implementationsof the smoothing
processand analyze theirunningtimes.

118 Let A and B be two »n x n matriceswith elementsa;; and b, respectively,for i,
i=1,2,...,n It isrequiredto computeC = A x B wheretheelements;; of the product
matrix C are obtainedrom

n
c.-,-=k;a‘-kxbk,- forij=1,2...,n

(a) Design a paralledlgorithm for computingC on thefollowing modelof computation.
The model consistof n? processorsarrangedin an n x n array (n rows and n
columns).The processorsreinterconnectedasfollows:

1. Theprocessorsf each columrareconnectedo formaring, thatis,every processor
is connectedto its top and bottom neighbors,and the topmostand bottommost
processor®f the columnarealso connected.
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2. The processorsf each roware connectedto form a binary treethatis, if the
processorsn the row are numberedl, 2,...,n, then processoi is connectedo
processorgi and 2i T 1if they exist.

The local memonpf each processor consigisfour locationsat most.

(b) Analyzeyour algorithm.
1.19 Designa specialpurposearchitecturdor solvinga systemof linear equations.

1.20 Example 1.7 and problems1.17-1.19 describeapplicationsof specialpurpose parallel
architecturesCan you think of other problemsthat can be efficiently solvedon such
architectures?

1.7 BIBLIOGRAPHICAL REMARKS

Several recentooks have been devoted entirelyr in part to the subject of parallel
architectures. These include [Bag}, [Cosnard], [Enslow], [Feilmeier], [Fernbach], [Hillis
1], [Hockney], [Hwang 1], [Hwang 2], [Karin], [Kuck 1], [Kuck 2], [Legendi], [Leighton],
[Leiserson],[Lorin], [Mead], [Preston],[Reed], [Reijns], [Siege]], [Stone], [Uhr], [Uliman],
and [Wu]. Someof the parallel computersthat were built in researcHaboratories or have
appearedn themarket arelescribedn [Baer 2], [Frenkel 17, [Frenkel 2], [Hillis 2], [Hord],
[Jones1], [Jones2], [Lipovski], [Potter], and [Wah]. Reviewsof parallel languagesre
provided in [Gelernter][Howe], and[Karp]. Issuegertainingto paralleloperatingsystems
areaddressedn [Evans] and[Oleinick]. The designand analysisof parallelalgorithmsare
coveredin [AklI 3],[Cook 1],[Cook 2],[Graham], [Jamieson]{Kronsjé], [Kuhn], [Kung],
[Quinn], [Rodrigue], [Schendel], [Snyder],and[Traub].

Variousapproacheso simulatingthesharedmemory modeby weaker modelaregiven
in [Alt],[Karlin], [Mehlhorn],[Parberry], [Stockmeyer], [Ullman], [Upfal], [Upfal 2], and
[Vishkin]. Interconnectiometworksare reviewedin [Bhuyan] and[Wul].

The procedurdescribedn examplel.6 forsearching game treeaanMIMD computer
is a simplified versiorof a parallelalgorithmfirst proposed irf Akl 1]. Similar algorithms can
befoundin [Akl 2] and[Marsland].

Good referencesfor sequential algorithms are [Horowitz] and [Reingold]. Fast
sequentialmatrix multiplication algorithms, such abe onementioned in examplg.11,are
reviewed in [Strassen]. The branchandbound and local neighborhoodsearch methods
referredto in problemsl.13and 1.14, respectivelyaredetailed in [Papadimitrioul].
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Selection

2.1 INTRODUCTION

Ourstudyof parallelalgorithmdesigrandanalysis beginky addressinghefollowing
problem: Givena sequence of n elementsand anintegerk, wherel < k< n, it is
requiredto determinethe kthsmallest elemenin S. This is known as theselection
problem.t arises irmany applicationg computerscienceandstatisticsOur purpose
in this chapteris to presenta parallel algorithm for solving this problemon the
sharedmemorySIMD model. The algorithmwill be designedo meeta numberof
goals,and ouranalysiswill thenconfirm that these goals have indebégenmet.

Westartin section2.2 by definingtheselectiorproblemformally andderivinga
lower boundon the numbeiof steps required for solvingdin a sequentiacomputer.
This translateto a lower boundon the costof any parallellgorithm forselection.
In section2.3 an optimal sequentialalgorithm is presentedOur design goalsare
statedin section2.4 in the form of propertiesgenerally desirable imny parallel
algorithm.Two procedureshatwill beoftenusedin thisbookaredescribedn section
2.5. Section2.6 containsthe parallel selectioralgorithmandits analysis.

2.2 THE PROBLEM AND A LOWER BOUND
The problems studiedh this and thenexttwo chaptersareintimately relatedand
belongto a family of problemsknown ascomparisorproblems.These problemsare
usuallysolved bycomparingpairsof elementof aninputsequencdn orderto setthe
stagefor our presentationwe needthefollowing definitions.
2.2.1 Linear Order
Theelementf a set 4 aresaidto satisfya linear order< if andonly if

(i) for any twoelementsaandb of A, a<b,a=b,orb<a,and
(i) for anythreeelements, b,andc of A, f a< bandb < c,then a<c.

39
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Thesymbol < isto beread" precedes.An exampleof a setsatisfyingalinearorderis
the setof all integers.Anotherexampleis the setof lettersof the Latin alphabetWe
shall saythat these setairelinearly orderedNote that whenthe elementsof A are
numbers, itis customaryto usethe symbol < to denote"lessthanor equalto.”

2.2.2 Rank

Forasequenc&= {sy, s,,...,5,;} whose elementare drawrfrom a linearly ordered
set,the rankof anelements; of Sis definedas the numbeaf elementsn S preceding:
plusl.Thus,in S= {8, —3,2, -5, 6,0} therank of 0 is 3. Note thatif s; = s; thens;
precedes; if andonly if i <j.

2.2.3 Selection

A sequenc&={s,, s,,...,s,} whose elementaredrawnfrom a linearly orderedset
andanintegerk, wherel < k < n, aregiven.lt is requiredto determinehe element
with rank equalto k. Again, inS= {8, —3,2, —5,6,0} theelement withrank 4 is 2.
We shall denotethe element withrank k by s,.

In the ensuingdiscussionijt is assumedwithout loss of generalitythatSis a
sequenceof integers,asin the preceding example. Selectiamill therefore call for
finding the kth smallest element. Wasointroducethe followingusefulnotation.For
arealnumber r|r| denoteghelargest integer smalléhanorequaltor (the"floor" of
N, while [#] denoteghe smallest integer largghanor equalto r (the"ceiling” of r).
Thus(3.9]1 =3,[3.11=4,and|3.0) =[3.0]1 = 3.

2.2.4 Complexity

Three particulavaluesdf k in the definition of the selection problem immediately
cometo one'smind: k=1, k = n,and k = [n/2]. In thefirst two casesve would be
looking for the smallestind largest elementsf S, respectivelyln the third case s,
would be the mediancf S, thatis, the element fowhich half of the elementf S are
smallerthan (orequalto)it and theother half larger(or equal).lt seemsntuitive, at
least inthe sequentiaimodeof thinking and computing,that thefirst two casesre
easierto solvethanwhenk = [n/2] or any othervalue. Indeed, fok = 1 ork = n, all
one hasto do is examinethe sequence elemerily element, keepingrack of the
smallest(or largest) elemenseensofar until the resulis obtained.No suchobvious
solution appearso work for 1 < k < n.

Evidently,if Swerepresented in sorteafder,thatis, S = {5, 52), - - -, S)}> theN
selectionwould be trivial: In one stepwe could obtain s, Of course,we do not
assumethat thisis the case.Nor do we want to sort Sfirst and then pick the kth
element:This appeardo be (and indeed is3 computationallyfar more demanding
task than we need(particularlyfor large valueof n) sincesorting would solve the
selectionproblemfor all valuesof k, not just one.

Regardles®f the valueof k, onefact is certain: In ordeito determinethe kth
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smallest elementye mustexamine each elemeaott Satleast once. This establishas
lower boundof Q(n) onthenumberof (sequential) steps requirédsolvetheproblem.
From chapterl, we know that thisimmediately impliesn Q(n) lower bound on the
costof any parallelalgorithmfor selection.

2.3 A SEQUENTIAL ALGORITHM

In this sectionwe study asequentiakblgorithmfor the selection problem. Therare
two reason$or our interest ina sequentiablgorithm. Firstour parallelalgorithmis
based orthesequentialoneandis a parallelimplementatiorof it onan EREW SM
SIMD computer. Second, the parallel algorithm assumesthe existenceof the
sequentiabneand usesit asa procedure.

The algorithm presented inwhat follows in the form of procedure
SEQUENTIAL SELECT isrecursive innature. It usesthe divide-and-conquer
approachto algorithmdesign.The sequencé& andtheintegerk arethe procedure's
initial input. At each stagef the recursiona numberf elementsf S arediscarded
from further consideratioras candidatedor beingthe kth smallest elemenfThis
continuesuntil the kth element idinally determined. Welenoteby |S] thesizeof a
sequenceS; thusinitially, |S| = n. Also, let Q be a small integerconstantto be
determined latewhen analyzinghe runningtime of the algorithm.

procedure SEQUENTIAL SELECT(S, k)
Stepl: if |S|<@Q thensortS andreturnthe kth element directly

elsesubdividesS into |S|/Q subsequenced Q elements each (withpto Q—1
leftoverelements)
endif,

Step2. Sorteachsubsequencenddetermine its median.

Step3: Call SEQUENTIAL SELECTrecursivelyto find m,the medianof the|S|/Q
medians foundn step2.

Step4: Createthree subsequencgsg S,, andS; of element®of S smallerthan,equal
to, andlargerthanm, respectively.

Step5: if |§,{=k then (the kth elemenbf § must bein S,)
call SEQUENTIAL SELECT recursivelyto find the kthelementof §,
elseif |S,/+|S,] =k thenreturnm
else calSEQUENTIAL SELECTrecursivelyto find the (k--|S,I—|S,})th

elementof S,
endif
endif. O

Note thatthe precedingstatementf procedureSEQUENTIAL SELECTdoesnot
specifyhow the kthsmallest elementf S is actually returned.Oneway to do this
would beto haveanadditional parametesay,x, in theprocedure's heading (besides
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S andk) andreturn the kth smallest elemenh x. Anotherway would beto simply
return the kthsmallestasthefirst elementof the sequences.

Analysis. A stepby-step analysisf t(n), the runningime of SEQUENTIAL
SELECT,is now provided.

Step 1: Since Q is a constantsorting S when S| < Q takesconstanttime.
Otherwise subdividing S requiresc,n time for some constant;.

Step2: Sinceeachof the|S|/@Q subsequencesonsistsof Q elementsijt can be
sortedin constanttime. Thus,c,n time is also needed forthis stepfor some
constantc,.

Step3: There arg§|/Q medians; hencthe recursion takeg(n/Q) time.

Step4: OnepassthroughScreatess,,S,, andS; givenm; therefore thistepis
completedin ¢3n time for someconstantcs.

Step5: Sincem is the mediarof |S|/Q elementsthereare|S|/2Q elements larger
than orequalto it, asshownin Fig. 2.1.Eachof the|S]/Q elements watself the
medianof a setof Q elements, whicimeanghatit hasQ/2 elements largethan
or equal to it. It follows that {|S|/2Q) x (Q/2) =|S|/4 elementsof S are
guaranteedo be largerthan orequalto m. Consequently|S;{ < 3|S|/4. By a
similar reasoningS;| < 3|S|/4. A recursive call inthis stepto SEQUENTIAL
SELECTtherefore requires(3n/4). From the preceding analysige have

t(n) = cyn + t(n/Q) + t(3n/4), where ¢4 =c; + ¢, + ca.
Thetime hasnow cometo specify Q. If we chooseQ sothat
n/Q + 3n/4 < n,

ln—-——— ISYQ SUBSEQUENCES ———-|

SMALLEST ELEMENT

Q ELEMENTS .
PER SUBSEQUENCE "
m 'MEDIAN ELEMENT
IN SORTED
-
ORDER « s .

l | LARGEST ELEMENT

Figure 21  Main idea behind procedure SEQUENTIAL SELECT.
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then thetwo recursive callsn the procedure ar@erformedon everdecreasing
sequencedAny valueof Q = 5will do. TakeQ = 5; thus

t(n) = con T t(n/5) T t(3n/4).

This recurrence cahesolvedby assuminghat
t(n) < csn  for someconstantc,.
Substitutingwe get
t(n) < can T cs(n/S) T c5(3n/4)
= cen T c5(19n/20).

Finally, takingc, = 20c, yields

t(n) < ¢5(n/20) + ¢5(19n/20)

=cshn,

thusconfirmingour assumptionln otherwords,t(n) = O(n), whichis optimalin view
of the lower boundderivedin section2.2.4.

2.4 DESIRABLE PROPERTIES FOR PARALLEL ALGORITHMS

Beforewe embark inour study of a parallelalgorithmfor the selectionproblem,it
may be worthwhileto setourselves some design goalsnumberaf criteria were
described irsectionl.3for evaluating parallel algorithmis light of thesecriteria,five
importantpropertieghat we desirea parallelalgorithm topossesgare now defined.

2.4.1 Number of Processors

Thefirst two properties concerthenumberof processor® beusedby the algorithm.
Let nbethesizeof the problento besolved:

() p(m) must be smaller than n.  No matter how inexpensivecomputers
becomeit is unrealistiavhendesigninga parallel algorithnto assumehatwe haveat
our disposal morgor evenasmany) processoigsthere are itemsf data.This is
particularly truewhennis verylarge.lt is thereforemportantthatp(n) beexpressible
asa sublinear functionf n, thatis, p(n) = n*, 0 < x < 1.

(i) p¢m) mustbe adaptive: In computing irgeneralandin parallel computing
in particular,"appetitecomeswith eating' The availabilityof additional computing
power alwaysneanghat largerand morecomplexproblemswill be attackedthan
waspossiblebefore.Usersof parallelcomputerswill want to push theimachinego
their limits andbeyond Evenif onecouldafford to haveasmany processoiss data
for a particular problersize,it may not bedesirabldo designanalgorithmbasedon
that assumption: A larger problemwvould renderthe algorithm totally useless.
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Algorithms usinga numberof processorshatis a sublinear functioof n[and hence
satisfyingproperty (i)], such adogn or n*/2, would not be acceptable eithedueto
theirinflexibility. Whatwe needarealgorithmsthatpossess thi&ntelligence' to adapt
to the actual numbeof processors availablen the computerbeing used.

2.4.2 Running Time

Thenexttwo properties concertheworstcaserunningtime of the parallel algorithm:

(i) t(n) must besmall: Our primarymotive for building parallecomputerss
to speedup the computationprocess.t is thereforeimportant thatthe parallel
algorithmswe designbefast. T o be useful,a parallelalgorithm shouldesignificantly
fasterthan the bessequential algorithnfior the problemat hand.

(i) ¢(m) must be adaptive: Ideally, one hopesto havean algorithm whose
runningtime decreasessmoreprocessorareused.n practice,it is usuallythecase
thata limit is eventually reachetbeyondwhich no speedups possible regardless
the numberof processoraised.Neverthelessit is desirablethat ¢(n) vary inversely
with p(n) within the boundsset for p(n).

2.4.3 Cost

Ultimately, we wish to have parallelalgorithmsfor which c¢(n) = p(n) X t(n) always
matches a knowlower boundon the number of sequentiaperationsequiredin the
worst caseto solvethe problemln otherwords,a parallelalgorithm should be cost
optimal.

In subsequenthapterswe shall seethat meetingthe preceding objectives
usuallydifficult andsometimesmpossibleln particular,whena setof processorare
linked by an interconnection network, thgeometryof the network often imposes
limits on what carbeaccomplished by parallelalgorithm.It is a differentstorywhen
the algorithmis to run on a sharegmemoryparallelcomputer.Here, it isnot at all
unreasonablto insiston thesepropertiegyiven how powerfulandflexible the model
is.

In section2.6 we describea parallel algorithm for selecting thekth smallest
elementof a sequenceS = {s;,s,,...,s,}. The algorithm runson an EREW SM
SIMD computerwith N processors, wher& < n. The algorithm enjoys all the
desirable properties formulatéa this section:

(i) 1t usesp(n) = n!~* processors, whefke< X < 1.Thevalueof x isobtainedrom
N = n'~* Thusp(n) is sublinearand adaptive.

(i) It runs int(m) = O(n*) time, wherex dependson the numberof processors
availableon the parallelcomputerThevalueof X is obtainedin (i). Thust(n) is
smallerthanthe runningtime of the optimalsequentiaklgorithm describedn
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section2.3. It is also adaptive: The larg&s p(n), the smalleris t(n), and vice
versa.

(i) It hasacostof c(n) = n* ~* x O(n¥)= O(n), whichis optimalin view of thelower
boundderivedin section2.2.4.

In closing this sectiome notethatall realquantitiesof the kind just described
(e.g., n' 7 and r¥) shouldin practiceberoundedto aconvenienintegeraccording to
our assumptionin chapterl. Whendealingwith numbersf processors and running
times though,t isimportant thathis roundingoedonepessimisticallyThus,thereal
qi-x représenting the numbenf processorsused by an algorithm shouldoe
interpreted a{n'"*}: Thisis to ensurethat the resulting integedoes noexceedhe
actual numberof processorsConverselythe real n* representing thavorstcase
runningtime of analgorithm shouldeinterpreted afn*]: This guaranteethatthe
resulting integeis not smaller than thérue worstcaserunningtime.

2.5 TWO USEFUL PROCEDURES

In the EREW SM SIMD model no twoprocessorgan gain accesso the same
memory location simultaneouslidowever, twosituationsmay arise ina typical
parallel algorithm:

(i) All processorseedto reada datunheld ina particular locatiorof thecommon
memory.

(il Eachprocessohas to computa functionof dataheld by otherprocessorand
therefore need® receivethesedata.

Clearly,a way must befound to efficiently simulatethese twooperationghat
cannotbe performedn one steppnthe EREW modelln this sectionywe present two
proceduredor performing thessimulations. Theéwo procedures areisedby the
algorithm in this chapteras well as by other parallel algorithms tobe studied
subsequently. Invhat followswe assumethat N processor<P,, P,,...,Py are
available oran EREW SMSIMD computer.

2.5.1 Broadcastinga Datum

Let D be a locationin memoryholdinga datum thagll N processorsieedat a
givenmomentduring theexecutionof analgorithm.As mentionedn sectionl1.2.3.1,
thisis a special casef the moreggeneral multiplereadsituationandcanbe simulated
on an EREW computety the broadcastingrocess describad examplel.4. We
now give this procesformally as procedurBROADCAST.The procedurassumes
the presencef anarrayA of lengthN in memory.Thearrayis initially emptyandis
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usedby the procedureasa workingspaceto distribute the contentsof D to the
processorsilts ith positionis denotedby A().

procedure BROADCAST (D, N, A)

Stepl: ProcessolP,
(i) readsthevaluein D,
(i) storesit in its ownmemory,and
(iii) writesit in A(1).

Step2: for i=0to (log N-1)do
for j=2'+1to 2"t doin parallel
ProcessorP;

() readsthe valuein A(j -2,
(i) storesit in its own memory,and
(iii) writesit in A(j).

end for

end for. [

The working of BROADCAST is illustratedin Fig. 2.2for N=8 andD = 5.
Whenthe procedure terminates, plocessorsiave stored thealueof D in their local
memoriedor later use.Since thenumberof processorsaving read doubles ireach
iteration, theprocedure terminates O(log N) time. The memory requirementf
BROADCASTIisanarrayof length N. Strictly speakinganarrayof half thatlength
will dosince inthe lastiterationof the procedure all therocessors havweceivedthe
valuein D andneednot write it backin A [see Fig. 2.2(d)]. BROADCAST can be
easily modifiedo prevent thiginal write operation andienceuseanarrayA of length
N/2.

Besidesbeing generallyuseful in broadcastingdatato processorsiuring the
executionof analgorithm, procedure BROADCASBecomegparticularlyimportant
when startingan adaptivealgorithm suchasthe oneto be described in sectio.6.
Initially, eachof the N processor&nows itsown indexi, 1 < i < N, andtheavailable
numberof processor®N. Whena problemis to be solvedthe problemsizen mustbe
communicatedo all processorsThis can be doneusing procedure BROADCAST
before executinghe algorithm.Eachprocessonow computesc from N = n! =~ and
thealgorithmis performed. Thereforaye shall assume henceforthatthe parameter
x is known to all processors whean adaptivealgorithm startsits computation.

2.5.2 Computing All Sums

Assumethateachprocessof; holdsin its local memorya numbeia,,1 < i< N.Itis
often usefulto compute,for eachP;, the suma, +a,+...%Ta.ln examplel.5an
algorithmwasdemonstratetbr computingthe sumof N numbersn O(log N) timeon
a tree-connectedcomputerwith O(N) processors. Clearlyhis algorithm canbe
implementedn a sharedmemorymachineto compute thasumin the sameamount
of time using thesame numbeof processorsThe questionhereis: Canthe power
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Figure 2.2 Distributing a datum to eight processors using procedurBROADCAST.

of the shared-memorynodel be exploited to compute all sums o the form
a,ta t...ta, 1<i<N, known as the prefix sums, using N processorsin
O(log N) time? As it turnsout, thisis indeed possibleThe ideais to keepasmany
processors busgs long as possibleand exploit the associativityof the addition
operation. ProcedurdLLSUMS given formally in the following accomplishes

exactlythat:

procedurALLSUMS (a, ,a,,...,4a,)
for j=0 te log N—1do
fori=2/+1to N doin parallel

Processop;
(i) obtainsg;_,, from P;_,, through sharechemoryand

(ii) replaces; with a;_,,t a;.
end for
endfor. O

Theworkingof ALLSUMS is illustrated inFig.2.3for N = 8 with 4;; referringto the
sumg;ta,,, *...t a;. When the procedureterminatesa; hasbeen replacedy



Figure 2.3 Computing the prefix sumsof eight numbers using procedureALLSUMS
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a, ta, T ...t 4 in the localmemoryof P;, for 1 < i < N. The procedure requires
O(log N) time sincethe numbeiof processorshat havefinished their computation
doublesat each stage.

It isimportantto notethatprocedureALLSUMS canbe modifiedto solveany
problemwherethe addition operatiois replacedby any otherassociative binary
operation.Examplesof such operationsn numbersare multiplication,finding the
largeror smallerof two numbersandso on.Otheroperationghatapplytoa pairof
logicalquantities (or a paof bits)areand, or,andxor. Various aspectsf the problem
of computing theprefix sumsin parallel arediscussed inletail in chapteré3andi4.

2.6 AN ALGORITHM FOR PARALLEL SELECTION

We are now readyto study an algorithnfor parallel selectioon an EREW SM
SIMD computer. The algorithnpresentedas procedure PARALLEL SELECT
makes thdollowing assumptiongsomeof thesewerestatedearlier):

1. Asequencef integerS={s,, s,,...,s,5 and arintegerk, 1 < k < n, aregiven,
andit is requiredto determine the ktismallest elementdf S. Thisis the initial
inputto PARALLEL SELECT.

2. The parallel computetonsistsof N processor®,, P,,..., Py.

3. Each processor hageceivedn and computed x from N =#»'"* where
0<x<l1.

4. Eachof then! ~* processoris capableof storing asequencef n* elementsn its
local memory.

5 Each processor canexecute procedures SEQUENTIAL SELECT,
BROADCAST,and ALLSUMS.

6. M is anarrayin sharedmemoryadf length N whoseith positionis M ).

procedure PARALLEL SELECT (S, K)

Stepl: if {$]<4 then P, usesat mostfive comparisongo return the kthelement
else
(i) S is subdividedinto |§]!~* subsequence$; of length[S|* each,where
1<i<|S|*™* and
(i) subsequenct; is assignedo processoP;.
endif.

Step2. for i=11to |S|* > doin parallel
(2.1) {P; obtainsthe medianm;, i.., the [|S;{/2]th elementof its associated
subsequence)
SEQUENTIAL SELECT(S;, 1S:1/21)
(2.2) P, storesm; in M(i)
end for.
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Step3: {The procedures called recursivelyto obtainthe medianm of M}
PARALLEL SELECT(M,TIM1/2)).
Step4:  Thesequencs is subdividedinto threesubsequences:

L={s;€8:s,<m},
E={s;eS: s;=mj}, and
G={s;eS:5;>m}.

Steps: if |LI=k then PARALLEL SELECT(L, k)
elseif |L|+|E|=k then returnm
elsePARALLEL SELECT (G, k—|L}|—1E})
end if
endif. O

Note thatthe precise mechanism uség procedure®ARALLEL SELECTto return
the kthsmallest elementf S is unspecified inthe precedingstatementHowever,any
of the ways suggested in secti@8 in connection with procedurSEQUENTIAL
SELECTcanbe used here.

Analysis.  We have deliberately given a highlevel description of
PARALLEL SELECTtoavoid obscuring the main ideafthealgorithm. Inorderto
obtain an accurateanalysis of the procedure'srunning time, however,various
implementatioretails musbespecifiedAs usual wedenoteby t(n) thetime required
by PARALLEL SELECTfor aninput of size n. A function describingt(n) is now
obtainedby analyzing each stegf the procedure.

Stepl: To performthis step,eachprocessor needbe beginningaddressA of

sequenc&in the shareanemory,itssize|S|, and thevalueof k Thesequantities
canbebroadcasto all processors usingrocedureBROADCAST: Thisrequires
O(log n* ~®) time. If |S] < 4, then P, returnsthe kth elementin constanttime.
Otherwise,P; computesthe addressof the first and last elementsn S; from

A+ (i — hn*andA + in* — 1, respectively; thican be donein constantime.
Thus, stefl takesc,log n time unitsfor someconstantc,.

Step2: SEQUENTIALSELECTIfindsthe mediarof a sequencef lengthn* in

¢, time unitsfor someconstantc,.

Step3: SincePARALLEL SELECTis called witha sequencef lengthn! ~*,

this steprequirest(n' =) time.

Step4: Thesequences can be subdividedinto L, E, and G asfollows:

() First m is broadcastto all the processors inO(logn!~*) time using
procedure BROADCAST.

(i) Each processar; now splitsS; into three subsequencés, E;, and G, of
elements smallethan,equal to,andlargerthanm, respectivelyThis can
be donein time linearin the sizeof §;, thatis, O(n*) time.

(iii) Thesubsequencds, E;, and G; arenow mergedo form L, E,and G. We
show how this can be donefor the L;; similar proceduresith the same
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runningtime can bederived for merginghe E; and G;, respectivelyLet
a; = |L;|. Foreachi, 1 <i < n*~* thesum

is computed.All thesesums canbe obtained by n! ~* processorsn

O(log n* ~*) time usingprocedureALLSUMS. Now let z, == 0. All pro-

cessors simultaneousiyergetheir L; subsequencds form L: Processor

P; copiesL; into L startingat positionz;_, * 1. This canbedonein O(1)

time.

Hencethe time requiredby this stepis c;n* for someconstantc;.
Step5: Thesizeof L neededn this step has alreadyeenobtained in steg
throughthe computatiowf z,:--. The same remark appligsthesizesof E and
G.Nowwemust determinbow much time igakenby eachof thetwo recursive
steps.Sincem is the mediandf M, n! ~%/2 elementf S are guaranteetb be
largerthanit. Furthermoregveryelementof M is smallerthan at least ri/2
elementsof S. Thus |L| < 3n/4. Similarly, |G] < 3n/4. Consequently, step
requiresat mostt(3n/4) time.

The precedinganalysisyieldsthefollowing recurrencéor t(n):
t(n) = c,log n + cn™ + t(n' %) + c3n* + t(3n/4),
whosesolutionis t(n) = O(n*) for n> 4. Sincep(n) = n* ~*, we have
c(n) = p(n) x t(n) = n' =¥ x On*) = O(n).

This costis optimal in view of the Q(n) lower boundderivedin section2.2. Note,
howeverthat n* is asymptotically largethanlog n for any x. (Indeedwe haveused
this factin ouranalysisf PARALLEL SELECT.)SinceN = n' “*and n/n* < n/logn,
it follows that PARALLEL SELECT s cost optimal providedl < n/log n

Example2

This example illustratethe workingof PARALLEL SELECT.Let S= {3, 14, 16, 20, 8,
31,22,12,33,1, 4,9, 10, 5, 13,7, 24, 2, 14, 26,18, 34, 36, 25, 14, 27, 32, 35, 33}, thatis,
n = 29andlet k = 21,thatis, we needto determinehetwentyfirst elemenof S.Assume
further that the EREW SM SIMD computer available consisté five processors,
(N = 5). Hence)S|' ~* = 5,implyingthat1l — x = 0.47796Theinputsequencis initially
in the shared memorgsshownin Fig. 2.4(a). After stepl, each processdrasbeen
assigned aubsequence & Thefirst four processoneceivesix elementgach,andthe
fifth receivesfive, as in Fig. 2.4(b). Now each processdinds the medianof its
subsequende step2 andplacest in asharedmemoryarrayM; thisisillustratedin Fig.
2.4(c). WhenPARALLEL SELECT s called recursivelyn step3, it returnsthe median
m = 140of M. Thethree subsequenaafsS,namely L, E,andG of elementsmaller than,
equal toandlargerthan 14, respectivelyareformed instep4, asshownin Fig. 2.4(d).
SincelL] = 11and|E] = 3, |Lj + |E| < k andPARALLEL SELECTIis called recursively
in step5 with S= G andk = 21— (11+ 3)= 7. Since|G| = 15, we use15' ~* = 3.6485,
thatis, three, processoduringthis recursivestep.

Again in stepl, each processas assignedive elementsasshown inFig. 2.4(e).
Thesequenc® of medians obtaineith step2is shown in Fig2.4(f). Themedianm = 26
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Figure 2.4 Selecting twentyfirst elementof a sequence usingrocedure PARALLEL SELECT.

of M is determined in step 3. The three subsequenced, E, and G created instep4 are
illustrated in Fig. 2.4(g). Since|L| = 6 and |E| = 1, the only elementof E, namely, 26, is
returned as the twenty-first element of the input. [

We conclude this section with the following observation. In designing
PARALLEL SELECT, we adopted the approachof taking a sequential algorithmfor
a problem and turning it into a parallel algorithm. We were quite successfulin
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obtainingan algorithmfor the EREW SM SIMD modelthatis fast,adaptive,and
costoptimal while usinga numberof processordhatis sublinearin the size of the
input. Thereareproblemshowever for whichthisapproachdoesnotwork thatwell.

In these casea parallelalgorithm (not basedon any sequentialalgorithm)must be
derivedby exploiting theinherentparallelismin the problem. We shall studysuch
algorithmsin subsequenthapters.Takento the extreme, thidatter approactcan
sometimesoffer surprises:A parallelalgorithm providesaninsight thatleadsto an
improvement ovethe best existingsequential algorithm.

2.7 PROBLEMS

2.1 In aninterconnectiometwork SIMD computerpneof the N processors holds datum
thatit wishesto make knowrto all otherprocessors. Shohow this canbedoneon each
of the networks studied ichapterl. Which of these networks accomplish this taskhe
sameorderof time asrequiredby procedure BROADCAST?

22 Consideran SIMDcomputerwhere theN processorsrelinked togethery a perfect
shuffleinterconnection network. Now assuthatthe line connecting two processors can
serveas atwo-way link;in otherwords,if P; cansenddatato P; (usinga perfectshuffle
link), thenP; can also sendatabackto P; (thelatter link being referredo asa perfect
unshuffle connection). In addition, assurtteatfor i < N — 1,eachp; is linked by a direct
oneway link to P,, ,; call thesehe nearesineighbor links.Each processaP; holdsan
integera,. It is desirecthata; in P; bereplacedwith a, * a, *... * g; for all i. Canthis
taskbeaccomplishedisingthe unshuffie and nearest-neighbor linka the same ordeof
time asrequiredby procedure ALLSUMS?

2.3 A parallel selection algorithrthat uses0(n/log*n) processorand runsn O(log®n) timefor
somel < s < 1 would befasterthan PARALLEL SELECTSsincelog®n is asymptotically
smallerthan n* for any x ands. Canyou find such an algorithm?

24 If PARALLEL SELECT wereto be implementebn a CREWSM SIMD computer,
would it run any faster?

2.5 Designand analyza parallel algorithm for solving the selection problemaddRCW SM
SIMD computer.

2.6 A tree-connected computeiith nleavesstores onéntegerof asequenc& perleaf.Fora
given k, 1 < k < n, designan algorithmthat runson this computerand selectsthe kth
smallest elementf S.

2.7 Repeat problerd.6for alineararrayof nprocessorsvith one elementf S per processor.

28 Repeat problen2.6 for an n'/? x n'’2 meshof processorswith one elementof S per
processor.

2.9 Considerthe following variant of the linear array interconnection networkor SIMD
computers. Iradditionto the usual links connectinthe processors further communi
cation path knowiasa busis available, as showin Fig. 2.5. At anygiventime duringthe
executiornof an algorithm preciselyoneof the processoris allowedto broadcast onef
the inputdatato the other processorsisingthe bus. All processorseceivethe datum
simultaneouslyThetime requiredby the broadcast operatiae assumedo beconstant.
Repeat problen2.6for this modified lineararray.



54 Selection Chap. 2

BUS

Figure 25 Lineararraywith abus.

2.10 Modify themeshinterconnection network f@IMD machineso includea busandrepeat
problem?2.6 for the modified model.

2.11 Designanalgorithm for solving the selection probldor the casek = 1 (i.e., finding the
smallest elemerdf asequence)n eachof thefollowing two models:(i) a mesh-connected
SIMD computer andii) the machine in problen2.10.

2.12 A problem relatedo selectioris thatof determining thé& smallest element$ asequence
S(in anyorder).Onasequential computer this cardoneasfollows: First determine the
kth smallest element (usiBEQUENTIAL SELECT); then one pass througbkufficesto
determinghek — 1elementsmallerthank Therunningtime of this algorithmis linearin
thesizeof S.Designaparallel algorithnto solvethis problenon your chosersubmodel of
eachof the following modelsandanalyze its running timand cost: (i) shared-memory
SIMD, (ii) interconnection-networlSIMD, and(iii) specializedarchitecture.

2.13 Modify procedure BROADCASTo obtain aformal statementf procedureSTORE
described in sectioh.2.3.1.Providea different versiorof your procedurdor eachof the
write conflict resolutionpoliciesmentioned in chaptet.

2.14 In stepsl and2 of procedureSEQUENTIAL SELECT,a simplesequential algorithris
requiredfor sorting shortsequencedescribe one such algorithm.

2.8 BIBLIOGRAPHICAL REMARKS

As mentionedn section2.1,the problenof selectionhasa numberof applicationsn computer
scienceand statistics.In this book, for exampleye invoke a procedure foiselectingthe kth
smallestout of n elementsn our developmenof algorithms for paralleerging(chapter3),
sorting(chapter),andconvexhuil computatior(chapterl1).An applicationto imageanalysis
iscited in [Chandran]. In statistics, selectiwreferredto asthe computationf orderstatistics.
In particular,computing themedianelementof a setof datais a standardprocedurein
statistical analysig.heideauponwhich procedureSEQUENTIAL SELECTis basedwvasfirst
proposed inBlum]. Sequential algorithmgor sorting short sequencesas requiredoy that
procedure, came found in[Knuth].

Procedures BROADCAS&nd ALLSUMS are adaptedrom [Akl 2]. Anotherway of
computing theprefix sumsof n numberss through aspecializechetworkof processorsOne
such networkis suggestedy Fig. 2.3. It consistsof logn rows of n processors eacfihe
processorsireconnected by thénesillustrating theflow of datain Fig. 2.3. The top row of
processorseceiveshe nnumbersasinput,andall the prefix sumsare producedby the bottom
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row as output. Thisnetwork hasa costof nlog?n. Networks with lower cost and their
applications arelescribed ifjFich], [Kogge 1], [Kogge 2], [Ladner], [Reif], and[Stone]. A
parallel algorithm to computethe prefix sumson an EREWSM SIMD computerfor the case
wherethe input numberarepresentedn a linkedlist is proposed in [Kruskal].

ProcedurePARALLEL SELECT was first presented infAkl 1]. Other parallel al-
gorithmsfor selectinghe kthsmallesbutof n elementsntheEREWSM SIMD computerare
described irfCole 2] and[Vishkin]. Thealgorithmin [Cole 2] usesi/(log nlog*n) processors
and runs in time O(log n log*n), wherelog*n is the leasti suchthat the ith iterateof the
logarithm functiorfi.e., log?n) is lessthan orequalto 2. Notethatthis algorithmis cost optimal
andfasterthanPARALLEL SELECT butis not adaptive Thealgorithm in[Vishkin] runsin
O(n/N) time usingN < n/(log n loglog n) processors. This algorithia both adaptiveandcost
optimal; howeverwhencomparedvith PARALLEL SELECT, its runningime is seento be
largerandits rangeof optimality smaller. Finally, a parallel selection algoritisbtainedin
[AkI 3] that runsin O(log log n) time usingO(n/log log n) processors. Exampled parallel
algorithmsthat aidin the desigrof sequential algorithmare provided in[Megiddo].

A modelof parallelcomputationis described ifValiant], whereonly thetime takento
perform comparisonamongpairsof inputelementss counted. Thughetimetakenin routing
datafrom one processorto another, theime takento specifywhat comparisongareto be
performedandany othercomputationshesidessomparisonsreall ignored.Thisis approp-
riatelyknownasthecomparisomimodel.A lower boundof Q(log log n)onthetimerequired by n
processorgo selectusing this models derived in[Valiant]. This boundis achievedby an
algorithm describeth [Ajtai]. It runs inO(log log n) timeandis essentially a refinemeoitan
earlier O((log log n)?) algorithm appearingn [Cole 1].

A number of algorithmsexist for selectionon a tree-connecte8IMD computer.An
algorithmin [Tanimoto] finds thekth smallest elementn a tree machingvith n leavesin
O(k * log n) time. Note thatwhenk = n/2, this algorithm require®(s) time, whichis no better
thansequential selectiomhisisimproved in [Stout1], wherean algorithmis describedvhose
runningtime is strictly lessthann® for anya > 0. It is shownin [Aggarwal] how a further
speedup care achieved forthe casewherethe elementof Saretaken from afield of size
O(n!**) for someconstanty > 0: Selectioncan now be performed @(log’n) time.In chapter
14 we shall studyan algorithm for selectioon the treethat was firstproposedn [Cooper].
Thisalgorithm takeshetimeto operateontwo bits(rather thartwo entire numbersgsits unit
of time.

The selection problerasalsobeentackledon variantsof basic modelsAn algorithmis
proposed in [Stou] that runson a mesh-connectesbmputerwith a broadcast abilityThe
modelin [Chandran] is a cubeconnecteddomputerwhereeachcommunicationbetweerntwo
processorgounts as one routing steggardlessf how many elementreexchanged.

Variations on theproblem of selectionitself have alsobeenstudied. Algorithmdor
finding the largestlement of a sequencéa special casef selectionjappearin [Bokhari],
[Shiloach], and[Valiant]. A special-purpose architectufer selecting the k smallesut of n
elementss describedn [Wah].

Finally, all the resultdiscussedofar wereobtainedby worst-casanalyses. Sometimés
is usefulto derive the time requirely a parallel algorithnon theaverage. Herg¢heelement®f
the inputareassumedo obey agiven probability distributionandtheexpectedunningtimeis
obtained. Algorithmspecificallydesignedo achieve a goodunning time on the averageare
saidto be probabilistic. Examplesf such probabilistic algorithmasreprovided in [Greenberg]
for the tree-connecte@IMD modelandin [Reischuck] forthecomparison model.
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Merging

3.1 INTRODUCTION

We mentionedin chapter2 that selection belongso a classof problemsknown as
comparisonproblemsThesecond suclproblemto bestudiedin this bookis that of
merging. It is definedasfollows: Let A = (a,,a, ...,a,) andB = (b,, b,,..., b} be
two sequencesf numbers sorteth nondecreasingrder;it is requiredto mergeA and
B, thatis, toform a thirdsequenc€ = {c, c,,...,¢,+,}, also sortedn nondecreasing
order,suchthateachc; in C belonggo eitherA or B andeacha; andeachb, appears
exactly oncein C. In computer science,merging arisesn a variety of contexts
including databasepplicationgn particularandfile managementn general.Many
of these applications,of course, involvethe merging of nonnumeric data.
Furthermoreijt is often necessargnce themergingis completeto deleteduplicate
entriesfrom the resulting sequencd. typical examplas the mergingof two mailing
lists eachsorted alphabetically. Theseariantsoffer no new insights and can be
handled quiteeasily oncehe basicproblem stated aboveasbeensolved.

Merging isvery well understoodn thesequential modedf computatioranda
simple algorithm exists forits solution.In the worst casewhenr = s = n, say, the
algorithm rungn O(n) time. Thisis optimal sinceeveryelementof A and B mustbe
examinedat least oncethus making €(n) steps necessary iorder to merge.Our
purposein this chapteris to show howthe problemcan be solvedon a variety of
parallelcomputationamodels.In view of the lower boundjust stated,it should be
noted that Q(n/N) time is neededby any parallel merginglgorithm that usesN
processors.

We beginin section3.2 by describinga special-purpose parallatchitecturdor
merging.A parallelalgorithmfor theCREW SMSIMD model is presenteid section
3.3 that is adaptiveand cost optimal. Since the algorithm invokes a sequential
procedurgor merging,that proceduras alsodescribedn section3.3.1t is shown in
section 3.4 how the concurrent-read operations cée removed fromthe parallel
algorithmof section3.3 by simulatingit onanEREW computerFinally,anadaptive
and optimal algorithm fothe EREWSM SIMD modelis presentedn section3.5
whoserunningtime is smallethan thatbf thesimulationin section3.4. Thealgorithm

59
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is basedon a sequential procedufer finding the mediarof two sorted sequences,
alsodescribedin section3.5.

3.2 ANETWORK FOR MERGING

In chapterl we sawthatspecialpurposeparallelarchitecturegsanbeobtainedin any
oneof thefollowing ways:

(i) using specializedprocessors togethewith a conventional interconnection
network,

(i) usinga customdesigned interconnection netword link standardprocessors,
or

(iii)y using acombinationof (i) and (ii).

In this sectionwe shall take the third of theseapproachesMerging will be
accomplishedby a collectionof very simple processors communicatingpirough a
specialpurpose networkThis specialpurposeparallel architectureis known as an
(r, s)-merging network. All the processorgdo be used are identical and are called
comparatorsAsillustratedby Fig. 3.1,acomparatoreceives twanputsandproduces
two outputs. Thenly operationa comparatois capableof performingisto compare
thevaluesof its two inputsandthenplacethesmallerandlargerof the twoonitstop
and bottom outputlines, respectively.

Usingthesecomparatorsye proceedto build a networkthat takesasinput the
two sortedsequence®A = {a,,4a,,...,4,} and B={b,, b,,..., b} and producesas
outputa singlesortedsequence& ={c,, ¢,,...,c,4}. Thefollowing presentations
greatly simplified by makingtwo assumptions:

1. thetwo input sequences aref the samesize,thatis,r =s=n3x= 1, and
2. nis a power of 2.

We beginby consideringmergingnetworksfor thefirst three valuesf n. When
n =1, a singlecomparatorclearly suffices: It producesas outputits two inputsin

X — > SMALLER OF X AND Y

Y LARGER OF X AND Y

Figure 3.1 Comparator.
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sorted order. Whenn = 2, the two sequencesA ={a,, a,} and B={b,, b,} are
correctly merged by thenetwork in Fig. 3.2. This is easily verified. ProcessorP,
compareghesmallestelementof A to the smallest elemerf B. Its top outputmust
bethesmallest element i€, thatis,¢,. Similarly, thebottom outpubf P, mustbec,.
Oneadditional comparisois performed byP; to producethetwo middle elementsf
C. Whenn = 4, we can usetwo copiesof the networkin Fig. 3.2 followed bythree
comparatorsasshownin Fig. 3.3for A= {3,5,7,9} andB = {2,4, 6, 8}.

In general,an (n,n)-mergingnetwork is obtainedby the following recursive
construction. First, theodd-numbered elements of A and B, that is,
{a,,a,,a,,...,a,_1}and{b,, bs,bs,...,b,_}, aremerged usingn(n/2, n/2)-merging
network to produce a sequence{d,,d,,ds,...,d,}. Simultaneously,the even
numberecelementsof the twosequences, {aa,, a,, ...,a,} and{b,, by, bs,...,b},
are also merged usingan (n/2, n/2)-merging network to produce a sequence
{e1, ey, €1,...,¢,}. Thefinal sequencéc,,c,,...,c;,} IS Now obtainedfrom

c; =dy, =€, Cy=min(d+,,¢), and c,,, = max(d;,,,e;)

fori=1,2,...,n—1.

Thefinal comparisonareaccomplishedy arankof n — 1 comparatorssillustrated
in Fig. 3.4. Note thateach of the (n/2, n/2)-merging networksis constructed by
applyingthe same ruleecursively thatis, by usingtwo (n/4, n/4)-merging networks
followed bya rank of (n/2) — 1 comparators.

The merging network in Fig. 3.4 is basedon a method knowras odd-even
merging. That this method worksn generalis shown as follows. First note that
d, = min(a,, b;) and e, = max(a,, b), which meansthat ¢; and ¢,, are computed
properly. Nowobservethat in the sequencegd,, d,,...,d,}, i elementsare smaller
thanor equalto d; . ,. Eachof theseis an odd-numberedelementof either A or B.
Therefore2i elementf A andB aresmallerthan orequalto d;. ;. In otherwords,

81 — C1
Py
)
P -
3
— C3
by
P

2

by ]

Figure 3.2 Merging two sequence®f two elements each.
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8l .6
4 7
4 P3 — Pg 6
5
PGB r
P 8 I
4 | o > 9

Figure 3.3 Merging two sequences ofour elements each.

d;i sy = ¢y Similarly, e; = ¢,;. On the other handn thesequencgc;, ¢,, ..., ¢4}, 2i
elementdfrom A and B aresmallerthanor equalto c;;+,- Thismeansthatc,; ., is
largerthanor equalto (i + 1) odd-numberedelements belongintp either A or B. In
other words, ¢,;+4y = d;;. Similarly, ¢+, > €. Since ¢,; < ¢3;41, the preceding
inequalitiesmply thatc,; = min(d;, , €;), andc,;+ ; = max(d;. ,, ¢;), thusestablishing
the correctnessf odd-even merging.

Analysis.  Our analysisof odd-even mergingwill concentraten the time,
numberof processorsand total numberof operationsrequiredto merge.

(i) Running Time. We begin by assumingthat a comparatorcan readits
input, performa comparisonand produceits outputall in one time unit. Now; let
t(2n) denotethetime requiredby an(n,n)-mergingnetworkto mergetwo sequencesf
lengthn each.Therecursivenatureof sucha networkyieldsthe following recurrence
for t(2n):

t(2)=1 forn=1 (seeFig. 3.1),
t2n)=tm)+1 forn>1 (seeFig.3.4),

whosesolutionis easily seero be(2n) = 1+ logn. This is significantly fasterthan
the best, namelyQ(n), runningtime achievabl®n a sequentiatomputer.

(if) Numberof Processors. Herewe areinterestedn countingthe numbeiof
comparatorgequiredto odd-even merge. Lep(2n) denotethe numberof cornpara
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Figure 34 Odd-even merging.

torsin an(n,n)-mergingnetwork.Again, we have arecurrence:
r2)=1 forn=1 (seeFig.3.1),
p2n) =2pm)+ (n—1) forn>1 (seeFig.3.4),
whosesolution p(2n) = 1+ n log nis also straightforward.

(iii) Cost. Sincer(2n) =1 *logn and p(2n) = 1+ nlogn, the total number
of comparisonperformed byan(n, n)-merging network,thatis, the network'scost,is
c¢(2n) = p(2n) x t(2n)

= O(nlog®n).

Our networkis thereforenot cost optimal asit performsmore operations thathe
O(n) sufficientto merge sequentially.
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Discussion. In this sectionwe presentecan exampleof a speciapurpose
architecturefor merging. Thesemerging networksas we called them, havehe
following interesting propertyThe sequencef comparisonshey performis fixed in
advanceRegardlessf theinput, the networkwill alwaysperformthesame numbeof
comparisonsn a predeterminedrder.This is why suchnetworksaresometimes said
to be obliviousof their input.

Our analysis showedhat the (n,n)-mergingnetwork studieds extremely fast,
especially whercomparedwith the best possiblesequentiamergingalgorithm. For
example, itanmergetwo sequencesf length22° elements each twenty-one steps;
thesameresultwould requiremorethantwo million steps on a sequentiedmputer.
Unfortunately,such speedis achievedby using an unreasonablewumberof pro-
cessors. Again, for = 22°, our (n, n)-mergingnetwork would consistof over twenty
million comparatorsln addition,the architecturef the network is highlyirregular,
and the wireslinking the comparatorbave lengthghat vary with n. This suggests
that, althoughtheoretically appealingnerging networkswould be impractical for
large valuesof .

3.3 MERGING ON THE CREW MODEL

Our study of odd-even merging identifieda problem associated with merging
networksin general,namely, their inflexibility.A fixed numberof comparatorsare
assembledn afixed configurationto merge sequencesfixed size Although this may
prove adequatdor someapplications, itis desirablein generalto have a parallel
algorithm thatadaptsto the number ddivailable processors dhe parallelcomputer
athand.Thissectiondescribesonesuchalgorithm. In additiorto beingadaptive, the
algorithm is also cost optimal: Itsrunning time multiplied by the numberof
processorsisedequalsto within a constantmultiplicative factor, théower bound on
the numberof operationsrequiredto merge.Thealgorithm runs on th€REW SM
SIMD model.It assumes thexistenceand makesuseof, a sequential procedufer
mergingtwo sortedsequences. Wehereforebeginby presentinghis procedure.

3.3.1 Sequential Merging

Two sequencesof numbersA={a,, a,,...,a,} and B = {b,,b,,...,b,} sortedin
nondecreasingrder are given. It is requiredto merge A and B to form a third
sequenceC, also sortedin nondecreasingrder. The merging process iso be
performedby a single processorThis can be doneby the following algorithm. Two
pointersare used,one for each sequence. Initiallthe pointersare positioned at
elements, andb,, respectivelyThe smallerof a, and b, is assignedo ¢,, and the
pointerto the sequence fromhich ¢; cameis advancedneposition.Again, the two
elements pointedo are comparedThe smallerbecomes:, and thepointerto it is
advanced.This continuesuntil one of the two input sequencess exhausted; the
elementdeft over intheothersequencarenow copiedn C.Thealgorithmis given in
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what follows as procedure SEQUENTIAL MERGE. Itsdescriptionis greatly
simplified by assumingheexistenceof two fictional elements, , , andb, . ,, both of
which areequalto infinity.

procedure SEQUENTIAL MERGE(A, B, C)

Stepl: (1.1)i«1
(1.2)j « 1.

Step2 for k=1 tor+sdo
if a;<b;then () ¢, «a
@ititi
else (i) ci+b;
() j—j+1
end if
endfor. O

The procedure takesequences\ and B asinput and returnssequenceC as
output. Sinceeach comparison leads oneelementof C being definedthereare
exactly r s such comparisonsand in the worst casewhen r = s = n, say, the
algorithm runsin O(n) time. In view of the (n) lower boundon merging derivedn
section3.1, procedureSEQUENTIAL MERGE is optimal.

3.3.2 Parallel Merging

A CREW SMSIMD computerconsistof N processor®P,, P,,..., Py. It isrequired
to designa parallelalgorithmfor thiscomputerthattakesthe twosequences and B
asinput and producesthe sequenceC as outputasdefinedearlier.Without loss of
generality,we assumehatr < s.

It isdesiredthatthe parallelalgorithmsatisfy theproperties stateh section2.4,
namely,that

() the numberof processors usebdy the algorithmbe sublinearand adaptive,

(i) therunningtime of the algorithmbeadaptive andgignificantly smallethanthe
bestsequential algorithmand

(i) the cost be optimal.

We now describean algorithm that satisfies theseproperties.It uses N
processorsvhere N< r andin theworst case when= s = nrunsin O((n/N) + log n)
time. Thealgorithmis thereforecost optimafor N < n/log n. In additionto the basic
arithmetic andogic functionsusually available, eachf the N processorss assumed
capableof performing thefollowing two sequentiaprocedures:

1. Procedur6SEQUENTIAL MERGE describedn section3.3.1.
2. ProcedureBINARY SEARCH describedin what follows. The procedure
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takesas inputa sequenc& = {s,s,,...,s,; of numbers sortedn nondecreasing
orderand a numberx. If x belongsto S, the proceduregeturnsthe index k of an
elements, in S such that x =s,. Otherwise,the procedurereturnsa zero. Binary
searchis basedon thedivide-and-conquerprinciple. At each stage, aomparisons
performedbetweernx andanelementof S. Eitherthetwo areequal andhe procedure
terminateor half of the elementsf thesequence under consideratiarediscarded.
Theprocesontinueauntil thenumberof elementdeft isO or 1, andafterat mostone
additional comparison the proceduegminates.

procedure BINARY SEARCH(S, x, k)
Stepl: (1.1) i<1

(1.2)hen
(1.3)k<+0.
Step2: while i <h do
(2.1) meL(i T hy2]
(2.2)if x=s,, then (i) km
(i) ieh+1
elseif x<s,, then hm _1
elseiem+1
end if
end if
endwhile. O

Sincethe numbenof elementsinderconsiderations reducedby one-halfateach step,
the procedureequiresO(log n) time in the worstcase.

We arenow readyto describeourfirst parallel merginglgorithmfor a shared-
memory computerThealgorithmis presentedas procedurecCREW MERGE.

procedure CREW MERGE (A, B, C)

Stepl: {SelectN — 1 elementof A that subdividethat sequenc@nto N subsequences
approximatelyhesame size. Cathe subsequent@medby theseN — 1 elements
A'. Asubsequend of N — 1 elementsf B ischosen similarly. Thistepis executed
as follows:)
for i=1to N—1doin parallel
Processop; determines; andb; from
(1.1) aj«agm
(1.2) bj« bl‘[s/N]

end for.

Step2: {Merge A andB' intoasequencef triplesV=1{o, v,,...,v,y_,}, Where eaclriple
consistof an elementf A' or B' followed by its positionin A" or B' followed by the
named its sequencef origin, thatis, A or B. Thisis done adollows:}

(2.1)for i=1to N —1 doin parallel
{i) ProcessoP; uses BINARYSEARCH onB' to find the smallesj such
thata; <b;
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(i) if j existsthen v;, ;- +(ai, i, A
elsev,yy-1<(a, i, A
end if
end for
(2.2)for i=1to N—1doin parallel
(i) ProcessoP; uses BINARYSEARCHoN A' to find the smallest j such
thatb; <a;
(ii) if j existsthen v;+;_,«(b;, i, B)
elsev;, y_ (b}, i, B)
end if
end for.

Step3: {Each processamergesandinsertsinto C the elementsf two subsequencesne
from A and ondrom B. Theindicesof thetwo elementgonein A and onen B) at
whicheach process@to beginmergingarefirst computecand storeéh anarray
Q of ordered pairsThis stepis executed as follows:)

(3.1) g()(1, 1)
(3.2)for i=2to N doin parallel
if vy;-,=(a, k, A) then processoP;
(i) usesBINARY SEARCHon B to find thesmallestj suchthatb;> a;
(i) QW)«(k[r/NT, )
elseprocessopP;
(i) usesBINARY SEARCHon A to find the smallesj suchthat a; > b,
(ii) QU)«—(J; k[s/N)
end if
end for
(3.3) for i=1to N do in parallel
ProcessoP; usesSSEQUENTIAL MERGE and(i)=(x, y) to merge
two subsequences obeginningata, and theotheratb, andplaceghe
resultof the merge inarray C beginningat positionx +y — 1. The
mergecontinuesuntil
(i) an elementarger than orequalto the first componentof v,; is
encounteredh eachof A andB (wheni <N —1)
(i) noelementsareleftin eitherA or B (wheni =N)
endfor. O

Beforeanalyzingthe runningtime of the algorithmwe makethefollowing two
observations:

(i) In generalinstancesanelementa; of A is comparedto an elementb; of B to
determinavhichissmaller;f it turnsout thata; = b;, thenthealgorithmdecides
arbitrarily that g; is smaller.

(i) Concurrertread operationsare performed whenever procedure BINARY
SEARCHis invoked,namely,in steps2.1,2.2, and 3.2.Indeed in eachof these
instancesseveral processorsare executing abinary searchover the same
sequence.
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Analysis. A stepby-step analysief CREW MERGE follows:

Stepl: With all processor®peratingn parallel,eachprocessocomputeswo
subscriptsThereforethis steprequiresconstanttime.

Step2: Thisstepconsistof two applicationof procedureBINARY SEARCH
to a sequencef lengthN — 1, each followedoy anassignmenstatementThis
takesO(log N ) time.
Step3: Step3.1consistof a constantime assignmentand ste8.2 requiresat
mostO(log s)time. To analyzestep3.3,wefirst observethat V contains2N — 2
elementghat divide C into 2N — 1 subsequences with maximusizeequalto
(T'r/NT + [s/N7). This maximumnsizeoccursif, for examplepneelemeniq; of A
equalsan elementb; of B; thenthe[r/N7 elements smallethanor equalto a;
(and larger thanor equalto a;_;) are alsosmaller than or equalto b}, and
similarly, the [s/N] elements smallethan or equalto b; (and larger than or
equalto b;_,) are alsosmallerthan or equalto a;. In step3 each processor
creates two suckubsequencesf C whosetotal size istherefore no largethan
2A[r/N1+ [s/N7), except P, which createsonly one subsequencef C. It
follows that procedureSEQUENTIAL MERGE takesat most O((r + s)/N)
time.

In theworstcaser = s = n,andsincen = N, thealgorithm'srunningtime
is dominatedby the time requiredby step3. Thus

t(2n) = O((n/N) * logn).

Since p2n) = N, ¢(2n) = p(2n) x t(2n) = O(nF N logn), and the algorithm is
cost optimalwhenN < n/logn.

Example 3.1

Assumethata CREWSM SIMD computerwith N = 4 processorss availableandit is
requiredto mergeA = {2, 3,4,6,11,12, 13,15, 16, 20,22, 24} andB = {1,5,7,8, 9, 10,14,
17, 18,19, 21,23}, thatis, r = s = 12.

Thetwo subsequences = {4, 12,16)and B’ = {7, 10,18)arefoundin stepland
then mergedin step2 to obtain

V=1{41,4),(7,1,B), (10, 2, B), (12, 2, A), (16, 3, A), (18, 3, B)}.

In steps3.1 and 3.2, (1) = (1, 1), Q(2)= (5, 3), Q(3) = (6, 7), and Q4) = (10, 9)are
determinedIn step3.3 processolP, beginsatelementsa, = 2andb, = 1andmerges all
elementof A and B smallerthan 7, thuscreatingthe subsequend1, 2,3, 4, 5, 6} of C.
Similarly, processorP, beginsat a, = 11 and b; = 7 and merges all elements smaller
than12,thuscreating{7, 8, 9, 10,11). ProcessotP beginsata, = 12andb, = 14 and
createg12, 13,14, 15, 16,17). Finally P, beginsata,, = 20andb, = 18andcreates{18,
19, 20, 21, 22, 23, 24}. Theresulting sequencg is therefore{1, 2, 3,4, 5,6, 7, 8,9, 10, 11,
12, 13,14,15, 16, 17, 18, 19, 20, 21, 22, 23, 24). The elementsof A' and B' are shown
underlinedin C.
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3.4 MERGING ON THE EREW MODEL

As we saw in the previous sectionconcurrentread operations aregperformed at
several placesf procedurecCREW MERGE. We now showhow this procedure can
beadaptedo runonanN-processoEREW SMSIMD computer thatby definition,
disallowsany attemptby morethan oneprocessoto readfrom a memory location.
Theideaof theadaptations quitesimple: All we haveto doisfind a way to simulate
multiple-read operations. Oncsuch a simulations found, it canbe used by the
parallel merge algorithm (and in general byany algorithm with multiple-read
operationsjo performevery reacbperationfrom the EREWmemory.Of course we
requirethesimulationto beefficient. Simplyqueuing all the requests read froma
givenmemory locatiorand servingthemoneafter the otheris surelyinadequatelt
canincreasethe runningtime by a factorof N in theworstcase On the other hand,
using procedure BROADCASTof chapter 2 is inappropriate:A multiple-read
operationfrom a memory locationmay not necessarily involve all processors.
Typically, severabrbitrary subsetof the setof processorattemptto gain accesdo
differentlocations,onelocation per subsetin chapterl we describeda methodfor
performing the simulatiom this generataseThisis now presentedhoreformally as
procedureMULTIPLE BROADCAST in whatfollows.

Assumethat an algorithm designedto run on a CREW SMSIMD computer
requires a@otal of M locationsof sharednemory.In orderto simulate this algorithm
on the EREWmodelwith N processors, whed = 27 for g = 1, we increasehesize
of thememoryfrom M to M(2N — 1). Thus, eaclof the M locationsis thoughtof as
the root of a binarytree with N leaves.Such atree hasq * 1 levelsand a total of
2N — 1 nodes,as shownin Fig. 3.5 for N = 16. The nodesof the treerepresent
consecutivdocationsin memory.Thusif locationD is the root, therits left andright
childrenareD + 1 and D * 2, respectivelyln generalthe left and right childrenof
D+ x areD*+ 2x + 1andD * 2x + 2, respectively.

AssumehatprocessoP; wishesatsomepointto readfrom some locatior(i) in
memory. It placesits requestat location d(i) + (N — 1) + (i — 1), a leaf of the tree
rootedat d(i). This is doneby initializing two variables locato P;:

1. level(i), which storesthe currentlevel of the treereachedby P;’s request,s
initialized to 0, and

2. loc(i), which storesthe current nodeof the treereachedby P;’s request,is
initialized to (N — 1)+ (i — 1). Note thatP; need onlystore thepositionin the
tree relative to d(i) that its requesthasreachedand not the actual memory
locationd(i) + (N — 1) + (i — 1).

Thesimulationconsistsof two stages: the ascestageandthe descenstage. During
the ascenstage,the processors proceeds follows: At eachlevel a processorP;
occupying deft child isfirst given priority to advance itsequesionelevel upthetree.
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Figure 35 Memory organization fomultiple broadcasting.

It doesso by marking the parenftocation with a specialmarker,say,[]. It then
updatests levelandlocation.In this casea requestat the right childis immaobilized
for the remainderof the procedure.Otherwise (ie., if there was no processor
occupyingthe left child) a processor occupying the right chitdn now "claim™ the
parentlocation. This continueantil at mosttwo processors readavel (log N) — 1.
Theyeachin turnreadthevaluestoredin theroot, and the&escent stage commences.
Thevalue justreadgoesdownthetreeof memory locationsintil every requedi read
by a processohasbeenhonored. ProcedurBIULTIPLE BROADCASTfollows.

procedure MULTIPLE BROADCAST (d(1), d(2),...,d(N))

Stepl: for i=1to N doin parallel
{P; initializeslevel(i) andloc(i)}
(1.1) level(i)«0
(1.2) loci) « N +i-2
(1.3) store]i] in location d(i) + loc(i)
end for.

Step2: for v=0to (log N)— 2do
(2.1)for i = 1to N doin parallel
{P; at aleft child advances up its tree}
(2.1.1) x « [(loc(i) — 1)/2}
(2.1.2)if loc(i) is odd andievel(i}=v
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then (i) loc(i) « x
(ii) storefi] in locationd(i) * loc(i)
(iii) level(i) « level(i) T 1
end if
end for
(2.2)for i =1to N doin parallel
{P; at a right child advancespiits treeif possible}
if d(i) T x doesnot already contain a markéy] for some 1< j < N
then (i) loc(i) « X
(i) store [i] in locationd(i) + loc(i)
(iii) level(i) « level(i) +1
end if
end for
end for.

Step3: for v = (log N) — 1 down to 0 do
(3.1)for i =1to N doin parallel
{P; at a left child reads fromits parentand then movesdown the tree}
(3.1.1) x « |(loc(i) — 1)/2}
(3.1.2)y « (2 x loc(i)) + 1
(3.1.3) if loc(i) is odd andlevel(i) = v
then (i) read thecontentsof d(i) + x
(i) write thecontentsof d(i) + x in location
d(i) T loc(i)
(iii) level(i) « level(i) — 1
(iv) if locationd(i) Ty contains [i]
then loc(i) < y
elseloc(i) «y T 1
end if
end if
end for
(3.2)for i =1to N doin parallel
{P; ata right child reads from itearent andhenmovesdown thetree}
if loc(i) is evenand level(i)=v
then (i) read the contentsf d(i) T x
(i) write the contentsof d(i) + x in locationd(i) + loc(i)
(iii) level(i) < level(i) — 1
(iv) if locationd(i) +y containgi]
then loc(i) « y
elseloc(i) «y T 1
end if
end if
end for
endfor. [0

Stepl of the procedureconsistsof three constantime operationsEachof theascent
anddescenstagesn steps2 and 3, respectively requiresO(log N ) time. The overall
runningtime of procedureMULTIPLE BROADCAST s thereforeO(log N).
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Figure & Memory contentsafter step2 of procedureMULTIPLE BROADCAST.

Example 3.2
Let N = 16andassumé¢hatatagivenmomeniduring theexecutiorof aCREW parallel
algorithmprocessorP,, P,, P,, P4, Pg, Py, P4, and P, needto reada quantityQ
from a location D in memory.When simulating this multiple-readoperationon an
EREWcomputerusingMULTIPLE BROADCAST, the processorglacetheir requests
attheappropriatéeavesf atreed locationgootedat D during stef, asshownin Fig.
3.5.Figure3.6shows thepositionsof the variousprocessors and tigententsf memory
locationsat theend of step2. Thecontentof the memorylocationsat theendof step3

areshownin Fig.3.7. O

Note that:

1. Themarkerdi] arechosenso thatthey can be easilydistinguishedrom data
valuessuchasQ.

2. If during a multipleread step of the CREW algorithm being simulated, a
processorP; doesnot wish to read from memory, thed(i) may be chosen
arbitrarily amongthe M memory locationaused bythe algorithm.

3. Whentheprocedurdgerminates, thealueof level(i) is negativeand thatof loc(i)
is out of bounds.Thesevaluesare meaninglessThis is of no consequence,
however, sincdevel(i) andloc(i) arealwaysinitialized in step1.

We are now readyto analyze theunningtime t(2n) of an adaptationof procedure
CREW MERGEfor the EREW model. Since everyread operation (simple or
multiple)is simulatedusingprocedureMULTIPLE BROADCASTIn O(log N) time,
the adaptedprocedureis at most Oflog N) times slower than procedureCREW
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Figured  Memory contentsat end of procedure MULTIPLE BROADCAST.
MERGE, thatis,
t(2n) = O(log N) x O(n/N * logn)

= O((n/N)log n + log?n).
The algorithm hasa cost of

¢(2n) = O(n log nt N log?n)

which is not optimal. Furthermoresince procedureCREW MERGE usesO(n)
locationsof shared memory, tretoragerequirementsf its adaptatiorior the EREW
modelare O(Nn). In the following sectionan algorithm for mergingon the EREW
modelis describedthatis costoptimal andusesonly O(n) sharedmemorylocations.

3.5 A BETTER ALGORITHM FOR THE EREW MODEL

We saw in the previous section hova direct simulationof the CREW merging
algorithm on theEREW modelis not cost optimal. This is dueto the logarithmic
factoralwaysintroducedby procedureMULTIPLE BROADCAST.Clearly,in order
tomatch thegerformancef procedurecCREW MERGE ,another approack needed.
In this section we describean adaptive andcostoptimal parallel algorithm for
mergingonthe EREWSM SIMD modelof computationThe algorithmmergeswo
sortedsequence# = (a,,a,,...,a,) andB = {b,, b,,..., b} into a singlesequence
C={c1,C3,-.-,C45}. It UsesSN processorPy, P,,..., Py, wherel < N < r+sand,
in theworst case when= s = n,runsin 0((n/N) * log N log n)time. A building block
of the algorithm is a sequential procedur®r finding the medianof two sorted
sequences. Thigrocedurés presentedh section3.5.1. Themergingalgorithmitself is
the subjectof section3.5.2.
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3.5.1 Finding the Median of Two Sorted Sequences

In this sectiorwe studya variantof theselectionproblemvisited inchapter2. Given

two sortedsequenced = {a,,a,, ...,a,} andB={b,, b,, ..., b,), wherer,s = 1, let

AB denotethe sequencef lengthm = r + s resulting from mergingh and B. It is

requiredto find the median,thatis, the [m/2]th element,of AB. Without actually

forming A.B, thealgorithmweareabout todescribereturns a paifa,, b,) thatsatisfies
the following properties:

1. Eithera, orb, isthe mediarof A.B, thatis, eithera, or b, islargerthanprecisely
[m/2] — 1 elementsand smallerthan precisely| m/2} elements.
2. If a, isthemedian, therb, is either
() thelargestelement inB smallerthan or equalto a, or
(i) thesmallest elemenih B largerthan or equalto a.
Alternatively, if b, is the median, thera, is either
(i) thelargest element i\ smallerthan or equalto b, or
(i) thesmallest elemenn A largerthanor equalto b,.
3. If morethan onepair satisfiesl and 2, thenthe algorithm returns the pafor
which x +y is smallest.

We shallreferto (a,, b,) asthemedianpair of AB. Thusx andy aretheindicesd
the median pair. Note that a, is the medianof A.B if either

() a,>b,andx ty — 1=[m/2] - 1 or
(i) a, <b,andm — (xty—1)=m2]

Otherwiseb, is the mediarof AB.

Example 3.3

Let A={2, 5,7,10)andB = {1, 4, 8,9) and observé¢hat the mediardf A.B is 5 and
belongsto A. Therearetwo medianpairs satisfyingpropertiesl and 2;

() & by =1(5,4), wheredis thelargestelementin B smaller tharor equalto 5
(i) @ bs)=1(5,8), wheres is thesmallest elememt B largerthan or equalto 5.
The mediarpairis therefore (54). O

The algorithm, described inwhat follows as procedure TWO-SEQUENCE
MEDIAN, proceedsn stagesAt the end of eachstage someelementsareremoved
from considerationfrom both A and B. We denoteby n, and np the number of
elementf A andB, respectively, stilunder consideratioat the beginningf a stage
andby w thesmallerof | n,/2] and|ng/2}. Eachstagas asfollows: Themediansa and
b of theelements stilunder consideratiom A andin B, respectivelyarecompared|f
a = b, thenthelargest (smallesty elementof A(B) areremoved fronconsideration.
Otherwisethatis, ifa < b, thenthe smallest (largest) elementof 4(B) areremoved
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from consideration. Thigprocess is repeated until there is ooheelementleft still
under consideratiom oneor both of the two sequencesl he medianpair is then
determinedfrom a small set of candidatepairs. The procedurekeepstrack of the
elements stilunder consideratioby usingtwo pointersto each sequenckw, and
high, in A andlow, andhigh, in B.

procedure TWO-SEQUENCEMEDIAN (A, B, x, y)

Stepl: (1.1) low, ~ 1
(1.2) low, « 1
(1.3) high, « r
(1.4) high, « s
A5)ny<r
(1.6) ng «s.

Step2: whilen, >1andn, >1do
(2.1) u -« low, T [(high, — low, — 1)/2]
(2.2) v« low, T [(highg — low, — 1)/2]
(2.3) w < min(|n,/2], Lng/2])
24 n,—=n —w
25)ng+—ng—w
(26) if a, = b,
then (i) high, « high, —w
(i) low, —low, +w
else (i) low, «low, Tw
(ii) highg—high,—w
end if
end while.

Step3: Returnasx andy the indicesof the pair from{a,—;, a,, @ 1} X {by-1, b, bys1}
satisfyingpropertiesl-3 of a median pair. [

NotethatprocedureTWO-SEQUENCE MEDIANreturnstheindicesof themedian
pair (a, b,) ratherthanthe pair itself.

Example 3.4

Let A = {10, 11,12,13,14,15, 16, 1718)andB = {3, 4, 5, 6, 7, 8, 19, 20, 21, 22}. The
following variablesare initialized during stepl of procedureTWO-SEQUENCE
MEDIAN: low, =low, =1, high, =n, =9, andhigh, = n, = 10.

In thefirst iteration of step2, u =v =5 w = min(4,5)=4,n,=5,andn, =6.
Sincea, > b, high, =low,= 5. In the seconditeration, 4=3, v=7, w=min(2, 3)=2,
n, = 3,andn = 4.Sincea, < b,, low, = 3andhigh, = 8.In the third iterationy = 4,
v=6,w =min(1,2)=1,n,=2,andn = 3. Sincea, > bg, high, =4 andlow, =6.In
the fourth and final iteration of step2, u=3, v =7, w =min(1,1)=1, n, =1, and
n = 2. Since a,< b4, low, =4 andhigh, = 7.

In step3, two of the nine pairsin {11, 12,13) x {8, 19, 20) satisfythefirst two
propertienf a median pair. These paiesed  bg) = (13, 8) and(a,, b;) =(13,19). The
procedure thus returrd, 6) asthe indicesof the median pair. []
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Analysis.  Stepsl and 3 require constanttime. Eachiteration of step 2
reduceshe smallerof the twosequencesy half. For constants; and¢, procedure
TWO-SEQUENCE MEDIAN thus requiresc¢, * c,log(min{r,s}) time, which is
O(log n) in the worst case.

3.5.2 Fast Merging on the EREW Model

We nowmakeuseof procedurefWO-SEQUENCE MEDIANto construct garallel
mergingalgorithmfor the EREWmodel.Thealgorithm,presented invhatfollowsas
procedureEREW MERGE, hasthe following properties:

1. It requiresa numberof processorghatis sublinearin the sizeof the inputand
adaptsto the actualnumberof processors availablen the EREW computer.

2. Its runningtime is smalland varies inversely with th@umberof processors
used.

3. Its costis optimal.

Given two sorted sequencesA ={a,, a,,...,a,) and B={b,, b,,...,Db), the
algorithmassumesheexistencef N processor®,, P,,..., P,, whereN is a powerof
2and1< N <r*+s.1t mergesA andB into a sortedsequenc& = {€1,Cas v Cris)
in two stagessfollows:

Stagel: Each of the twosequence#\ and B is partitionedinto N (possibly
empty)subsequence,, A, ..., Ay and By, B,,...,B suchthat

(i) 14l + |B;| = (r + s)/N for 1 <i< N and
(i) all elements ind;.B; aresmallerthanor equalto all elements in4,. ,.B
for1<i<N.

i+1

Stage2: All pairs4; andB;, 1 <i < N, aremerged simultaneouslgnd placed
in C.

The first stage canbe implemented efficiently withthe help of procedureTWO-
SEQUENCEMEDIAN. Stage?2 is carried out using procedureSEQUENTIAL
MERGE. In the following procedure A[i,j] is usedto denotethe subsequence
{ai, a;4q,...,a;} of Aff i< j; otherwiseA[i, ] is empty. We defineB[i,j] similarly.

procedure EREW MERGE (A, B, C)

Stepl: (1.1) Processor, obtainsthe quadruplg(l,r, 1, s)
(1.2)for j=1tolog N do
for i = 1to 2/~ doin parallel
Processop; havingreceivedthe quadruplde,f, g, h)
(1.2.1}{Finds themedianpair of two sequences)
TWO-SEQUENCE MEDIAN (Ale, 11, B[g. h], X, )



Sec. 3.5 A Better Algorithm forthe EREW Model 77

(1.2.2) {Computes four pointerg,, p,, q,,andq, asfollows:}
if a, is the median

then (i) p,« x
(i) g, «xt1
(i) if b, < &, then(a) p,« y
®) g2y +1
else(@) p, <y —1
(d) g2y
endif

else () p, <y
(ii) g, <y +1
(i) if &, < b, then(a) p, « X

() g =x+1
else(a) pye—x—1
(b) g, < x

endif
endif
(1.2.3) Communicates thquadruplde, py, g, p2) to Py,
(1.2.4) Communicates thquadrupldg,, f, 42, h) to Py;
endfor
endfor.

Step2: fori=1to N doin parallel
ProcessoP; havingreceivedthe quadrupleg(a, b, ¢, d)
@Hwelt (-1t syN
(2.2) z« min{i( T s)/N, (r T s)}
(2.3) SEQUENTIAL MERGE(A[4q, b], Blc, d], C[w, z])
end for.

It should beclear that at any time during theexecutionof the procedure the
subsequencesnwhich processorareworkingareall disjoint. Hencenoconcurrent-
read operations ever needed.

Example35

LetA ={10,11,12,13,14,15,16,17,18}, B={3,4,5,6,7,8,19,20,21,22},andN = 4.

In stepl.1 processoP; receiveq1,9, 1, 10).During thefirst iteration of stepl.2
processoP, determines thindicesof the mediamair of A andB, namely(4, 6). It keeps
(1,4, 1,6) andcommunicateé, 9, 7, 10) to P,. During the second iteratiof, computes
theindicesof the medianpair of A[t,4] = {10, 11,12, 13} and B[1,6] = {3,4,5, 6,7, 8},
namely,1 and5. Simultaneously?, does the samaith A[5,9] = {14, 15,16, 17, 18)and
B[7,10] = {19,20,21,22} and obtains9 and 7. ProcessorP, keeps(1,0,1,5) and
communicateq1,4,6,6) to P,. Similarly, P, communicateg5,9,7,6) to P; and
(10,9,7,10) to P.,.

In step2, processor®, to P, simultaneously creat€[ 1, 19] asfollows. Having
lastreceived(t, 0, 1, 5), P, computesv = 1 andz = 5 andcopiesB[1, 5] = {3,4,5,6.7}
into C[ 1, 5]. Similarly, P,, having lasteceived]l, 4, 6, 6), computesy = 6 andz = 10and
mergesA[1, 4] and B[6, 6] to obtain C{6, 10] = {8, 10, 11, 12,13). ProcessorP;,
having last received (5, 9, 7, 6), computesw=11 and z=15 and copies
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A[5,9] = {14,15,16, 17,18} into C[11, 15]. Finally P,, having lasteceived 10, 9, 7, 10},
computesw = 16 and z = 19 andcopiesB[7, 10] = {19, 20,21,22} into C[16,19]. [

Analysis. In orderto analyzethe time requirementf procedureEREW
MERGE, note thatin stepl.1 processorP, reads from memoryn constanttime.
During thejth iterationof stepl.2,eachprocessor involvethasto find theindicesof
the median pairof (r+s)/2/~! elements.This is done using procedureTWO-
SEQUENCE MEDIANin O(log[(r + s)/2¢~']) time, which is O(log(r T ). The two
other operationsn step 1.2 take constantime as they involvecommunications
amongprocessorshroughthesharedmemory.Sincetherearelog N iterationsof step
1.2,stepl is completedin O(log N x log(r T s)) time.

In step2 eachprocessomergesat most(r + s)/N elementsThisis doneusing
procedur8EQUENTIALMERGEin O((r T s)/N)time.Together, steptand2take
O((r T s)/N T logN x log(r T s)) time. In the worst case,whenr = s = n, the time
requiredby procedureEREW MERGEcanbe expresseds

t(2n) = O(n/N + log®n),

yielding a cost of ¢(2n) = O(n+ N log?n). In view of the Q(n) lower boundon the
numberof operationgequiredto merge,this costis optimal whenN < n/log?n.

3.6 PROBLEMS

3.1 Theodd-even merging network described in sectdidis just oneexamplefrom a wide
classof merging networks. Showhat, in general, any(r, s}-merging network built of
comparators mustequire log(r + s)) time in order to completely merge twsorted
sequencesf lengthr ands, respectively.

32 Showthat, in general, any (5)}-merging network must require (s logr) comparators
whenr < s.

3.3 Usetheresults in problem8.1and 3.2to draw conclusionaboutthe runningtime and
numberof comparatorsieededby the(n, n) odd-evenmerging networlof section3.2.

34 Theodd-even merging network described in secBdrequireshetwo inputsequences
to be of equal lengthn. Modify that networkso it becomesan (r, s)-merging network,
wherer is not necessarilyyqualto s.

35 The sequencef comparisons irthe odd-even merging network carbe viewed as a
parallel algorithm. Describe an implementat@rihatalgorithmon anSIMD computer
wherethe processo@reconnectedo form alineararray.The two inputsequenceso be
merged initially occupy processoBs, to P, and P,,, to P, respectively.When the
algorithm terminatesP; should contain the itemallest elemertdf the outputsequence.

36 Repeat problenB8.5 for an m x m mesh-connecte@IMD computer. Here the two
sequence bemergedareinitially horizontally adjacentthatis, onesequenceccupies
the upperpart of the meshand the second thower part, as shown in Fig3.8(a). The
outputshould be returnedssin Fig. 3.8(b), thatis, in row-majororder:The ith element
residesn row j and columnk, wherei =jm * k * 1. Note thatfor simplicity, only the
processorandtheir contentsareshownin thefigure, whereashe communications links
havebeenomitted.
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Fipe38 Mergingtwo horizontalsequencesn meshconnecte&IMD computer.

Repeat problen3.6 for the casewherethe two input sequenceare initially vertically
adjacentthatis, onesequence occupies thedt part of the meshandthe secondheright
part,asshownin Fig. 3.9. Theresultof the mergeshouldappear a# Fig. 3.8(b).

A sequencéa,, a,,...,4a,,} is saidto be bitonicif either

() thereis anintegerl < j < 2nsuchthat

QLA KaAG2a, 2 24,
or

(i) thesequence does not initially satisfgndition(i) but can be shifted cyclicallyuntil
condition (i) is satisfied.

Forexample{2,5, 8,7, 6,4, 3, 1} isa bitonic sequencasit satisfiecondition(i). Similarly,
thesequencé2, 1, 3,5, 6, 7, 8, 4}, whichdoes nosatisfycondition i), is also bitonicasit
can be shifted cyclicallyto obtain{!, 3,5, 6,7, 8,4, 2}. Let {a,,4a,,...,a,} bea bitonic
sequencandlet d; = min{a;, 4, ,,} ande; = max{a; a,,} for 1< i < n.Showthat

(@ {d,d;,...,d,} and{ey, e,,...,e,} areeach bitoniand

(b) max{d,, d,...,d,} < min{e,, e,,...,¢e,}.
Two sequences ={a,, a,,...,a,} andB= (a,,,, a,, ...,a,,} aregiventhatwhen
concatenated forra bitonicsequencéa,, a,, ...,a,}. Usethe two propertiesf bitonic

sequences derivean problem3.8to designan(n, n)-mergingnetwork formergingA andB.

10|12 ] 8 | 11

15 116 | 13 | 14

Figure 39 Merging two vertical se
[ I 1 ] quences on mesh-connected SIMD

SEQUENCE1  SEQUENCE 2 computer.
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Analyzethe runningtime andnumberof comparatorgequired.How does your network
comparewith odd-evenmergingin thoserespects?

Is it necessaryor thebitonicmergingnetworkin problem3.9thatthetwo inputsequences
be of equallength?

Thesequencef comparisonsn the bitonicmergingnetwork can beiewedasa parallel

algorithm. Repeat probler@.5for this algorithm.

Repeat problens.6 for the bitonic merging algorithm.

Repeat problen8.7for the bitonic mergingalgorithm.

Design an algorithm for mergingon a treeconnectedSIMD computer.The two input

sequenceto bemergedpf lengthr ands, respectively areinitially distributedamongthe

leavesof the tree. Considerthe two following situations:

(i) Thetree hasatleastr * s leaves;initially leavesl,...,r store thefirst sequencand
leavesr + 1,...,r + 5 store thesecondsequencepneelementper leaf.

(i) Thetreehasfewerthanr ¥ s leaves;initially, each leaf storesa subsequencef the
input.

Analyzethe runningtime and costof your algorithm.

Therunningtime analysisin problem3.14probably indicateshat mergingon thetreeis

nofasterthanprocedurs EQUENTIAL MERGE.Show howmergingonthetreecanbe

more appealingthansequentiaimerging when severalairsof sequencesarequeuedfor

merging.

Considerthe following variant of a treeconnectedSIMD computer.In addition to the

edgesof thetree,two-way linksconnect processoed thesamelevel (into a lineararray),

asshownin Fig. 3.10for afour-leaf tree computerAssumethatsucha parallelcomputer,

known asa pyramid, hasn processorsat the basestoringtwo sortedsequencesf total

lengthn, oneelement per processoBhow that€(n/log n) is a lowerbound onthe time

requiredfor mergingon the pyramid.

Developa parallelalgorithmfor mergingtwo sequencesf total length n on a pyramid
with n base processors. Analytiee runningtime of your algorithm.

APEX

BASE

Figure 3.10 Processorpyramid.
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ProcedureCREW MERGEassumethat N, the numbenof processors availabte merge
two sequencesf lengthr ands, respectivelyjs smallerthanor equalto r whenr < s.
Modify the procedureoit can handlghecasewhenr < N <'s.

Modify procedureCREW MERGE to useN = s > r processorsAnalyzethe running
time andcostof the modified procedure.

Show that procedureCREW MERGE can be simulated onan EREW computerin
O((n/N) T log?n) time if awaycanbefoundto distinguishbetweersimpleread operations
(each processarneedsto gain accesgo a different memory locationand multiple-read
operations.

Establishthe correctnessf procedureTWO-SEQUENCEMEDIAN.

Modify procedureTWO-SEQUENCBEMEDIAN so thatgiventwo sequencesandB of
length r and s, respectivelyand an integerl < k < r +s, it returnsthe kth smallest
elementof A.B. Showthat the runningtime of the new procedurés the same as thatof
procedureTWO-SEQUENCEMEDIAN.

Establishthe correctnessf procedure EREWMERGE.

Procedure EREWMERGE assumeghat N, the numberof processors availablées a
powerof 2. Canyou modify the procedure for the casehereN is not a powerof 2?

Cantherangeof costoptimality of procedure EREWVMERGE, namely,N < n/log’n, be
expandedo, say, N < n/logn?

Canprocedure EREWMERGE be modified (or a totally new algorithm for the EREW
model be developed}o match theO((n/N) * log n) runningtime of procedure CREW
MERGE?

Usingthe resultsin problems1.6 and 1.10,showthat an algorithm foran N-processor
EREWSM SIMD computerequiringO(N) locationsof shared memorgndtime T can
be simulatecbn a cube-connected networkith the same numbedf processoré time
T X O(log?N).

Analyzethe memory requirementsf procedure EREWMERGE. Then, assuminghat
N =r +35, usethe resultin problem3.27to determine whether the procedure dam
simulatedon a cubewith N processors in O(IdtN) time.

Assumethatr + s processorareavailablefor merging two sequencésand B of lengthr
and s, respectivelyjnto a sequenceC. Now considerthe following simpler variantof
procedureCREW MERGE.

for i/=1tor+sdo in parallel
P, finds the ith smallestelement of A.B (using the procedurein problem 3.22) and placesit
in the ith position of C

end for.

Analyzethe running timeandcostof this procedure.

Adaptthe procedurén problem3.29%or thecasewhereN processorareavailablewhere
N < r*+s.Compare the runningme and cost of the resulting procedurto thoseof
procedureCREW MERGE.

Developa parallel merging algorithnfior the CRCW model.

Showhow eachof the parallel merging algorithms studigdthis chapter cafteadto a
parallel sorting algorithm.
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3.33 Modify procedureMULTIPLE BROADCASTto obtain aformal statemendf procedure
MULTIPLE STORE describedin section1.2.3.1. Provide a different versionof your
procedure for eachf the write conflict resolutionpoliciesmentionedn chapterl.

3.7 BIBLIOGRAPHICAL REMARKS

Merging networksarediscussedn [Akl 1], [Batcher], [Hong], [Knuth], [Perl], [Tseng], and
[Yao]. The odd-evenand bitonic merging networksverefirst proposedn [Batcher]. These
two networksareshownto be asymptotically thebestpossiblenergingnetworkswith respect
to their runningtime (in [Hong]) and numberof comparatorsmeeded (irfYao]). Various
implementationsf theodd-evenand bitonic merging algorithms on orexdtwo-dimensional
arraysof processorsiredescribedn [Kumar], [Nassimi], and[Thompson].

ProcedureCREW MERGE s basednideas presentead [Shiloach]. A second parallel
merging procedure for the CREW modshen N = s > r is describedn [Shiloach] whose
running time is O((log r)/log(N/s)). ldeas similarto thosein [Shiloach] are presentedn
[Barlow]. These resultareimproved in [Borodin] and[Kruskal]. It is shownin [Borodin]
how r + s processors can mergso sequencesf length rands, respectively, where < s in
O(loglogr) time. An adaptive algorithm is describedin [Kruskal] that usesN <r*+s
processors and runs intime O((r T s)/N + log[(r T s)/N]1 * log logN). Whenr =s = n and
N = n/log logn, this last algorithm runs i@(log logn) time andis therefore cost optimal.

Theconceptof multiple broadcastings attributedto [Eckstein]. LetA beanalgorithm
designedo run intimet andspace®nanN-processor CREW SIEIMD computerAs shown
in section3.4, procedureMULTIPLE BROADCAST allowsA to be simulated onan N-
processoEREW SM SIMD computerin time O(t x log N) andspaceO(s x p). In [Vishkin]
and [Wah] variantsof this proceduraregiventhat perform the simulationising onlyO(s + p)
space. ProcedureEWO-SEQUENCEMEDIAN and EREW MERGE first appearedin
[Akl 2]. Algorithms for mergingon a treeand apyramidare givenin [Akl 1] and [Stout],
respectively.

Threeparallel merging algorithmaredescribedn [Valiant] to run on the comparison
modelof computatiorwhereonly comparisonamong inputlementsrecountedin analyzing
therunningtime of analgorithm.The first mergeswo lists of lengthrands, respectively, where
r < s, using(rs)!/? processors im0(log log r) time. The secondusesc(rs)!/? processorsyhere
c = 2,and runs ir(loglogr — loglogc) time.The thirdusesN processorsyhereN < r, and
runsin O(r t s)/N + log[(rs log N)/N]). A fourth algorithm for the comparisonrmodel is
describedn [Gavril] thatusesN < r processorandrunsin O(log r +yN Tt (r/N)log s/r) time.
An Q(log log n) lower boundon thetime requiredto mergetwo sequencesf lengthn each on
thecomparison modes derivedin [Borodin]. Essentially the sani@wer boundis obtainedin
[Haggkvist]. It isinterestingto note thathislower boundis matchedoy the CREW algorithm
in [Kruskal] mentioned earliewhere alloperationgnot just comparisonsre counted.
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Sorting

4.1 INTRODUCTION

In the previous twochapterswe described parallehlgorithms fortwo comparison
problems: selectioandmerging. We nowurn our attentionto a thirdsuch problem:
sorting. Among alcomputationatasksstudiedby computerscientists ovethe past
forty yearssortingappeardo havereceivedthe mostattention. Entirdbookshave
beendevotedo thesubjectAnd although theroblemandits manysolutionsseemto
bequitewell understood, hardly monthgoesby without anewarticleappearingn a
technicajjournalthatdescribeyetanotherfacetof sorting. Therearetwo reasons for
thisinterest.The problemisimportant topractitionersassortingdatais attheheart
of many computationdt alsohasarich theory Thedesignandanalysisof'algorithms
is animportant areaf computersciencetoday thanksnainly to the early workon
sorting.

Theproblem isdefinedasfollows. Wearegivenasequenc& = {s;, s5,.. ., S,} Of
nitemsonwhichalinearorder < isdefined Theelementof Sareinitially in random
order.The purposedf sortingis to arrangethe elementsof S into a new sequence
§' = {s},54,...,8,} such thats; < s;., for i =1,2,...,n— 1. We saw inchapterl
(examplel.10)that anyalgorithmfor sorting must requir@(n log n)operationsn the
worst case.As we did in the previoustwo chapterswe shall assume henceforth,
without lossof generality that theelementof Sarenumbergof arbitrarysize)to be
arranged imondecreasingrder.

Numerous algorithmexist for sorting on a sequentialcomputationalmodel.
One such algorithmis given in what follows as the recursive procedure
QUICKSORT.The notationa< b meanshat the variablesa and b exchange their
values.

procedure QUICKSORT(S)

if |Sj=2and s, <5,
thens, & s,
else if |S} > 2 then
(1) {Determinem, the medianelementof 5}
SEQUENTIAL SELECT (S, 1SI/2])

85
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(2) {Split S into two subsequence$; andS,}
(2.1) Sy {5 s <m}and|S,| =[151/2]
(2.2) 85« {s;iis; 2 m}yand|S,| = [ISI/2]
(3) QUICKSORT(S,)
(4) QUICKSORT(S,)
end if
end if. O

At eachlevel of the recursion, procedureQUICKSORT finds the medianof a
sequence andthensplitsS into two subsequences andS, of elements smallehan
orequaltoandlargerthanorequalto themedian respectivelyThealgorithmis now
appliedrecursivelyto eachof S, andS,. This continuesuntil S consistsof eitherone
or two elements, in which case recursi@no longer needed. Walso insist that
181 =T181/271 and iS,| = IS|/2] to ensurethat the recursive calldo procedure
QUICKSORTareonsequencesmallerthans sothatthe procedure guaranteedo
terminatewhen all elementsf S areequal.This is doneby placing all elementsf S
smallerthanm in S,; if |S;| < [1S]/2], thenelementequalto m areadded tcs, until
1S:1 =T1ISI/2} From chapter2 we know that procedureSEQUENTIAL SELECT
runsin timelinearin thesizeof the input.Similarly, creatingS, andS, requiresone
pass througls, which isalsolinear.

For some constant ¢, we can express therunning time of procedure
QUICKSORTas

t(n) = cn + 2t(n/2)
= 0(nlog n),
which is optimal.

Example 4.1

LetS ={6,59,2,4,3,5,1 7,5, 8}. Thefirst call to procedur€ UICKSOR T produces
asthe medianelementof S,and henceS, = {2,4,3,1,5,5} andS, = {6,9, 7,8, 5}. Note
thatS; = [4] =6 andS, =4 | = 5. Arecursive calto QUICKSORT with §; asinput
produceghe twosubsequencef, 1,3} and {4, 5, 5}. The second callvith S, as input
produces{6,5,7} and {9,8}. Further recursive calls complet¢he sortingof these
sequences. ]

Becauseof the importanceof sorting, it was naturalfor researcherso also
developseverahlgorithmsfor sortingon parallelcomputers. In thishaptemve study
a numberof such algorithmgor variouscomputationamodels.Notethat,in view of
the R(nlog n) operationsrequiredin the worst caseo sort sequentially,no parallel
sortingalgorithm canhavea cost inferiorto O(nlogn). Whenits costis O(nlogn), a
parallelsortingalgorithmis of coursecostoptimal. Similarly, a lower bound onthe
time requiredto sort using N processorsperatingin parallelis Q((n log n)/N) for
N < nlogn.

We begin in section.2 by describinga speciapurposeparallelarchitecture for
sorting. The architectureis a sorting network basedon the odd-even merging
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algorithm studiedn chapter3. In sectiond.3a parallelsorting algorithms presented
for an SIMD computerwherethe processorareconnectedo form a linear array.
Sections4.4-4.6 aredevotedto theshared-memorgIMD model.

4.2 A NETWORK FOR SORTING

Recall howan (r, s)-merging networkwasconstructedn section3.2for merging two
sortedsequencedt is rather straightforwardo usea collectionof merging networks
to build asortingnetworkfor the sequencg = {s,, s,, .. ., S,}, Wherenis a powerof 2.
Theidea isthefollowing. In afirst stagea rank of #/2 comparatorss usedto create
n/2 sortedsequences eadflength2. In asecond staggairsof thesearenow merged
into sortedsequencesf length4 usinga rankof (2, 2)-merging networks.Again,in a
third stage pairsof sequencesf length 4 aremerged using4, 4)-merging networks
into sequencesf length 8. The procesontinuesuntil two sequencesf length /2
eacharemergedby an(n/2, n/2y-merging network to produce ainglesortedsequence
of lengthn. Theresultingarchitecturas knownas anodd-evensortingretwork andis
illustratedin Fig. 4.1 forS= {8,4,7,2, 1,5, 6, 3}. Note thatas inthecaseof merging,
the odd-evensorting networkis oblivious of its input.

Analysis.  As we did for the merging networkwe shall analyzehe running
time,numberof comparatorsandcostof theodd-eversortingnetwork.Sincethesize
of themerged sequence®ublesafter everystage therearelog nstagesn all.

(i) Running Time. Denoteby s(2) thetime required irtheith stageto merge
two sortedsequencesf 2!~ ! elements eactkromsection3.2we havethe recurrence

s(2)=1 fori=1,
s2)=s2"H+1 fori>1,
whosesolution is s(2) = i. Therefore,the time requiredby an odd-even sorting

network to sorta sequencef lengthnis
og

) =S 2% = O(login).

Note thatthis is significantly fastethan the(optimal)sequentialrunning time of
O(nlogn) achievedby procedureQUICKSORT.

(i) Number of Processors. Denote by g(2) the numberof comparators
requiredin theith stageto mergetwo sortedsequencesf 2° ! elements eactErom
section3.2 we havetherecurrence

q(2) =1 fori=1,
g(2) = 2q(2"" Y+ 2"t — 1 fori>1,

whose solution is g(2%) = (i — 1)2'~! + 1. Therefore,the number of comparators




[ap]

‘suawsid YS9 Jo 30uanbas 10) syI0midu JunIos UGAI-—PPO  ['p MBIy

MHOMLIN ONIOHIW SHHOML3IN ONIDHIW
—(¥'y) INO —(2'2) omL

SHHOMLIN ONIOHIN

—(

1) ”no4

<

88



Sec. 4.3  Sortingon a Linear Array

needecby an odd-evensorting networkto sorta sequencef lengthnis

logn . .
pln) = ), 20 -ig(2))
i=1
= O(n log?n).

0 Cost.  Sincet(n) = O(log?n) and p(n) = O(nlog?n), the total number of
comparisonperformedby anodd-evensortingnetwork,thatis, thenetwork's costis

c(n) = p(n) x t(n)
= O(nlog*n).

Oursortingnetworkis thereforenot costoptimalasit performsmoreoperations than
the O(nlog n) sufficientto sort sequentially.

Since theodd—evensortingnetwork is basedn theodd-even merging on¢he
remarks maden section3.2 apply hereaswell. In particular:

(i) Thenetworkisextremely fastit can sortasequencef length22° within, on the
order of, (20)> time units.This is to be contrastedwith the time requiredby
procedureQUICKSORT,which would bein excessof 20 million time units.

(i) Thenumberof comparatorss too high. Again forn = 22°, the network would
needon the orderof 400million comparators.

(iif) The architecturés highly irregularandthe wireslinking thecomparatorfiave
lengthsthat vary with n.

Wetherefore reacthesameconclusionasfor themergingnetworkof section3.2: The
odd-evensorting networkis impracticalfor largeinput sequences.

4.3 SORTING ON A LINEAR ARRAY

In thissectionwe describea parallelsorting algorithm foen SIMD computerwhere
the processorsare connectedto form a linear array as depicted inFig. 1.6. The
algorithmuses processor®,, P,,..., P, tosortthesequenceS = {sy, 53,..., 5,5 At
anytimeduringthe executiorof thealgorithm,processolP; holds oneelementf the
input sequenceywe denotethis elementy x; for all 1 <i < n. Initially x; =s;. It is
requiredthat, upontermination,x; be the ith elementof the sortedsequenceThe
algorithmconsistof two stepsthat areperformed repeatediin thefirst step, allodd-
numberedprocessorsP; obtain x;,, from P;+, If x;>x;,,, then P, and P;,,
exchangeheelements theyeld at the beginningof this step.In thesecond stepll
even-numbered processors perfoiine same operatiorss did the oddnumbered
onesin thefirst step.After [r/2] repetitionsof these twastepsn thisorder, ndfurther
exchangesf elementsan takeplace.Hencethe algorithm terminatesith x; < x;
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for all 1 <i<n- 1. Thealgorithm is given in what follows as proceduré®®DD-
EVEN TRANSPOSITION.

procedure ODD-EVEN TRANSPOSITIONS)
for j = 1to [#/2] do
(1) fori=1,3,...,2[n/2] — 1 doin parallel
ifx; > x4
then x; & x;,,
end if
endfor
(2)fori=2,4,...,2|(n — 11/21do in parallel
if x; > x;44
then x; & x;, ¢
end if
end for
endfor. O

Example 4.2
LetS={6,5,9,2,4,3,5,1,7,5, 8}. Thecontentsf the lineararrayfor thisinput during
the executiorof procedure ODEEVEN TRANSPOSITION are illustratad Fig. 4.2.
Notethat althougla sortedsequence produced aftefour iterationsof stepsl and 2,
two more(redundant) iteratiorere performedthatis, a total of [4] asrequiredby the
procedure'statement.

Analysis.  Eachof stepsl and2 consistsof one comparisoandtwo routing
operations anchencerequiresconstanttime. Thesetwo stepsare executed[n/2]
times.The runningtime of procedureODD-EVEN TRANSPOSITIONis therefore
t(n) = O(n). Sincep(n) = n,the procedure's coss givenby c(n) = p(n) X t(n) = O(n?),
which is not optimal.

From this analysis, procedure ODD-EVEN TRANSPOSITION does not
appearto betoo attractive. Indeed,

(i) with respecto procedurdQUICKSORT, it achievesa speedupf O(log n)only,

(i) it usesa numberof processorsequal to the size of the input, which is
unreasonableand

(iii) it is not costoptimal.

The only redeemingfeature of procedureODD-EVEN TRANSPOSITION
seemdo be itsextremesimplicity. Wearetherefore tempted talvage its basic idea
orderto obtaina newalgorithm with optimal cost. There are two obviowsysfor
doingthis: either(1)reducetherunningtime or (2)reduce thenumberof processors
used.The first approachis hopelessThe runningtime of procedureODD-EVEN
TRANSPOSITIONIs the smallest possible achievabten a linear array with n
processorsT o seethis,assumehatthelargest element iSis initially in P, andmust
thereforanoven — 1 steps acrosthelineararraybefore settling in its final positioim
P,. This requiresO(n) time.
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Figure 4.2 Sorting sequenceof eleven elements usingprocedure ODD-EVEN
TRANSPOSITION.

Now consider thesecond approach. N processors, whet¢ < n,areavailable,
then they can simulatethe algorithm in n x t(n)/N time. The cost remains X t(n),
which aswe know is not optimal. A more subtle simulationhowever, allows u$o
achievecost optimality Assumehateachof theN processors ithelineararrayholds
a subsequena# Sof lengthn/N. (It may be necessaryo addsomedummyelements
to Sif nis not a multipleof N.) In the new algorithm, the compariseaxchange
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operationsof procedureODD-EVEN TRANSPOSITIONare now replaced with
mergesplit operationson subsequences. LeY; denote the subsequence helay

processolP;. Initially, the §; arerandomsubsequences S.In stepl, eachP; sortss;

usingprocedureQUICKSORT.In step2.1 eachodd-numberedprocessoP; merges
the two subsequence$ and S;., into a sortedsequences; = {s7,5%,...,85,n}- It

retains thdirst half of §; andassigngo its neighborP; , , thesecondhalf. Step2.2 is

identicalto 2.1 exceptthatit is performedby all evernumbered processors. Stk
and 2.2 are repeated alternatelyAfter [N/2] iterations no further exchangeof

elementscan takeplace betweeriwo processorsThe algorithmis givenin what
follows as procedureMERGE SPLIT. When it terminatesthe sequences = §,,

S,,...,Sy issorted.

procedure MERGE SPLIT(S)

Stepl: for i=1to N doin parallel
QUICKSORT(S))
end for.

Step2: for j=1to[N/2] do
(2.1)for i =1,3,...,2|N/2] — 1do in parallel
(i) SEQUENTIAL MERGE(S;, S+, §))
(i) S {st, Sho.aSoyn)
(iii) Si+; < {S('..mﬁ 1 Sy + 25400 s S2mn}
end for
(2.2)for i =2,4,...,21(N — 1)/2] do in parallel
(i) SEQUENTIAL MERGE(S;, S;+ 4, Si)

(”) Si A\ {s,l’ S,Zs e ,S;/N}
(lll) Si+ 19 {S(/n/N)"' 13 s(’n/N)+25 caag S’Zn/N}
end for
endfor. [

Example 4.3
Let S={8, 2,5, 10, 1,7, 3, 12,6, 11, 4,9) and N = 4. The contentsf the various
processorduringthe executionf procedureMERGESPLIT for this inputisillustrated
in Fig.4.3. O

Analysis.  Stepl requiresO({(n/N)log(n/N)) steps.Transferrings;,, to P,
mergingby SEQUENTIAL MERGE,andreturningS;. to P;,, all requireO(n/N)
time. The totalrunningtime of procedureMERGE SPLITis therefore

t(n) = O((n/N)log(n/N)) + [N/2] x O(n/N)
= O((n log n)/N) T O(n),
andits costis
c(m) = O(nlog n)+ O(nN),

which is optimalwhenN < logn.
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P, Py P

3 4
INITIALLY {8, 2, 5} (1017) {3, 12, 6} {11, 4,9
AFTER STEP

1 {2, 5, 8) {1, 7,10} {3. 6,12} —I {4, 9, 11}

(2.1) {1, 2, 5} {7. 8, 10} {3.4,6} {9, 11,12}
(2.2) {1, 2, 5} {3, 4, 6} {7. 8, 10} {9, 11,12}
(2.1) {1, 2,3} {4, 5, 6} {7. 8,9 {10, 11, 12}
(2.2) {1.2, 38} {4, 5, 6} {7, 8,9} {10, 11, 12}

Figure 43 Sorting sequence of twelve elements usimpgocedure MERGE SPILIT.

4.4 SORTING ON THE CRCW MODEL

It istimeto turn our attention to thehared-memor8IMD model.In the presenand
the next two sectionswe describe paralleblgorithmsfor sorting on the various
incarnationsof this model We begin withthe mostpowerful submodelthe CRCW
SM SIMD computerWethenproceedo theweaketlCREWmodel(section 4.5), and
finally we study algorithmdor the weakestshared-memory computemamely,the
EREW model (sectiort.6).

Whenevemnalgorithmis to bedesignedor theCRCW modelof computation,
one musspecifyhow write conflictsthatis, multipleattemptgo write into thesame
memory locationcan be resolved For the purposesof the sorting algorithnto be
describedyeshall assuméhatwrite conflictsarecreated whenever several processors
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attemptto write potentially differenintegersinto the sameaddressThe conflict is
resolved bystoring thesum of these integers ithat address.

Assumethatn? processorareavailableon sucha CRCWcomputer to sort the
sequenc& = {sy,5,,...,5,}. The sorting algorithnto be usedis basedn theideaof
sorting by enumeration:The position of eachelements; of Sin the sortedsequencés
determinecdby computingc;, thenumberof elementsmallerthanit. If two elements;
ands; areequal, then; is takento be thelargerof the twoif i > j; otherwises; is the
larger.Onceall the¢; have beecomputeds;, is placed inposition1 + ¢, of thesorted
sequencel o helpvisualizethealgorithm,we assumehatthe processomrearranged
into n rows of n elements eachnd arenumberedasshown inFig. 4.4. The shared
memorycontainstwo arrays: Theénputsequence istoredin arrayS,while thecounts
¢; arestoredin array C. The sortedsequencés returnedin array S. The ith row of
processorssin chargé of elements;: Processor®(i, 1), P(i, 2),. .., P(i,n) compute;
andstores; in position1 * ¢, of S. Thealgorithmis givenasprocedurecCRCWSORT:

procedure CRCW SORT(S)

Stepl: .for i = 1ton doin parallel
for j = 1to ndoin parallel
if (s;>s)or(s;=s;andi>j)
then P(i, j) writes 1 in ¢;
elseP(, j) writes0 in ¢;
end if
__endfor
end for.
Step2: for i = 1ton doin parallel
PG, 1) stores; in position1+ ¢; of S
endfor. [J
Example4.4

Let s = {5, 2, 4, 5). Thetwo elementf s thateachof the 16 processorsomparesind
the contentof arraysS and C aftereachstepof procedure€RCW SORTareshownin
Fig.45. O

Analysis.  Eachof stepsl and 2 consistsof an operationrequiringconstant
time. Thereforet(n) = O(1). Sincep(n) = n?, the costof procedureCRCW SORTis

c(n) = O(n?),

which isnot optimal.
We havemanagedo sortin constanttime onanextremely powerfumodelthat

1. allows concurrentread operations;that is, each input elements; is read
simultaneouslyby all processorsn row i andall processors in columi
2. allowsconcurrertwrite operationsthatis,
(i) all processors in given roware allowed to write simultaneouslynto the
samememorylocationand
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S 8, | s, s,
SHARED
MEMORY
C ¢ | ¢ c,
P(1:1) P(1.2) * . ) P(1,I'\)
P(211j P(2)2} . . . P(2,n)
P(n,1) P(n,2) . . . P(n,n)

Figure 4.4 Processomland memoryorganizationfor sorting on CRCW SM SIMD model.

(i) thewrite conflict resolutionprocesss itself verypowerful—all numbers to
bestoredin a memory location are addedhdstoredin constanttime;
and
3. usesa verylarge numbeof processorghatis, the numbenf processorgrows
quadraticallywith the sizeof the input.

For these reasongatrticularly the lasbne,the algorithmis mostlikely to be of no
great practicavalue.NeverthelesgrocedureCRCW SORTis interestingn its own
right: It demonstratebow sorting carbeaccomplishedh constantime on a model
thatis not only acceptable theoretically, but has ateenproposedor a numberof
contemplatedndexistingparallel computers.
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P(1,1) P(1,2) P(1,3) P(1,4) C S
5,5 5,2 5, 4 5,5 2 2
P(2,1) P(2,2) P(2,3) P(2,4)
2,5 2,2 2,4 2,5 0 4
P(3,1) P(3.2) P(3,3) P(3,4)
4,5 4,2 4,4 4,5 1 5
P(4,1) P(4,2) P(4,3) P(4,4)
5,5 5,2 5,4 5,5 3 5
AFTER AFTER
STEP 1 STEP 2

Figure 45 Sortingsequencef four elements usingrocedureCRCW SORT

4.5 SORTING ON THE CREW MODEL

In this sectionwe attemptto deal withtwo of the objections raised wittegardsto
procedureCRCW SORT: its excessive usef processorsand its toleranceof write
conflicts.Our purposeas todesignanalgorithmthatis freeof write conflictsandusesa
reasonabl@umberof processorsln addition,we shall requirethe algorithmto also
satisfyour usual desiregropertiesfor sharedmemorySIMD algorithms. Thughe
algorithmshould have

(i) a sublinearand adaptivenumberof processors,
(i) a runningtime thatis small and adaptive,and
(i) a costthatis optimal.

In sequentiatomputationa very efficientapproachto sortingis basedon the
ideaof mergingsuccessiveljonger sequenced sorted elements. Thiepproachis
evenmore attractivén parallelcomputation, andve have already invokei twice in
this chapterin sections4.2 and4.3.0Onceagainwe shall usea mergingalgorithmin
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orderto sort. Procedure€REW MERGEdeveloped irchapter3 will serveasa basis
for the CREW sortingalgorithmof thissection.Theideais quitesimple. Assumehat

a CREW SMSIMD computemwith N processor®,, P,, ..., Pyisto be usedo sort
thesequenc&=§ s,,...,s,}, whereN < n. We beginby distributingtheelements
of Sevenlyamong theN processorsEachprocessorsortsits allocated subsequence
sequentiallyusing procedureQUICKSORT. TheN sortedsubsequences are now
merged pairwisesimultaneouslyisingprocedurecCREWMERGEfor each pairThe
resulting subsequencaseagainmergedpairwise and theprocesontinues untibne
sortedsequencef length nis obtained.

The algorithm is givenin what follows as procedureCREW SORT.In it we
denotetheinitial subsequencef S allocatedto processorP; by S;. Subsequentlys¥ is
usedto denotea subsequence obtainbgmergingtwo subsequencesnd P4 thesetof
processorshat performedthe merge.

procedure CREW SORT(S)

Stepl: for i= 1to N doin parallel
Processop;
(1.1)readsa distinctsubsequencsg, of S o sizen/N
(1.2) QUICKSORT(S))
(1.3)Sf« &,
(1.4) P {P;}
end for.

Step2 (2.1)u<1
(2.2)v< N
(2.3)while v > 1 do
(2.3.1)for m = 110 |v/2} doin parallel
() Put' e Pip_y U Ps,
(ii) Theprocessoré theset P4*! perform
CREW MERGE(S,,_,, 5., $**1)
end for
(2.3.2)if v is odd then (i) Pp) <« Pi
(if) St} S%
end if
(233u—ut1
(2.34) v+ [v/2]
endwhie. [

Analysis. Thedominating operatioim stepl is the callto QUICKSORT,
which require0((n/N)log(n/N)) time. During eachiterationof step2.3,[v/2] pairsof
subsequences witn/lv/2] elementsper pairareto be mergedsimultaneouslyusing
N/lv/2] processors per pair. Procedure CREW MERGE thus requires
O([(n/Lv/2))/(N/Lv/2])] + log(n/|v/2))), thatis, O((n/N) + log n) time. Sincestep2.3is
iterated]log NJ times,the total runningime of procedureCREW SORT is

t(n) = O((n/N)log(n/N)) T O((n/N)log N + log nlog N)
= O((n/N)log n T log?n).
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Sincep(n) = N, the procedure'sostis given by
¢(n) = O(nlog n+ N log?n),
which isoptimalfor N < n/log n.

Example45
Let § ={2, 8, 5,10, 15,1, 12,6, 14, 3,11,7,9, 4, 13, 16) and N = 4. During step 1,
processors Py, P,, P,, and P, receive the subsequencesS$, = {2, 8,5, 10},
§,=(15,1,12,6},S,=(14,3,11,7}, and S, = (9,4, 13, 16}, respectively which they
sort locally. At theend ofstep 1,8} = {2,5,8,10}, §3 = {1,6,12,15}, S} = {3,7, 11, 14},
S}t:{4’9’13’16}’P% :{Pl}’P%:{PZ}’P;:{P3}’andP‘1$:{P4}'

During the first iteration of step 2.3, the processorsin P3 = P} u P} = {P,, P,}
cooperateto mergethe elementsof S} and S3 to produce S = {1,2,5,6,8, 10, 12, 15}.
Simultaneously, the processorsin P%Z = P} u P} = {P;,P,} merge S and S} into
§3=1{3,4,7,9,11,13,14, 16).

During the second iteration of step 2.3, the processorsin P; = PZuP3 =
{p,, P,,P,, P,} cooperate tomergeSi and S% into $ = {1, 2,..., 16)and the procedure
terminates. []

4.6 SORTING ON THE EREW MODEL

Two of the criticisms expressed withegardsto procedureCRCW SORT were
addressedby procedureCREW SORT,which adaptsto the number of existing
processoraind disallows multiplewrite operationsnto the samememory location.
Still, procedureCREW SORTtoleratesnultiple-readoperationsQur purposen this
sectionis to dealwith thisthird difficulty. Threeparallelalgorithmsfor sortingon the
EREW modelaredescribed, eachepresentingnimprovemenbver its predecessor.
We assumehroughouthissectionthatN processor®,, P,,..., Py areavailableon
anEREW SMSIMD computettosortthesequenc& = {sy, s,,...,s,}, whereN < n.

4.6.1 Simulating Procedure CREW SORT

The simplest wayto remove read conflictsom procedurecCREW SORTIs to use
procedureMULTIPLE BROADCAST. Each attemptto read from memory now
takes O(log N) time. Simulating procedureCREW SORT on the EREW model
therefore requires

t(n) = O((n/N)log n t log nlog N) x O(log N)
= O([(n/N) *+ log NTlog nlog N)
time and hasa costof
c(n) = O((n T N log N)log nlog N),

which is not cost optimal.
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4.6.2 Sorting by Conflict -Free Merging

A more subtle way to avoid concurrent-readperationsfrom the samememory
locationin procedureCREW SORTis to removethe needfor them. Thiscan be
accomplishedby replacing the callto produce CREW MERGE in step 2.3.1
with a call to procedure EREW MERGE. This step therefore requires
O((n/N) T lognlog N). Since therare O(log N) iterationsof this step,the overall
runningtime of the modified procedure, includingtepl, is

t(n) = O((n/N)log(n/N)) T O((n/N)log N * log nlog?N)
= O([(n/N) T log>n}log n),
yielding a cost of
¢(n) = O((n + N log?n)log n).

Thereforethe modified procedures cost optimalwhen N < n/log?n. This rangeof
optimality is thereforenarrowerthanthe oneenjoyedby procedureCREW SORT.

4.6.3 Sorting by Selection

Our analysisso far indicatesthat perhapsanotherapproachshould be usedif the
performancef procedurecCREW SORTis to be matchedon the EREW model. We
now study one such approach. Thddea is to adapt the sequential procedure
QUICKSORT torun ona parallelcomputer We beginby noting that,sinceN < n,
we canwrite N = n!~* where0 < x < 1

Now, let m; be defined as the [i(n/2'”*)Jth smallest element of S, for
1<i <2V — 1. Them,’s canbeusedto divide Sinto 2'/* subsequencesf sizen/2!/*
each. These subsequencedenotedby S;, S,,...,S;, S;+1 Sjv2,--., Sz, Where
j =241 satisfythefollowing property: Every elemef S; is smallerthanorequal
to every elementof S;,, for 1<i < 2j— 1. This is illustrated in Fig. 4.6. The
subdivision processan now be appliedrecursivelyto eachof the subsequences;
until the entiresequencs is sortedin nondecreasingrder.

This algorithm can beperformed in parallelby first invoking procedure
PARALLEL SELECT to determine theelementsm; and then creatingthe sub-
sequences;. Thealgorithmis appliedin parallelto thesubsequences;, S,,...,S;
usingN/j processors per subsequerntlee sameis thendonewith the subsequences
S;+15Sj4+2,...,8;;. Note thatthenumberof processorsisedto sorteach subsequence
of size n/2Y% namely,n* ~*/2V® -1 is exactly the numberrequired fora proper
recursiveapplicationof the algorithm,thatis, (n/2'*)! ==,

It isimportant,of coursethat2'/* beanintegerof finite size:Thisensures thata
bound canbe placedon the runningtime and thatall the m; exist. Initially, the N
available processommputex from N = n! ~* If x doesnot satisfytheconditions(i) -~
M1/x7 < 10 (say)and (i) n> 2"~ then thesmallest reahumberlargerthanx an' -
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satisfying(i) and(ii) is takenasx. Let k = 2'1/*), Thealgorithmis givenasprocedure
EREW SORT:

procedure EREW SORT(S)

if 1S} <k
then QUICKSORT(S)
else(1) for i =1to k— 1do
PARALLEL SELECT(S, [i|S|/k]) {Obtain m,)
end for
(2)S; < {seS:s< my}
(3)fori =2tok — 1do
S, {seS:m_, <s<my}
end for
(4) Sy~ {seS:s=m_}
(5)for i = 1t0 k/2 do in parallel
EREWSORT(S))
end for
(6)for i = (k/2) T 1to k do in parallel
EREWSORT(S)
end for
endif. [

Notethatin steps2-4 thesequences; is createdusingthe methodoutlinedin
chapter2 in connection withprocedurePARALLEL SELECT.Also in step3, the
elementof Ssmallerthanm; andlargerthanor equalto m;_, arefirst placedin §;. If
IS;] < TiS|/k7, thenelementequalto m; areaddedto S; Sothateither|S;| = [|S|/k] or
noelementsleft toaddto ;. Thisis reminiscentf whatwedid with QUICKSORT.
Steps2 and4 areexecutedn a similar manner.

Example 4.6

LetS ={5,9,12,16,18,2, 10,13,17,4,7, 18, 18, 11, 317, 20, 19, 14,8,5,17,1, 11, 15,10,
6} (i.e, n = 27)andlet five processor®,, P,, P, P,, Ps beavailableon anEREW SM
SIMD computef(ie., N = 5).Thus5 = (27)! %, x ~ 0.5,andk = 2'*/*1 = 4. Theworking
of procedur&eREW SORTfor thisinputisillustratedn Fig.4.7.Duringstepl, m, =6,
m, = 11,andm, = 17 are computed. The foaubsequences, S,, S5, andS, arecreated
in steps2-4 asshownin Fig. 4.7(b). In step5 the procedurds appliedrecursivelyand
simultaneouslyo S, and S,. Note that|S,] = |S,| = 7, and therefore?’ ~* is rounded
downto 2 (assuggested inhapte).In otherwords twoprocessorareusedtosorteach
of thesubsequencds ands, (thefifth processor remainirdle). For S,, processorpP,
and P, computem, =2, m, =4, andm; =5, and the four subsequenced, 2}, {3, 4},
{5, 5}, and{6} arecreatedeachof which isalreadyin sorted orderf-or S,, processorg,
andP, computen, = 8, m, = 10,andm; = 11,andthefour subsequence{7, 8}, {9, 10},
{10, 11}, and{11) are createdachof whichis alreadyin sorted ordefThe sequencgat
theenddf step5 isillustratedn Fig.4.7(c). In step6 the procedures appliedrecursively
andsimultaneouslyo §; andS$,. Againsince|S;| = 7 and|S,| =6,7'"* and6'~* are
roundeddownto 2 andtwo processorareusedto sorteachof thetwo subsequences
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s [s[so]12]16]18] 2 10]1a]17] 4| 7 [18]18]11] s[17]20] 18] 1a] 8 {5 [17] 1 [11]15] 10]s |

@ INITIALLY

[sT2T4a]a]s]1Te]o]ro] 7[8]0]11[11]12] 16] 13]1a] 6 [17]17] 18] 18] 18]20]10] 17]
— S —— % —— 5 —

(b) AFTER STEP (4)

[1T2Tafa]s]s]e]7]8]o]ro]to]11]11]12] 16]13]1a]15[ 17]17] 18] 18] 18] 20] 15] 17]
f—— 53 — % —

(c) AFTER STEP (5)

[1T2]3]4]s]s]e]7]s]a]|r0]10]11]11]12{ 13]14]15]16]17]17] 17] 18] 18] 18] 10] 20]

(d) AFTER STEP (6)
Figure 47 Sorting sequencef twenty-seven elements usingrocedure EREW SORT.

ands,. Fors,, m; = 13,m, = 15,andm, = 17arecomputedandthe foursubsequences
{12,13}, {14,15}, {16, 17}, and {17} arecreatedeachof which is alreadysorted For s,
m, = 18, m, = 18, and m, = 20 are computed, and théur subsequenceft7, 18},
{18,18}, {19,20}, andan emptysubsequencecreatedThe sequence afterstep5 is
shownin Fig. 4.7(d). [

Analysis.  Thecall to QUICKSORTtakesconstanttime. Fromthe analysis
of procedurePARALLEL SELECT inchapter2 we know thatstepsl-4 require ci
time unitsfor someconstantc. The runningtime of procedureEREW SORT is
therefore

t(n) = cn* + 2t(n/k)
= O(n*log n).
Sincep(n) = n' ~*, the procedure'scostis given by
¢(n) = p(n) x t(n) = O(nlog n),

which is optimal. Note, however, that since n' ~* < n/logn, cost optimality is
restrictedto the rangeN < n/log n.
ProcedureEREW SORTtherefore matche€EREW SORTIin performance:

(i) It uses anumberof processord thatis sublinearin thesizeof theinput nand
adaptsto it,
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(i) it hasarunningtime thatis smalland variesinverselywith N, and
@iii) its costis optimal forN < n/log n.

Procedur&eREWSORThastheadded advantagef, coursegf runningona weaker
modelof computationthat doesnot allow multiple-read operationfom the same
memorylocation.

It isalso interesting tobservehatprocedur&aEREWSORTisa" mirrorimagée’
of procedure€REWSORT in thefollowing way. Both algorithmscanbe modeledn
theoryby a binary tree.In procedure CREW SOREubsequencese input at the
leavespnesubsequencgerleaf,andsortedlocally; theyarethenmergedpairwise by
parent nodes until theutputis producedat the root.By contrast,in procedure
EREW SORT, thesequenc¢o besortedis input at theroot and then spliinto two
independensubsequencefS;, S,,...,S;} and {S;,,S;4+2,...,52;}; splitting then
continuesateach node untédachleafreceives subsequenadat,oncelocally sorted,
is produced asutput.

4.7 PROBLEMS

41 Usethe (n,n)-merging network defineth problem3.9 to obtaina networkfor sorting

4 arbitrary (i.e., not necessarilybitonic) input sequences. Analyziée runningtime and
numberof processorausedby this networkand comparehese withthe corresponding
quantitiesfor the network insection4.2.

42 Considerthefollowing parallelarchitectureconsistingof n? processors placed a square
arraywith n rowsandncolumns.Theprocessorin each rowareinterconnectedo form a
binary tree. The processorsin each columnare interconnectedsimilarly. The tree
interconnectionsare theonly links amongthe processors. Showhat this architecture,
knownasthe meshd trees,cansorta sequencef n elementsn O(log n) time.

43, Theodd-evensorting networkof section4.2 usesO(nlogn) processorso sortasequence
4 of lengthnin O(logZn) time. For some applicationghis maybe too slow. On the other
hand,the architecturén problem4.2 sortsin O(log n) time usingn? processors. Again,
whenan is large, thisnumberof processors is prohibitiv&Canyou desigm network that
combineghefeaturesof thesetwo algorithms thatis, one thatusesO(nlog?n) processors
andsortsin O(log n) time?

44 It maybearguedthat thenumberof processorsised inproblem4.3,namely, O(nlog?n), is
still toolarge.Is it possibleto reduce thizo O(nlog n)andstill achieveanO(log n)running
time?

45 Inspect the networkbtained inproblem4.1. You will likely notice thatit consistsof m
columnsof n/2 processors each, wharés a function of n obtainedfrom your analysislt
is requiredto exploit this regularstructureto obtain a sortinghetwork consistingof a
singlecolumnof n/2 processorshatsortsa sequencef lengthn in O(m) time. Theideais
to keep the processotmusy all the time as follows. The input sequence iged to the
processorandan outputis obtainedequalto thatobtainedfrom thefirst columnof the
bitonic sorting network. Thisutputis permuted appropriatelyand fed back to the
processors$o obtain the outpudf thesecond columnlhis continuegormiterations until
the sequencas fully sorted.Sucha schemas illustrated inFig. 4.8 for n = 8.
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Figure 48 Sortingusingpermutation network.

Thesortingnetworkin problem4.5 hasa costof O(nm). |s this optimal?The answer,of
course, dependsn m. If thecostis not optimal, applythe same ideausedin procedure
MERGE SPLIT toobtain an optimahlgorithm.

Canyoudesign asortingnetworkthat usesO(n) processorso sorta sequencef lengthn
in O(log n) time?

Establishthe correctnes®f procedureODD-EVEN TRANSPOSITION.

As example4.2 illustrates,a sequencenay becompletelysortedseveraliterationsbefore
procedur@©DD-EVEN TRANSPOSITIONactually terminatesn fact, if thesequencés
initially sorted the O(n) iterationsperformedby the procedure woulde redundantls it
possible, withinthelimitationsof thelinear array model,to modify the procedure sthat
an early terminationis obtainedif at any point the sequence becomasrted?
ProcedureODD-EVEN TRANSPOSITION assumesthat all elementsof the input
sequencareavailableandreside initially inthe arrayof processors. It is conceivablethat
in someapplications the inputsarrive sequentiallyandarereceivedoneat a time by the
leftmost processolP,. Similarly, the outputis producedoneelementat a time from p,.
Modify procedureODD-EVEN TRANSPOSITIONso that it runs underthesecon
ditionsandcompletes theort inexactlythe same numbeof stepsasbefore(i.e., without
an extratime penaltyfor input and output).

Whenseveral sequencesequeuedor sorting, the proceduria problem4.9 hasa period
of 2n. Showthat this period canbereducedto » by allowing both P, and P, to handle
input and outputln thisway, m sequencesf n element®acharesortedin (m + [)n steps
insteadof 2mn.
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412 In section 4.3 we showed howprocedureODD-EVEN TRANSPOSITIONcan be
modifiedsothatits cost becomes optimal. Shatatit is possibléo obtain acostoptimal
sorting algorithm on the linear arrayfor the caseof sequential inputOneapproachto
considetis thefollowing. For a sequencef lengthn, thelineararrayconsistsof 1 + logn
processors. Thieftmost processoreceiveghe input, thaightmost produces theutput.
Each processads connectedo its neighborsy two lines, as showin Fig.4.9for n = 8.
This array carbe madeto sortin O(n) time by implementingan adaptedersionof the
sequentialprocedureMergesort.This procedureonsistsof logn stages. In stagesorted
subsequencedsf length 2f arecreated) = 1,2,...,logn. In the paralleladaptation, the
stepsare runoverlappedon the linear array.

413 In procedureMERGE SPLIT each processor needsleast4n/N storagelocationsto

v merge two sequenceslengthn/N each. Modifythe procedureto require onlyl + n/N
locations per processor.

414 A variantof the lineararray thatusesa buswasintroducedin problem2.9. Designan
algorithmfor sortingon this model, wher® , receiveghe inputsequencef sizen and P,
produceshe output.

415 Thenelement®f asequencare input teannr'/? x n'/* meshconnecte®IMD computer,
oneelement per processat.is requiredto sortthis sequence in rosmajororder.Derivea
lower boundon the runningime requiredto solve this problem.

4.16 Usetheresultsof problems3.6and3.7to obtainanalgorithmfor odd-evensorting on an
m X m meshconnected5IMD computer.Analyzeyour algorithm.

417 lIsthe algorithm obtaineth problem4.16cost optimal? not,applythesame ideaused in
procedureMERGESPLIT to obtaina costoptimal algorithm.

4.18 Usetheresultsof problems3.12and3.13to obtainanalgorithmfor bitonic sortingon an
m X m meshconnected5IMD computer.Analyze your algorithm.

419 Repeat problerd.17for thealgorithmin problem4.18.

420 Thealgorithmin problem4.16 returns asequenceortedin row-major order. Another
indexingthat may sometimebe desirables known assnakelike rowmajor order: Theith
elementresidesin row j andcolumnk, where

. [jm*Tkt1 forjeven,
i=
im+ m—k forj odd.

Thisis illustratedin Fig.4.10for n = 16.Showthataftera sequence hdsen sortedinto
row-major order, its elements maybe rearrangedinto snakelikerow-major order in
2(n'/? — 1) routing steps.

4.21 Anotherindexingfor sequencesorted ortwo-dimensionahrrayss theshuffled row-major
order.Letelement,1 < i < n,reside in row andcolumnk in arow-major orderinglf i is
theintegerobtainedby applyinga perfect shuffléo thebitsin the binaryrepresentationf
i — 1,then element * 1 occupies positiokj, k) in ashuffled row-major indexingThisis

INPUT o o OUTPUT
— 2 P3 Ps F——

Figure 4.9 Cost-optimal sorting on linear array for caseof sequentialinput.



106

Jan

8 &8 88 88 RS

i

Sorting Chap. 4

16 1 15114 | 13

Figure 410 Snakelike rowmajor order.

illustrated in Fig. 4.11 for n= 16. Show that if n elementshave alreadybeensorted
accordingto row-major orderand if eachprocessorcan storen'’? elements, therhe n
elementscan be sorted intoshuffled row-major orderusing an additional 4(n'/2 — 1)
routing steps.

A variantof themeshinterconnection networkhatusesa buswasintroducedin problem
2.10. Repeat problem.15 for this model.

Design aparallelalgorithmfor sortingon the model of problem2.10.
Designanalgorithmfor sortingona treeconnectedSIMD computer Theinput sequence
isinitially distributedamongtheleavesof thetree. Analyzethe runningtime, numberof
processorsised,and costof your algorithm.

Repeat problem.24 for thecasewherethesequenceo besortedis presentedo theroot.
Derivealowerboundfor sortingasequencef lengthn on thepyramid machinéefined in
problem 3.16.

Designan algorithmfor sortingon the pyramid machine.

Show that anyparallel algorithm that usesa cubeconnectedSIMD computerwith N
processorgo sorta sequencef lengthn, whereN = n, requiresQlog N ) time.
Implementtheideaof sortingby enumeratioron a cubeconnecte®IMD computerand
analyze theunningtime of your implementation.

Show that any parallel algorithmthat usesthe perfect shufflenterconnection network
with N processorgo sorta sequencef length n, where N = 2™ = n, requiresQlog N)
time.

Considea CRCWSM SIMD computemwhere write conflictareresolvedasfollows: The
write operationis allowedif andonly if all processors writingimultaneouslyn the same
memory location are attemptirtg storethesamevalue. Describean algorithm for this

11 |12 {15 | 16

Figure 411 Shuffled row-majororder.
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modelthat can determinghe minimum of n numbers{x,,x,, ..., X} in constanttime
usingn? processordf more than onef the numbers qualifithe onewith the smallest
subscript shouldereturned.

4.32 Show how procedureCRCW SORT can be modified to run on anEREW modeland
analyze itsunningtime.

4.33 Show that procedureCREW SORT can be simulated on an EREW computerin
O([(n/N) T logn]log ) time  a way can be found to distinguishbetweensimple read
operationsand multiple-read operationsggsin problem3.20.

4.34 In procedure EREWSORT,why arestepsb and 6 not executedsimultaneously?

435 Derive an algorithm fosorting by enumeration orthe EREW model The algorithm
should usen'*** processorayherek is an arbitraryinteger,andrun in O(klogn) time.

436 Let the elementsof the sequence to be sorted belongdo the set{0,1,...,m — 1). A
sortingalgorithm knownassorting by bucketing firstdistributesthe elementamonga
numberof bucketghatarethensortedindividually. Showthat sortingcatecompletedn
O(log n) time on theEREW modelusingn processorand O(mn) memory locations.

4.37 Theamountof memory required for bucketing in probleh86can bereducednvhenthe
elementsto be sorted are binary strings inthe interval [0,2° — 1] for someb. The
algorithm consistef biterations.During iteration, i =0, 1, ..., b — 1,eachelemento be
sortedis placed inoneof two buckets dependingn whether itsith bit is 0 or 1; the
sequencés then reconstructed using proceddfeLSUMS sothatall elementwith a 0
ith bit precede all the elementsth a 1 ith bit. Showthatin this casesortingcan be
completed inO(blog n) time usingO(n) processorsind O(n) memory locations.

4.38 Assumethat an interconnection networ®IMD computerwith » processors cagort a
sequencef lengthnin O(f (n)) time. Showthat this network can simulaten algorithm
requiring timeT on an EREW SM SIMD computerwith » memory locationsand n
processorin O(Tf(n))time.

4.39 Design amasynchronoualgorithm forsorting asequencef lengthn by enumeratiorona
multiprocessor computexith N processors.

440 Adapt proceduréQUICKSORT torun on the modebof problem4.39.

4.8 BIBLIOGRAPHICAL REMARKS

An extensivéreatmenof parallel sortings provided in[Akl 2]. Taxonomief parallel sorting
algorithms carbe found in [Bitton] and[Lakshmivarahan]. The odd-evensorting network
was firstpresentedn [Batcher]. Other sortingnetworksare proposed irjLeel], [Miranker],
[Tseng], [Winslow], and[Wong]. Thetheoretically fastest possible netwddk sortingusing
O(n) processorss described in [Leighton]basedon ideasappearingin [Ajtai]: It sorts a
sequencef lengthn in O(log n) time andis therefore cost optimal. Howevéhe asymptotic
expression fothe running time of this network hidesnenormous constanivhich makesit
infeasiblein practice.

ProcedureODD-EVEN TRANSPOSITIONS attributedto [Demuth]. The ideaon
which procedureMERGE SPLITis basedcomesrom [Baudet]. Otheralgorithmsfor sorting
onalineararray aredescribedn [Akl 1],[Todd], and[Yasuura]. Parallelsortingalgorithms
for a varietyof interconnectiometwork SIMD computers haveeenproposed. These include
algorithmsfor the perfecshuffle ([Stone]),themesh ([Kumar],[Nassimi 1], and[Thompson]),
the tree ([Bentley], [Horowitz 2], and [Orenstein]), the pyramid([Stout]), and the cube
([Nassimi 23).
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It is particularly interestingo point out the difference betweenthe tree and mesh
connecteccomputersn their ability to sortasequence = {sy, s,,...,s,}. Assumethata tree
with nleaf processor#®,, P,,..., P, is available. Initially,P; containss;. It is requiredto sortS
suchthat P; contains theth elementof the sortedsequence. Clearlyny parallelalgorithmfor
solvingthis problem requireQ(n) timein the worst casesinceall thevaluesin theright subtree
of the rootmay haveto be exchangedthroughthe root) with thosein the left subtree. It is
shownin [Akl 21 howanO(log n)-processotreeconnecteccomputercansortSin O(n) timefor
anoptimalcostof O(nlogn). Now considerann'®* x n'/2 mesh with processoP,, P, ..., P,
arrangedn row-major orderlnitially P; containss;. Again, itis requiredto sortS suchthat P;
containsthe ith elementof the sortedsequenceSupposehat the maximumand minimum
elementsof § areinitially in P, and P,, respectively.Since thesewo elementsmust be
exchangedor the outcomef the sortingo becorrect,Q(n'/?) stepsarerequiredto sorton the
mesh.An algorithmis describedin [Akl 2] for sortingS on an n-processor meshonnected
computein O(n'/?)time. It isalsoshownin [Akl 2] howan N-processomeshcan sortS with a
runningtime of

t(n) = O((n/N)log(n/N) + (n/N)O(N'"?) + (2n/N)O(log>N /%)),

for an optimal costof O(n log n)when N < log?n.

Procedur€€ RCW SORTis basednideasappearindgn [Kugera]. A proposals madein
[Gottlieb] for a computerarchitecture implementing the concurregetad, concurrentrite
featureof themodelin section4.4.Procedur€ REW SORTis adaptedrom [Shiloach]. Other
parallelsortingalgorithmsfor the CREW modelwere proposedin [Hirschberg], [Kruskal],
and[Preparata)]. The proceduren section4.6.2and procedureEREWSORTarefrom [Akl 3]
and[Akl 17, respectively.Otherissuesof interestwhen studying parallelsorting areexternal
sorting, covered in [Akl 4], [Bonnucelli], and [Even], and parallel probabilistic sorting
algorithms, examplesof which appear in[Horowitz 2], [Reif], and [Reischuk]. The im-
portanceof parallelsortingin simulatingpowerful modelsof parallelcomputation onwveaker
onesis outlined in [Parberry]. A descriptionof the sequential sorting procedukéergesort
mentionedin problem4.12can be foundn [Horowitz 1].
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Searching

5.1 INTRODUCTION

Searchings oneof the mostfundamentaloperationsn thefield of computing.lt is
used inanyapplicationwherewe needto find out whetheranelement belongso a list
or, moregenerally retrieve from dile informationassociatedvith thatelementin its
most basic form the searching problemis stated asfollows: Given a sequence
S={s,s,,...,8, of integersand an integerx, it is requiredto determine whether
X = s, for somes, in S.

In sequentiakomputing,the problemis solvedby scanningthe sequence and
comparingX with its successivelements until eitheanintegerequal tox isfound or
thesequencés exhaustedvithout successThisis givenin whatfollows asprocedure
SEQUENTIAL SEARCH. As soon asan s, in S is found such that x = s, the
procedure returnk; otherwise0 is returned.

procedure SEQUENTIAL SEARCH(S,x, k)

Stepl: (L) ie1
12 k<o
Step2: while{ <nandk =0)do
if s; =xthenk «iendif
i—i+1
end while. O

In the worst case,the proceduretakesO(n) time. This is clearlyptimal since every
elementof S must be examined (when x is not in S) before declaring failure.
Alternatively, if S is sorted in nondecreasingorder, then procedure BINARY
SEARCHOof section3.3.2can returrtheindex of anelementf Sequal tox (or0if no
such elemeneéxists)in O(log n) time. Again, this i-optimal since thismany bits are
neededto distinguishamongthe n elementsof S.

In this chapterwe discussparallel searching algorithmgVve begin byconsider
ing thecasewhereSis sortedin nondecreasingrderandshow how searchinganbe
performedon theSM SIMD model.Asit turns out, ouEREWSsearchinglgorithmis
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no faster than procedure BINARY SEARCHON the other hand, th€ REW
algorithmmatches dower boundon thenumberof parallel stepsequiredto search a
sorted sequence,assumingthat all the elementsof S are distinct. When this
assumptionis removed,a CRCW algorithm is neededto achievethe best possible
speedupWethenturnto themoregeneral case whetkeelementof Sare in random
order. Here,although the SM SIMD algorithms are faster than procedure
SEQUENTIAL SEARCH, thesame speedupan be achievedon a weaker model,
namely, a treeconnectedSIMD computer.Finally, we presenta parallel search
algorithm for a meshconnectedSIMD computerthat, under some assumptions
aboutsignal propagationtime alongwires, is superiorto the tree algorithm.

5.2 SEARCHING A SORTED SEQUENCE

We assumehroughoutthis sectiorthatthesequenc& = {s, ;s,,...,s,} issortedin

nondecreasin@rder, that is, s, <s, < .-- < s,. Typically, a file with n recordsis

availablewhichissortedonthes field of each recordl hisfile is to besearchedisings

asthekey;thatis, givenanintegerx, a records soughtwhoses field equalsx. If sucha

recordis found,then the informatiorstoredin the otherfieldsmaynow be retrieved.
Theformatof a recordsillustratedin Fig.5.1.Note thaff thevaluesof thesfieldsare
not uniqueandall recordswhoses fieldsequala given x are neededthenthe search
algorithmis continued untithefile is exhaustedror simplicity we beginby assuming
that thes; aredistinct; thisassumptioris later removed.

5.2.1 EREW Searching

AssumethatanN-processoEREWSM SIMD computeiis availableto searchSfor a
given elemenk, wherel < N < n. To begin,thevalueof x mustbemade knowrio all
processorsThis can be doneusingprocedure BROADCASTn O(log N) time. The
sequencéis then subdividednto N subsequences lengthn/N eachand processor
P; is assigned{s;— ymm+1> Si-1ymm+2> - Simmy- Al processorsnow perform
procedure BINARY SEARCH on their assigned subsequencébhis requires
O(log(n/N)) in the worst case. Sincthe elementsof S areall distinct,at mostone
processofindsans, equalto x andreturnsk. Thetotal time requiredby this EREW
searching algorithnis thereforeO(log N) + O(log(n/N)), whichis O(log n). Sincethis is
preciselythe time required by procedure BINARYSEARCH (running on a single
processor!)no speedups achieved byhis approach.

[ [ ]
Si OTHER INFORMATION Figure 51 Format of record in file to be
] l I searched.
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5.2.2 CREW Searching

Again,assuméhatanN-processoCREWSM SIMD computeris availableto search
S for a given elementx, wherel < N < n. The samealgorithm described forthe
EREW computercanbe used here excephatin thiscaseall processors can read x
simultaneouslyin constanttime and then proceedto perform procedureBINARY
SEARCH ontheirassigned subsequenc@bis requiresO(log(n/N)) timein the worst
casewhich isfasterthan procedure BINARYSEARCH applied sequentiallyo the
entiresequence.

It is possible, howevetp doevenbetter. Theideais to usea parallel versiorof
the binary searchpproachRecallthatduringeach iteratiorof procedureBINARY
SEARCH the middleelements,, of the sequencesearcheds probedand tested for
equalitywith the inputx. If s,, > x, thenall theelements largethans,, arediscarded,;
otherwiseall the elements smallethans,, arediscardedThus, the nextiteration is
appliedto a sequenchalf aslong aspreviously.The procedure terminateshenthe
probedelementequalsx or when all elements have bediscardedIn the parallel
version,thereareN processorandhencean(N + 1)-ary searcttanbeused At each
stage, thesequenceis split into N + 1 subsequencesf equal length and the N
processors simultaneouspyrobe the elementsat the boundarybetweensuccessive
subsequence3hisisillustratedin Fig.5.2. Every processocompareshe element of
Sit probeswith x:

1. If s > x, thenif anelementequalto x isin thesequencatall, it mustprecede;
consequentlys andall theelementghatfollow it (i.e., toits rightin Fig. 5.2)are
removedfrom consideration.

2. The opposite takeplaceff s < x.

Thuseachprocessosplitsthesequencénto two parts:thoseelementdo be discarded
asthey definitelydo not containanelementequalto x andthosethatmightandare
hencekept. This narrows down theearchto theintersectionof all the partsto be
kept, that is, the subsequencdetweentwo elementsprobedin this stage.This
subsequence, shown hachuirdFig. 5.2, is searched irthe next stageby the same
processThis continues until eitheanelementequalto x isfoundor all theelements
of SarediscardedSince evergtages appliedto asequence whose lengghl /(N + 1)
thelengthof the sequence searchédringthe previousstagdessl, O(logy , ,(n T 1))
stagesare neededWe now develop the algorithrformally andthenshowthatthisis
preciselythe numberof stepsit requiresin the worst case.

Let g be the smallest integer suchthat n<(N* 1) -1, that is,
g = [log(n + 1)/log(N + D] Itis possibleto prove by induction that g stagesare
sufficientto searcha sequencef length nfor anelementequalto aninput x. Indeed,
the statemeris truefor g = 0. Assume itis truefor (N + 1)~ — 1. Now, to searcha
sequencef length(N + 1)? — 1, processor?;, i = 1,2,..., N, compare to s; where
j =i(N* 1) asshownin Fig.5.3.Following this comparisongnly a subsequence
of length (N + 1) — 1 needsto be searchedthus proving our claim. This
subsequenceshown hachuredin Fig. 5.3, can be determinedas follows. Each
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processolP; usesa variablec; thattakes the valuleft or right accordingto whether
the part of the sequence; decidesto keepis to the left or right of the elementit
comparedo x duringthis stagelnitially, the valueof each; is irrelevant and cahe
assignedrbitrarily. Twoconstantg, = right andcy . , = left arealsoused. Follow-
ing the comparisobetweenx andanelement;, of S, P; assignsa valueto ¢; (unless
s;, =X, in which casethe value of ¢; is again irrelevant)if ¢; # ¢;_, for somei,
1<i<N, then the sequence be searchednext runs from s, to s, where
g=(i— 1N T 1"t +t 1andr=i(N + 1)#~! — 1. Preciselyone processor updatgs
andr in the shared memorgndall remaining processors caimultaneoiuslyead the
updatedvalues inconstantiime. Thealgorithmis givenin what followsasprocedure
CREW SEARCH. Theprocedure takeSandx as inputif x = s, for somek, thenk is
returned; otherwisa 0 is returned.

procedure CREW SEARCH (S,x, k)

Stepl: {Initialize indices of sequencéo be searched}
(1.1)q«1
(1.2)1r «n.

Step2: {Initialize resultsand maximum number of stages}
(2.1)k<0
(2.2)g < MMog(n + 1)/log(N + 1)1

Step3: while (g< rand k =0) do
(BL)jo+=q~1
(3.2)for i = 1to N doin parallel
@) ji=@—DFi(N+ 17!
{P, comparesx to s; and determines thepart of the sequencéo be kept}
(i) if j,<r
thenif s;, = x
then k « j;
elseif s;, > x
then ¢; « left
elsec; « right
end if
end if
else(@) j;«r +1
(b) ¢; « left
end if
{The indicesof the subsequencto be searched in thaext iteration are
computed}
(iii) if e, # c;_  then(@) q«ji—, T 1
) rej;—1
end if
(iv) if i=Nande; # ¢y, thengej; T 1
end if
end for
B3)gg-1
endwhile. [J
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1 2 i+1 N
KEEP KEEP KEEP KEEP KEEP

Figure 5.2 Searching sortesequenceavith N processors.

Py Ps P; Pin Py
S oe e o0 LN
1 2 (N+1)g_1 2(N+1)g'1 = (N+1)g-1-1 r N(N+1)g'1 n

Figure 5.3 Derivationof numberof stagesequired tosearchsequence.

Analysis

Stepsl, 2, 3.1,and 3.3areperformedby oneprocessor, say,, in constanttime.Step
3.2also takegonstantime. As provedearlier,thereareat mostg iterationsof step3.
It follows thatprocedureCREWSEARCHTrunsin O(log(n * 1)/log(N t 1))time,that
is, t(n) = O(logy +,(n T 1)). Hencec(n) = O(Nlogy 4 ((n + 1)), which is not optimal.

Example5.1

LetS={1,4,6,9,10, 11,13, 14,15, 18, 20, 23, 32, 45, 51} bethesequenceo besearched
usinga CREWSM SIMD computerwith N processorsWeillustratetwo successfuand
one unsuccessfukearches.

1. AssumethatN = 3 and thatit is requiredto find theindexk of the element inS
equalto 45(.e., x = 45).Initially, g = 1,r = 15,k = 0,andg = 2. During the first
iteration of step 3, P, computesj, =4 and comparess, to X. Since 9 < 45,
¢, = right. SimultaneouslyP, and P; compares ands, ,, respectively to x:Since
14 < 45and23 < 45,¢, = right andc, = right. Now ¢, # c,; thereforeq = 13and
r remains unchanged.he new sequencéo be searchedunsfrom s;; tos,,, as
shownin Fig.5.4(a), andg = 1. In thesecond iteration, illustrated Fig. 5.4(b), P,
computeg; = 12+ 1andcompares, to x: Since32 < 45, ¢, = right. Simulta
neously,P, compares,, to x,andsincetheyareequal,t setsk to 14(c, remains
unchanged)Also, P, compares,s to x: Since 51> 45, ¢, = left. Now ¢; # C,:
Thusg=12+2+ 1=15andr =12+ 3 -1 = 14. The procedure terminates
with k = 14.

2. Saynowthatx = 9, with N still equalto 3. In thefirst iteration,P, compares, to
x: Since they are equal, k is setto 4. All simultaneousand subsequent com
putationsin this iteration are redundantsince the following iteration is not
performedand the procedure terminates eanjth k = 4.
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23132 | 45| 51

20123 32|45 51

18120 (23|32 | 45 51

(d)

Py Py
il
18 | 20

(e)

Figure 54 Searchingequencef fifteerelements usingrocedure CREVBEARCH.

3. Finally, let N =2 andx = 21. Initially, g = 3. In thefirst iteration P, computes
j =9 and comparessg to x: Since 15< 21, ¢; =right. Simultaneously,P,
computesj, = 18: Since 18 > 15, j, pointsto an elementoutsidethe sequence.
ThusP, setsj, = 16andc, = left. Now ¢, # ¢,: Thereforeq = 10andr = 15,that
is,thesequenceo besearchedn thenextiterationrunsfrom s, tosys,andg = 2.
Thisisillustratedin Fig. 5.4(c). In thesecond iteration, computeg; =9 + 3and
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compares;, to x: since23> 21,c, = left. Simultaneously?, computeg, = 15:
Since 51 > 21, ¢, = left. Now c, #¢,, and thereforer = 11 and q remains
unchangedasshownin Fig. 5.4(d). In thefinal iteration,g = 1 and P, computes
j, =9+ 1 and compares,, to x: Sincel8 < 21, ¢, = right. Simultaneouslyp,
computes, = 9+ 2 and compares,, to x: Since 20 < 21, ¢, = right. Now
¢, # ¢,, andtherefore; = 12.Sinceq > r, the procedure terminatesmsuccessfully
with k=0.

We concludeour discussionof parallel searching algorithméor the CREW

modelwith the following two observations:

1.

Underthe assumptiothat theelementof Saresorted andlistinct, procedure
CREWSEARCH, although natostoptimal,achieveshe best possibleunning
time for searchingThis can be shown by noting that any algorithmusing N
processorgan comparean input element xto at most N elementsof S
simultaneously After thesecomparisonsand the subsequerdeletion of ele
ments fromSdefinitely notequalto x, a subsequence mu¢ leftwhose length
is at least

[(n— NN+ DI>( - NN+ 1)=[n TN+ 1]-1

After g repetitionsof the sameprocesswe areleft with a sequencef length
[(n T AN T 1)] — 1.1t follows thatthe numberof iterationsrequiredby any
such parallelalgorithm is no smallerthanthe minimum g suchthat

[(h v +1¥] - 1<0,
which is
Mog(n + 1)/log(N + 1)1.

. Two parallelalgorithmswerepresentedn this section for searching sequence

of length non a CREW SM SIMD computerwith N processorsThe first

required O(log(n/N)) time and the secondO(log(n T+ 1)/log(N * 1)). In both

casesjf N = n, then the algorithm runs in constantime. The fact that the
elementsof S aredistinctstill remains a conditioffor achievingthis constant
runningtime, aswe shallsee inthe next section. Howevearge no longer needs

to be sorted.Thealgorithm is simply asfollows: In onestepeachP;, i =1, 2,

..., h,canreadx andcomparet to s;; if X is equalto oneelementof S, say,s,,

then P, returnsk; otherwisek remains0.

5.2.3 CRCW Searching

In theprevioustwo sectionswe assumedhatall theelementof thesequenc&to be

searchedhredistinct. Fromour discussiorsofar, the reasoffior this assumption may
have becomapparentif eachs; is not unique,thenpossiblymore than ong@rocessor
will succeed in findinga memberof S equalto x. Consequentlypossibly several
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processorswill attemptto return avaluein the variablek, thus causinga write

conflict,anoccurrencelisallowed inboththe EREWand CREW models Of course,
we can remove the uniqueness assumptermd still usethe EREWand CREW

searching algorithms described earliéneideais to invoke procedur8 TORE (see
problem2.13)whosegobis to resolve write conflictsthus, inO(log N) timewe canget

the smallest numberedf the successfulprocessordo return theindex k it has
computedwheres, = x. Theasymptotic runnindime of the EREWsearch algorithm
in section5.2.1 is not affected bythis additional overhead.However, procedure
CREW SEARCH nowrunsin

t(n) = O(log(n T 1)/log(N + 1))+ O(log N).

In orderto appreciatethe effect of this additionalO(log N) term, note that when
N = n, t(n) = O(log n). In otherwords, procedur€ REW SEARCHwith n processors
is no fasterthan procedureBINARY SEARCH,which runson one processor!

Clearly, inorder tomaintain theefficiencyof procedureCREWSEARCHwhile
giving up the uniqueness assumptiome must run the algorithnron a CRCW SM
SIMD computemwith anappropriatenrite conflictresolutionrule. Whatever the rule
and no mattehow many processoexesuccessfuin findinga memberof Sequal to
X, only oneindexk wil bereturned,andthatin constanttime.

5.3 SEARCHING A RANDOM SEQUENCE

We nowturnto themoregeneral casef thesearch problem. Here the elemenithe
sequenc8= {s,s,,...,s,} arenotassumedo bein anyparticular ordeand arenot
necessarilglistinct.As before we haveafile with nrecordghatis to besearchedising
thes field of each recorésthekey.Givenanintegerx, a recordis soughtwhoses field

equalsx; if sucharecordisfound, then the information stor@utheotherfields may
now beretrievedThis operatioris referredto asqueryingthefile. Besideqjuerying,
searchis usefulin file maintenancesuchasinsertinga new record and updatingr
deletinganexistingrecord. Maintenance, &g shallseejs particularlyeasywhenthe
s fieldsarein randomorder.

We begin by studying parallel search algorithnfier sharedmernorySIMD
computersWe then showhow the powerof this model isnot really needed for the
search problenAsit turnsout, performance similaio thatof SM SIMD algorithms
canbeobtained usingtree-connecte&IMD computer. Finallywedemonstratehat
ameshconnectedomputeris superiorto the tredor searching signal propagation
time along wires is takeninto account when calculating the runningime of
algorithmsfor both models.

5.3.1 Searching on SM SIMD Computers

The general algorithm for searchiregsequencén random order ora SM SIMD
computetis straightforwardandsimilarin structureto thealgorithmin section5.2.1.
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We havean N-processor computer searchS= {s,,s,,..., s, for agivenelementx,
wherel < N < n. Thealgorithmis givenasprocedure SM SEARCH:

procedure SM SEARCH(S, x, k)
Stepl: for i=1to N doin parallel

Read x
end for.
Step2: for i = 1to N doin parallel
2.1) §; < {S(i— DM+ 1 Si- DN +25 .0 si(n/N)}
(2.2) SEQUENTIAL SEARCHY(S;, x, k;)
end for.

Step3: for i = 1to N doin parallel
if k; > 0thenk « k; end if
end for. []

Analysis

We nowanalyze procedure SEARCH for eachof the four incarnationsof the
sharedmemory modebf SIMD computers.

531 .1 EREW. Steplisimplemented usingrocedureBROADCAST and
requiresO(log N) time. In step2, proceduréeSEQUENTIAL SEARCH takesO(n/N)
time in the worst case. Finally,procedureSTORE (with an appropriateconflict
resolutionrule) is used instep3 and runsin O(log N ) time. The overall asymptotic
runningtime is therefore

t(n) = O(log N) + O(n/N),
andthe costis

c(n) = O(N logN) *+ O(n),
which is not optimal.

5312 ERCW. Stepsl and?2 areasin the EREW case while step3 now
takesconstanttime. The overall asymptotic runningime remainsunchanged.

53 .3 CREW. Step! nowtakesconstantime,while steps2and3are asn
the EREW case.The overall asymptoticrunningtime remains unchanged.

5314 CRCW. Bothstepsl and3 takeconstantime,while step2 is asin
the EREW case.The overall runningtime is now O(n/N), and the costis
c(n) = N x O(n/N) = O(n),

which is optimal.
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In orderto put the preceding results in perspective,ustonsidera situation
wherethe following two conditionshold:

1. There are amany processorasthereareelements ir5, thatis, N = n.

2. Thereareq queriesto beansweredthatis, q valuesof x arequeuechaiting for
processing.

In thecaseof the EREW, ERCWandCREW modelsthetime to procesnequery
is nowO(log n). For q queries, this timés simply multipliedby a factorof g. Thisis of
course an improvement overthe time required by procedure SEQUENTIAL
SEARCH,which would be on the orderof gn. For the CRCW computer, procedure
SM SEARCHnow takesconstantime. Thusq queries requir@ constanimultiple of
g time unitsto beanswered.

Surprisingly,a performance slightly inferioro thatof theCRCWalgorithm but
still superiorto that of the EREWalgorithm can be obtainedusinga much weaker
model, namelythe tree.connectedSIMD computer.Here a binary tree with O(n)
processors processtee queries ina pipeline fashionThus theq queriesrequire a
constantmultiple of logn + (g — 1) time unitsto beansweredFor large: valuesof q
(i.e., g > logn), this behaviolis equivalentto that of the CRCWalgorithm. We now
turn tothe descriptiorof this treealgorithm.

5.3.2 Searching ona Tree

A tree-connecte&IMD computerwith n leavess available forsearchinga file of n
records. Sucla treeis shownin Fig. 5.5 for n = 16. Eachleaf of the tree stores one
recordof thefile to be searchedThe root is in chargeof receivinginput from the
outsideworld andpassingacopy of it to eachof its two children.It is also responsible
for producingoutputreceivedfrom its two childrento the outsideworld. As for the
intermediatenodes, eaclof theseis capableof:

1. receivingoneinput from its parent, making tweopiesof it, and sendingone
copy to eachof its two children;and

2. receivingtwo inputsfromits children,combiningthem,andpassingheresultto
its parent.

The next two sectiondlustrate how thefile storedin the leavescan be queriedand
maintained.

5.3.2.1 Querying. Given anintegerx, it is requiredto searchthe file of
records on the s field for X, that is, determinewhether there is a value in
S={sy,5,,...,5,5 €qualto x. Sucha queryonly requiresa yesor no answerThisis
the mostbasicform of queryingandis even simplethantheonethatwe havebeen
concerned witlsofar in this chapterThetree-connectedomputerhandles this query
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Figure55 Tree-connecteccomputerfor searching.

in three stages:

Stagel: The rootreadsx andpasses ito its two children.In turn, these send
to their children. The processcontinuesuntil a copy of x reaches eacleaf.
Stage2 Simultaneouslhall leavesomparedhes field of therecordtheystore to
x: If theyareequal,theleafproducesa 1 as outputotherwisea 0 is produced.
Stage3: The outputsof the leavesarecombinedby going upward irnthe tree:
Each intermediate node computesldwgcal or of its two inputs(i.e., 0 or 0 = 0,
Qorl=110or0=1andlo 1=1)andpassesheresultto its parent.The
processontinues until theoot receivedwo bits,computegheir logicalor, and
produces either & (for yes)or a 0 (for no).

It takesO(log n) timeto godown thetree constantimeto perform thecomparisorat
theleavesandagainO(log n) time to go back up the tree. Therefore, suchqueryis
answered ir0(logn) time.

Example5.2
LetS = {25,14,36,18,15, 17,19, 17} andx = 17.Thethreestagesboveareillustratedin
Fig.5.6. O

Assume nowthat q suchqueriesarequeued waitingo be processed. Thegan
bepipelineddownthetree sincgéheroot andntermediatanodesarefreeto handle the
nextqueryas soomasthey have passeihe currentonealongto their children.The
same remark applige theleavesAs soonastheresultof onecomparisorhasbeen
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(a) STAGE 1

(b) STAGE 2

Figure 56 Searching sequenceof eight
(c) STAGE 3 elements usingree.

producedeachleaf is readyto receivea newvalueof x. Theresultsarealsopipelined
upward:Therootandintermediate nodesancomputethelogicalor of the nextpair
of bits as soonas the current pair hasbeen cleared. Typicallythe root and
intermediatenodeswill receivedataflowing downward(queriespndupward(results)
simultaneouslyWe assumeéhat bothcanbe handled ina singletime unit; otherwise,
andin orderto keepboth flows of datamoving,a processocanswitch:itsattention
from one directiorto theother alternatelyit takesO(log n) timefor theanswerto the
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first queryto be producedattheroot. Theanswerto thesecond querys obtainedin

thefollowing time unit. Theanswetto thelast queryemerges — 1time unitsafterthe

first answer Thus the q answersare obtainedin a total of O(log n) + O(g) time.
We nowexaminesome variationsver thebasicform of aquerydiscussed sfar.

1. Position If a query isuccessfudndelements, is equalto x, it may bedesired
to know theindex k. Assumethat the leavesare numberedl, ..., n and that leaf i
containss;. Followingthe comparisonwith x, leaf i producesthe pair (1,i) if s; = X;
otherwise itproduces(0,i). All intermediatenodesand the root now operate as
follows. If two pairs(1,i) and (0, Pare received,then the pair (1,1) is sentupward.
Otherwise,f both pairshavea l1asa first elementor if both pairshavea 0 asa first
elementthen the pair arrivingrom theleft sonis sentupward. Inthis way,the root
producesither

(i) (1,k) where kis the smallest indexof anelementin Sequalto x or
(i) (0, k) indicatingthatno matchfor x wasfoundand,therefore that thevalueof k
is meaningless.

With this modification,the rootin example5.2 would produce(l, 6).
This variantof the basic query caitself beextendedn threeways:

(@ Whena recordisfound whoses field equalsx, it may bedesirableto obtainthe
entire record as an answerto the query (or perhapssomeof its fields). The
precedingapproach carbe generalizedby having theleaf that finds a match
returna tripleof theform (1, i, required information)The intermediate nodes
and rootbehaveas before.

(b) Sometimesthe positionsof all elementsequalto X in § may be needed. In this
case, wheran intermediatenode,or the root,receivegwo pairs(1, i)yand(1,j),
two pairsaresentupwardconsecutivelyln this waytheindicesof all members
of S equalto x will eventuallyemerge fromthe root.

(c) The third extensionis a combination of(a)and(b): All recordswhoses fields
matchx areto be retrieved.This is handledby combining the precedingtwo
solutions

It should be noted, however,that for eachof the preceding extensiorsaremust be
takenwith regardgo timing if severalqueriesarebeing pipelinedThisis becausehe
resultbeingsentupwardby eachnodeis nolonger asingle bitbut rather manybits of
informationfrom potentially severalrecords(in the worstcasethe answeconsistsof
the n entirerecords)Sincetheanswerto a queryis now of unpredictabldength,it is
nolongerguaranteedhata querywill be answeredn O(log n)time, thatthe periodis
constant,or thatq querieswill be processed i(log n) + O(g) time.

2. Count Another variant othe basicquery asks fothe numberof records
whoses field equalsx. Thisis handledexactlyasthe basicquery,exceptthatnow the
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intermediatenodesandtherootcompute thsumof their inputs(insteadof the logical
or). With this modification,the rootin example5.2 would produce &.

3. ClosestElementSometimes it maye usefulto find the elementof S whose
valueis closesto x. As with the basic queryx is first sentto the leaves.. Leaf now
computes thabsolutevalueof s; — x, call it ¢;, and produceq(i, a,)asoutput.

Each intermediate no@andtheroot now receivetwo pairs(i, a,)and (j, a;): The
pair with thesmalleracomponents sentupward.With this modificationandx = 38
asinput,the rootin example5.2would produceg3, 2) asoutput. Note thathe casef
two pairswith identicala componentss handled eitheby choosingone of the two
arbitrarily orby sendingboth upwardconsecutively.

4. Rank Therankof anelementx in Sis definedasthe numbenf elements of S
smallerthanx plus1. We begin bysendingx to theleavesandthenhaving eacheafi
produce dl ff s; < X, anda0 otherwiseNow therankof x in Sis computedby making
all intermediate nodesddtheirinputs andsendtheresult upwardTherootaddsl to
thesumof its two inputsbeforeproducingthe rank With this modification,the root's
outputin example5.2 would be 3.

It shouldbeemphasizedhat eachof the precedingvariants,if carefully timed,
should havethe samerunningtime asthe basic query (exceptf course,whenthe
queriesbeing processedo not haveconstant-lengtlanswersas pointed out earlier).

5.3.2.2Maintenance. We now address the problenf maintaining dfile
of records storedttheleavesof a tree,thatis, insertinga newrecordand updating or
deletinganexistingrecord.

1. Insertion In a typical file, recordsareinsertedanddeletedcontinually.lt is
therefore reasonableto assumethat at any given time a numberof leavesare
unoccupiedWe cankeeptrack of the locationof these unoccupied leavbyg storing
in eachintermediate nodandat the root

(i) thenumberof unoccupied leaves its left subtree and
(i) the numberof unoccupied leaves iits right subtree.

A new record receivedby the root is insertedinto an unoccupiedeaf asfollows:

(i) The rootpassesherecordto theoneof its two subtrees with unoccupiedeaves.
If both haveunoccupied leavestheroot makesanarbitrarydecisionjf neither
does, theroot signalsan overflow situation.

(i) Whenan intermediate nodeeceiveshe new record,it routesit to its subtree
with unoccupied leaves (agaimakingan arbitrary choice,if necessary).

(iii) The newrecordeventually reachean unoccupiedeaf where itis stored.

Note that whenever theaoot, or anintermediatenode, sendshe new recordto a
subtree, thenumberof unoccupiedeavesassociated witthatsubtreeés decreasedtby
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1.1t shouldbeclearthatinsertion is greatlyacilitated by thefact thatthefile is not to
be maintainedin any particular order.

2. Update Saythat everyrecordwhoses field equalsx must be updatedwith
newinformationin (someof) its otherfields. This is accomplishedy sendingx and
thenewinformationto all leavesEachleafi for whichs, = x implements the change.

3. Deletion If everyrecord whose field equalsx mustbedeletedthenwe begin
by sendingx to all leavesEachleafi for whichs; = x nowdeclarestselfasunoccupied
by sendinga 1 to its parent.This informationis carried upwarduntil it reacheghe
root.Onits way, itincrementshy 1the appropriate courmt each nodef thenumber
of unoccupiedeavesin theleft or right subtree.

Eachof the precedingnaintenance operatiotakesO(log n) time. As before,q
operationgan be pipelined to require O(log n) * 0(qg) time in total.
We concludethis sectionwith the following observations.

1. We have obtained searctalgorithmfor a treeconnectecomputer thais
moreefficientthan thadescribed foa muchstrongemodel, namelythe EREWSM
SIMD. Is there aparadoxhere?Not really. What our resultindicatesis that we
managedto find an algorithm that doesnot require thefull power of the shared
memorymodelandyetis moreefficientthananexisting EREW algorithm. Sinceany
algorithmfor aninterconnection networl§IMD computercan be simulated orthe
sharedmemorymodel,thetreealgorithmfor searchinganbeturned into an EREW
algorithmwith the sameperformance.

2. It may be objected that our comparisonof the tree and sharedmemory
algorithmsis unfair sinceve areusing2n — 1 processorsn thetreeandonly nonthe
EREW computer. Thi®bjectioncanbeeasilytaken caref by usinga treewith »/2
leavesandthereforeatotal of n — 1 processors. Eadbaf now stores two recordmnd
performs twocomparisons foevery givenx.

3. If a tree with Nleaves isavailable,wherel < N < n, thenn/N recordsare
storedper leaf. A query nowrequires

(i) O(log N) time to sendx to the leaves,
(i) O(n/N)timeto searchtherecordswithin eachleaffor onewith ans field equal to
x, and
(iii) O(log N) time to sendtheanswer backo the root,

that s, a total of O(log N) * 0(n/N). This is identical to the time requiredby the
algorithmsthat runon the morepowerful EREW, ERCW,or CREW SM SIMD
computersPipelining,however,is not as attractive asefore:Searchingwithin each
leaf nolonger requiregonstantime andq queriesare notguaranteed tbe answered
in O(log n) * O(g) time.
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4. Throughoutthe preceding discussiome haveassumedhat the wire delay,
thatis, thetimeit takes adatumto propagate along wire,from onelevel of thetree
to the nextis a constant.Thusfor a tree withn leavesgach queryor maintenance
operationunder this assumption requiresumningtime of O(log n) to be processed.
In addition, thetime betweertwo consecutivanputsor two consecutiveoutputsis
constant:in other words, searchingon the treehasa constantperiod(provided,of
course that the queriehaveconstartiength answers). However directhardware
implementationof the tree.connectedcomputerwould obviously haveonnections
betweenlevelswhoselength growsexponentiallywith the level number.As Fig. 5.5
illustrates the wireconnecting anodeat leveli to its parentat leveli T 1 has length
proportionalto 2°. Themaximumwire lengthfor atreewith nleavess O(r) andoccurs
atlevellog n — 1. Clearly,thisapproachs undesirable from a practical poiot view,
asit resultsin a very poor utilization of theareain whichthe processorandwiresare
placed. Furthermore,it would yield a running time of O(n) per query i the
propagationtime is takento be proportionalto the wire length.In order to prevent
this,we canembedthetreein a meshas shownn Fig.5.7.Figure5.7illustratesann-

le 1/2 N
[ o(n'’? ’
LEAF
ROOT
/2) ™1 :\II\IJSERM EDIATE
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Figure 5.7 Tree-connectedcomputerembeddedin mesh.
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nodetree, withn= 31, where

() the maximumwire lengthis O(n'/?),
(i) theareaused isO(n), and
(iii) therunningtime per queryor maintenanc@®perationis O(n'/?) and the periodis
O(n'’?), assumingthat the propagationtime of a signal across awire grows
linearly with thelength of the wire.

This is a definite improvementover the previous desigbut notsufficiently so to
makethe tree the preferredarchitecturefor search problemsn the next sectionwe
describea parallel algorithm for searchingon a meshconnectedSIMD computer
whosebehavioris superiorto that of the treealgorithm undethelinear propagation
time assumption.

5.3.3 Searching on a Mesh

In this sectionwe show how a twodimensionalarray of processors cabe usedto
solve the various searching problendgscribed earlierConsiderthe nprocessor
meshconnectedSIMD computerillustrated in Fig. 5.8 for n= 16, where each
processor storesne record of the file to be searchedThis architecture has the
following characteristics:

1. Thewire lengthis constantthatis, independentf the size of the array;
2. the areausedis O(n); and

3. therunningtime perqueryor maintenanceperationis 0(n!/?) andthe periodis
constantregardlesof any assumptioraboutwire delay.

Clearly, this behavioris a significant improvementover that of the tree
architecturaindertheassumptiorthatthe propagatiortime of asignalalong awireis
linearly proportionalto thelengthof thatwire.(Of coursejf thewire delayisassumed
to beaconstant, thethe treds superiorfor the searchingroblemsincelogn < n'/?
for sufficiently large n.)

5.3.3.1 Querying. In order to justify the statementin 3 regarding the
running time and period of query and maintenanceoperations orthe mesh,we
describean algorithm for that architecturethat solves the basiquery problem;
namely, giveranintegerx, it is requiredto search théile of recordson thes field for x.
We then showthat the algorithm produces ayesor no answerto sucha queryin
O(n'?) time andthatg queriescanbe processed i(g) T O(n!/?) time. Let usdenote
by s; ; the s field of the recordheld by processotP(, j). Thealgorithmconsistsof two
stagesunfoldingand folding.

Unolding. ProcessorP(1, 1) reads x.If X =s; ;, it producesan outputb, ,
equalto 1; otherwiseb; ; = 0. It then communicate®, ;, x)to P(1,2). f x =35, , or

by, =1, then b, , =1, otherwise b, , =0. Now simultaneously, thetwo row
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Figure 58 Meshconnectedomputerfor searching.

neighbors P(1,1) and P(1,2) send (b, ,, X) and (b, ,, x) to P(2,1) and P(2,2),
respectively.Once b, ; and b, , have beercomputed,the two columnneighbors
P(1,2)and P(2, 2) communicatéb, ,, x)and(b, ,, X)to P(1, 3)and P(2, 3), respectively.
Thisunfolding process, whickalternatesow andcolumnpropagationgontinues until
X reachesP(n!/2, n'/?),

Folding. At theendof theunfoldingstagesveryprocessohas hadh chanceo
"se¢ x andcompareit to the sfield of the recordit holds. In this second stage,the
reverseactiontakesplace.Theoutputbits arepropagatedrom row to row andfrom
columnto columnin analternatingfashion, rightto left and bottom tdop, until the
answeremerges fronP (1, 1). The algorithmis givenasprocedureMESH SEARCH:

procedure MESH SEARCH (S, x, answer)

Stepl: {P(1, 1) readsthe input)
if X =s,,thenb,,, <1
elseby ; <0
end if.

Step2: {Unfolding}
fori=1ton?—1do
(2.1)for j=1toidoin parallel

(i) PG, i) transmits (b, X) to P(j, i T 1)

(i) if (x=s;44, 08 b;; = 1)thenb; ., < 1
elseb;;,, 0

end if
end for
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(2.2)for j = 1to i + 1 doin parallel
(i) P(, ) transmits(b; ;, x) to P(i + 1, j)
(ii) if (x = 5;41, Or b ;= D thenb; ;< 1
elseb; ., ;<0
endif
endfor
end for.

Step3: {Folding}
for i = n'/? downto 2 do
(3.1)forj=1toidoin parallel
P(j, i) transmitsh; ; to P(j, i — 1)

endfor
(3.2)forj=1toi— 1doin parallel
bji—1 < by
endfor
(3.3)if (b;;—y=1orb;,;=1)then b, ; ;1
elseb,;_y <0
endif

(3.4)forj=1toi— 1doin parallel
P(i, j) transmitsb; ; to P(i— 1, )
endfor
(3.5)forj=1toi - 2doin parallel
by bij
endfor
(3.6) if (b;—y ;-1 =10rb;—y=1)thenb;,_,; , <1
elseb;_; ;-1 +0
endif
end for.

Step4: {P(1,1) producesthe output}
if by ; =1 thenanswer— yes
else answer— no

endif. [

Analysis

As eachof stepsl and 4 takesconstanttime and steps2 and 3 consistof n'/? — 1
constardtime iterations,the timeto processa queryis O(n'/?). Notice thatafter the
first iteration of step?2, processorP(1, 1) is free to receivea new query. The same
remark applies toother processors irsubsequent iteration3.hus queries canbe
processed in pipeline fashiomputsaresubmitted taP(1, 1) ata constantate.Since
theanswerto a basicqueryis of fixed length,outputsarealso producethy P(l,1)ata
constant ratdollowing the answerto the first query. Hencéhe periodis constant.

Example5.3

Let a sebf 16 recordsstoredin a4 x 4 meshconnectedSIMD computerbeas showrin
Fig.5.9.Each square ifrig. 5.9(a) representa processoandthenumberinsideit is thes
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Figure 5.9 Searching sequenceof sixteen elements usingprocedure MESH

SEARCH.

field of the associated record. Wires connecting the processors are daritieaplicity.
It is requiredto determine whether theexistsa recordwith s field equalto 15 (i.e.,
x = 15). Figures5.9(b)-5.9(h) illustrate the propagatioaf 15in thearray. Figure5.9(i)
shows the relevamtvaluesat the endof step2. Figuress.9(j)-5.9(o) illustrate thefolding
processFinally Fig. 5.9(p) showstheresultas produceéh step4. Notethatin Fig.5.9(e)
processop(l, 1) is shown empty indicatinthatit hasdoneits job propagatindl5andis
now readyto receivea newquery. [

Somefinal commentsarein orderregardingprocedureMESH SEARCH.

1. Nojustification wasgivenfor transmittingb; ; alongwith x duringthe unfolding
stage.Indeed, if only one query is to be answered,no processorneedsto
communicate itd valueto a neighbor:All processorgancomputeandretain
their outputs;thesecanthenbecombinedduring thefolding stage.However,if
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severalueries areéo be processed in pipeline fashidheneach processanust
first transmitits currentb value beforeomputing thenextone. In thisvay the
b; ; arecontinually moving, and no processor needs storeits b value.

2. Whenseverahueriesarebeing processed in pipeline fashion, the folditageof
onequeryinevitably encountershe unfoldingstageof another As we did for the
tree, we assumethat a processorsimultaneouslyreceivingdatafrom opposite
directions canprocessthem in a single timeunit or that every processor
alternatelyswitches itsattentionfrom one directionto the other.

3. It should beclearthatall variationsover the basic query problem describéd
section 5.3.2.1 can be easily handled by minor modifications to procedure
MESH SEARCH.

5.3.3.2 Maintenance. Al three maintenanceperationscan be easily
implementedon the mesh.

1. Insertion Each processorin the top row of the mesh keepstrack of the
numberof unoccupiedprocessorsn its column.Whena newrecordis to beinserted,
it is propagated alonghe top row until a columnis found with an unoccupied
processorThe recordis then propagatediown the columnand insertedin the first
unoccupied processor it encounters. Thenberof unoccupied processois that
columnis reducedby 1.

2. Updating All records tde updated arérst locatedusingprocedureMESH
SEARCH andthen the changes implemented.

3. Deletion When a records to be deleted, iis first located,an indicator is
placedin the processorholding it signifyingit is unoccupiedand the countat the
processoin the top row of the columnis incrementedby 1.

54 PROBLEMS

51 ShowthatQ(log n)isalower boundon the numbeiof stepsrequiredto search asorted
sequencef n elementon anEREW SM SIMD computerwith » processors.

5.2 Considerthefollowing variantof the EREW SM SIMD model.In onestep,a processor
canperformanarbitrary numbeofcomputationdocally or transferanarbitrarynumber
of data (to or from the sharedmemory). Regardlessf the amount of processing
(computation®r datatransfersidone,onestepis assumedo takea constantnumberof
time units.Note,however,thata processors allowedto gainaccesgo a unigquememory
location duringeach step (as customaryfor the EREW model). Letn processorshe
availableon this modelto searcha sortedsequence =§, s,,...,s,} of lengthn for a
given value x. Supposethat any subsequena#f S can beencodedto fit in one memory
location. Showthatundertheseconditions the search can performedin O(log!/?n) time.
[Hint: Imaginethat thedatastructureusedto store thesequencén sharedmemoryis a
binarytree,asshownin Fig. 5.10(a) for n = 31. This treecan beencodedasshownin Fig.

5.10(b).]
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53 Prove that)log!/?n) is alower boundon the numbenf steps requireto searcha sorted
sequencef n elements using processorsnthe EREWSM SIMD computerof problem
5.2.

54 Let usreconsider problerfi.2 but without theassumptiorthatarbitrarysubsequences
S can be encodet fit in onememory locatiorandcommunicatedh one step. Insteade
shallstore thesequence i treewith d levelssuchthat anodeat level i containsd - i
elementof S andhasd —i +1 children,asshownin Fig. 5.11for n = 23. Each nodeof
this treeis assignedo a processothat hassufficientiocal memoryto store theelementsf
Scontainedin that node. Howevem processor can read ordyneelementof S at every
step.Thekey x to besearched fois initially availableto the processon chargeof the
root. An additional arrayin memory,with as many locationsas thereare processors,
allows processaP; to communicate to P; by depositingt in the locatioressociated with
P;. Showthat O(n) processors can searatsequencef lengthn in O(log n/loglogn).
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Let M(N,r,s) be thenumberof comparisonsrequired by an N-processoiCREW SM
SIMD computerto mergetwo sortedsequencesf lengthr ands, respectively.Provethat
M(N, 1,s) = [log(s T 1)/log(N + 1)1.
Let 1<r < Nandr < s.Provethat

M(N, r, s) < [log(s + 1)/log(IN/r] + 1)].
Let 1 < N <r <s.Provethat
M(n, r, s} < [r/N1log(s + 1)1.

Consideran interconnectiometwork SIMD computerwith n processors whereach
processorhasa fixed-size local memory and is connectedto eachof the othern — 1
processordy a two-way link. At any givenstepa processocanperformany amounbf
computationslocally but can communicatat most oneinput to at most one other
processorA sequenc§ is storedin thiscomputer onelementper processort isrequired
to searchS for anelementx initially known to oneof the processorsShowthat Q(log n)
stepsarerequiredto performthe search.

Assumethatthesizeof thelocalmemoryof theprocessorin thenetworkof problem5.8is
nolongerfixed. Showthatif eachprocessorcansend oreceiveoneelementof Sor x ata
time, then searching for somex canbe done inO(log n/loglog n) time.
Reconsiderthe model in problem 5.8 but without any restriction on the kind of
informationthatcanbecommunicatedn one stedrom oneprocessorto anotherShow
thatin this casethesearch can be performéu O(log!/?n) time.

Let the model of computationdescribedin problem 2.9, that is, a linear array of N
processorsvith a busbeavailable.Each processor hascopy of a sortedsequence of n
distinctelementsDescribeanalgorithmfor searchingsfor a given valuex on this model
andcompareits runningtime to that of procedureCREW SEARCH.

An algorithmis describedn examplel.4for searchingfile with nentriesona CRCWSM
SIMD computer.The n entriesare notnecessarilydistinct or sortedin any order.The
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algorithmusesa locationF in sharedmemoryto determinewhether earljterminationis
possibleGive aformal descriptionof this algorithm.

Give a formal descriptionof the tree algorithmfor searching describdd section5.3.2.1.

Given a sequences and a value x, describe trealgorithmsfor solving;the following
extensiondo the basic query:

(a) Find thepredecessaf x in S, thatis, thelargest elementf S smallerthan x.

(b) Find thesuccessoof x in S, thatis, the smallest elementf Slarger thanx.

A file of nrecordsis storedin theleavesof a tree machin@nerecord peteaf.Each record
consistof severalffields.Given((i, x;), (, x;), ..., (M, x,)), it is requiredto find the records
with the ithfield equalto x;, thejth field equalto x;, andsoon. Describan algorithm for
solving this versiornf the search problem.

Considera treeconnectedSIMD computerwhere eacinode contains aecord(not just
the leaves)Describealgorithmsfor queryingand maintainingsucha file of records.

Repeat problend.14for a meshconnectedsIMD computer.

Considerthe following modification to procedureMESH SEARCH. As usual, P(1, 1)
receivesthe input. Duringthe unfoldingstageprocessorP(i, j) can senddatasimulta
neouslyto P(i* 1,j) and P(, j + 1). Whenthe inputreachesP(n"/2, n!/?), this processor
can computethe final answerand produceit asoutput(i.e., thereis no folding stage).
Describethe modified procedurdormally and analyze itsrunningtime.

Repeat problend.11for the casewherethe numberof processors i8 andeach processor
storesone elementf a sequencé of n distinct elements.

A binarysequencef lengthn consistingof a stringof 0’s followed byastring of 1’s isgiven.
It is requiredto find thelengthof thestring of 0’s usingan EREW SMSIMD computer
with N processors] < N < n. Showthat this can be donein O(log(n/N)) time.

In a storageand retrieval technique known dsshingthelocationof a dlataelementin
memoryis determinedby its value.Thus,for every element xthe addressf x is f(x),
wheref is anappropriatelychosen functionThis approachis usedwhenthe dataspace
(setof potentialvaluesto bestored]s largerthanthe storagspace (memory locationbyt
not all dataneedbe storedat once. Inevitablygollisionsoccur, that is, f(x) = f(y) for
X # Yy, andseveral strategiesxist forresolving them. Describeeparallelalgorithmfor the
hashingunction, collision resolution strateggndmodelof computationof your choice.
The algorithmén this chapteraddressedhediscrete search probleniatis, searchingor
avaluein agivensequence. Similalgorithms carbederivedfor thecontinuous casethat
is, searchingfor points at which a continuousfunction takes agiven value. Describe
parallel algorithmsfor locating (withina given tolerance)the pointat which a certain
function (i) assumes its largest valaed (ii) is equalto zero.

It wasshownin section5.2.2 that procedureCREW SEARCHachieveshe bestpossible
running time for searching. Irview of the lower boundin problem 5.1, show that no
procedurdasterthan MULTIPLE BROADCAST of section3.4 existsfor simulating a
CREW algorithmon an EREW computer.

5.5 BIBLIOGRAPHICAL REMARKS

The problemof searching a sortesequence in parallel hastracted ayood deal of attention
since searchings an oftenperformed and time-consumingoperation in most database,
information retrieval, and office automationapplications. Algorithms similato procedure
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CREWSEARCHfor searchingpnthe EREW andCREWmodelsaswell asvariationsof these
models,are describedin [Coraor], [Kruskal], [Munro], and [Snir]. In [Baer] a parallel
computeris describedthat consistsof N processors connecteda a switchto M memory
blocks.During each computational stepveralprocessorsangain accesgo severalmemory
blocks simultaneouslybut no more than one processoican gain accessto a given memory
block (recall Fig.1.4). A sortedsequencss distributed amongthe memory blocks. Various
implementation®f the binary search algorithrfor this modelareproposedn [Baer]. A brief
discussionof how to speedup information retrieval operations througlparallel processings
providedin [Salton 17].

Several algorithms for searchingon a treeconnected computer are described in
[Atallah], [Bentley], [Bonuccelli], [Chung], [Leisersonl], [Leiserson 2], [Ottman],
[Somani], and[Song]. Someof thesealgorithmsallow for recordsto be storedn all nodesof
the tree,while othersallow additionalconnectionamongthe nodegsuch ase.g., connecting
the leavesas a linear array).The organizationof a commercially available tremonnected
computerfor databasapplicationss outlinedin [Seaborn]. Alsoyariouswaysto implement
tree-connecteccomputers inVLSI are providedin [Bhatt] and[Schmeck1]. An algorithm
analogousto procedureMESH SEARCH canbe found in [Schmeck 2]. The idea that the
propagatiortime of a signalalonga wireshouldbetaken as functionof thelengthof thewire
in parallel computationalmodelsis suggestedn [Chazelle] and[Thompson].

Otherparallelalgorithmsfor searchingon a varietyof architecture@reproposedn the
literature.lt isshownin [Kung 2], for example how database operatiossichasintersection,
duplicate removal, union, joirgnddivision can be performedon one- and two-dimensional
arrays of processorsOther parallel search algorithmsare described in[Boral], [Carey],
[Chang], [DeWitt 1], [DeWitt 2], [Ellis 1], [Ellis 2], [Fisher], [Hillyer], [Kim], [Lehman],
[Potter], [Ramamoorthy], [Salton 2], [Schuster], [Stanfill], [Stone],[Su], [Tanaka], and
[Wong]. In[Rudolph] and[Weller] the modelbf computationis a sacalled parallel pipelined
computerwhich consistof N component®f M processorgach.Eachcomponentaninitiate
acomparisorevery 1/M units of time; thusupto NM comparisongnay bein progressat one
time. Thealgorithmsin [Rudolph] and[Weller] implement anumberof variationsof binary
searchSeveralquestiongelatedto queryingand maintainingfileson anMIMD computerare
addressedn [Kung 1],[Kwong 1], and[Kwong 2]. Parallel hashing algorithnerepresented
in [Miihlbacher]. Finally, parallel searclin the continuousaseis the subjectof [Gal] and

[Karp].
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Generating Permutations
and Combinations

6.1 INTRODUCTION

The enumerationf combinatorialobjects occupieanimportant place incomputer
sciencedueto its manyapplicationsin scienceand engineeringln this chapterwe
describea number of parallel algorithmsfor the two fundamental problemsf
generatingpermutationsand combinations We beginwith somedefinitions.

Let Sbea setconsistingof n distinctitems, saythefirst n positive integersthus
S={1,2,...,n). An m-permutatiorof Sis obtainedby selectingn distinctintegersout
of the n and arrangingthem in some order.Thusfor n=10 and m =4, a 4-
permutationmight be (57 9 2). Two m-permutationsare distinct if they differ with
respecto theitemstheycontainor with respecto theorderof theitems.Thenumber
of distinct mpermutationsf n itemsis denotedby "P,,, where

"P, =nl/(n —m!.

Thusfor n = 4, therearetwenty-four distinct 3permutationsNote thatwhenm = n,
"P,=nl.

Nowletx = (x{ *2...x) andy =(y, Y2...y) betwo mpermutationof S.We
saythat x precedey in lexicographicorderif thereexistsani, 1 <i < @, suchthat
x; =y; for all j <i and x; <y, The 3-permutationsof {1,2,3,4} in lexicographic
orderare

(123), (124, (132, (139,
(142, (@43, (213, (2149,
231), (@234, (241, (243,
(312, (@314, @21, (329,
(341, (342, (412, @13,
@21, @23, (@431, @32

Note that,since S= {1, 2, 3, 4}, lexicographic order coincides with increasing

1M
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numericalorder.Had the elementsof S beenlettersof the alphabet]exicographic
orderwould havebeenequivalentto the orderusedto list wordsin a dictionary.

An m-combinationof Sis obtainedby selectingm distinctintegersout of the n
andarranginghemin increasingorder.Thusfor n= 6 andm= 3,0ne 3combination
is (2 45). Two mcombinationsredistinctif they differ with respecto theitems they
contain.The numberof distinct m-combinationsof n items isdenotedby "C,, [and
sometimeg’)], where

"C, = nl/(n —m)im!.

Thusfor n= 4, therearefour distinct 3combinationsSince mcombinationsare a
speciakcaseof m-permutations, thdefinition of lexicographicorderappliesto them as
well. The 3-combinationsof {1,2, 3,4} in lexicographicorderare

(123, (124, (134, (2349

It should be clearthat eachof the two integers"P, and "C,, can be computed
sequentiallyin O(m) time.

This chapteraddresseshe problemsof generatingall m-permutationsand m
combinationf nitems in lexicographiorder.We beginby describinga numberof
sequentialalgorithmsin section6.2. Two of thesealgorithms areconcerned with
generating npermutationsind m-combinations in lexicographiarder, respectively.
Theother algorithmén section6.2implementtwo numberingsystemghatassociate
uniqueinteger witheach mpermutatiorandeachm-combination, respectivelyhree
parallel mpermutation generation algorithnier the EREW SMSIMD model of
computationare describedin section6.3. The first of thesealgorithmsis a direct
parallelizationof thesequential algorithnn section6.2.1t usesmprocessorandruns
in O("P,log m) time. The secondalgorithmis basedn thenumberingsystemfor m
permutationglescribedn section6.2andis bothadaptive andost optimallt usesN
processorsyvherel < N < "P,,/n, andrunsin O(["P,,/N1m) time.The third algorithm
appliesto the case wheren= n; it usesN processors, where< N < n,and runsn
O('n!/N1n) time foranoptimalcostof O(n! n).Section6.4 isdevotedto two parallelm-
combinationgeneratioralgorithmsor EREWSM SIMD computers. Théirst usean
processorandrunsin O("C,,log m) time. This algorithmis neitheradaptivenor cost
optimal. The second algorithm enjoyisoth of thesepropertiesand is basedon the
numberingsystemfor m-combinations described in secti6r2.It usesN processors,
wherel < N < "C,,/n, andrunsin O(f"C,,/N1m) time.

6.2 SEQUENTIAL ALGORITHMS

In this sectionwe describea numberof sequential algorithmsThe first algorithm
generates all Apermutationf nitems in lexicographiorder.We alsoshow howall
m-permutationsof n items can be put into oneto-one correspondenceith the
integersl,...,"P,. Two algorithms, ondor mapping agiven permutationto an
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integerandanother thaperformstheinversemappingaredescribedWe:thenmove
to combination-relatedalgorithms. Threealgorithmsare described:The first gen-
eratesall m-combinationf n itemsin lexicographicorder; thesecondmaps agiven
combination to a uniqueinteger 1,...,"C,; and thethird generatesa unique
combinatiorcorrespondingo agivenintegerl,...,"C,. All thealgorithms presented
in this sectionwill then be usedin our developmentof parallel permutationand
combination generation algorithma/e continueto assumethatS={1.2,...,n

6.2.1 Generating Permutations Lexicographically

Our algorithmfor generatingall m-permutationsf {1,2,...,n} proceeds as follows.
Beginning with the permutation(12...m) all m-permutationsare generatedin
lexicographicorder, until the last permutationpnamely,(nn—1...n--m+ 1), is
generatedGiven(p, p,...p) the nexipermutationis obtainedby callinga procedure
NEXT PERMUTATION. This procedureusesa bit array u = u,, u,,...,u, as
follows:

() When the procedurbegins execution athe entriesof u arel.

(i) Foreach elemen; in thegivenpermutatior(p, p,...p), i p; = j. theny;is set
to 0.

(i) When the procedurerminates, all entriesf u arel.

In orderto generatehe nextpermutationthe procedurebeginsby determining
whetherthe current permutatiois updatable A permutation(p, p,...p) is up-
datableif for at leastone of its elementsp; there exists j suchthat p; .<j <n and
u; = 1. Thusthe only permutation thais not updatablés (nn—1...n— m+ 1).
Having determinedthat a permutation(p, p,...p) is updatable, the rightmost
elementp; and the smallest index for which the precedingcondition holds are
located:p; is madeequalto j andu; to 0. All theelements; ., p;+3,..., Pm t0 the
right of p; arenow updatedThisisdoneasfollows:p; +, 1 < k < m—i,ismade equal
to s if u, is the kth positionin u that is equal to 1. The algorithmis given as
procedure SEQUENTIAL PERMUTATIONS followed by procedure NEXT
PERMUTATION, which it calls:

procedure SEQUENTIAL PERMUTATIONS(n, m)

Stepl: (1.1) (p1P2...pw) < (1 2...m)
(1.2) produce(p, p; - .- p.) @soutput
(1.3) uy, uy,...,u, < (1,1,...,1).

Step2: fori=1to ("P, — 1)do
NEXT PERMUTATION®, M, p,, Py ««-»Pm)
endfor. [
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procedure NEXT PERMUTATION (n,m, py, P2s...,Pw)
f(pp2---om#Frnn—1...n—m+1)
then(1) for i =1 tom do
u, <0
end for’
2 fen
(3){Find thelargest unusethteger)
while u, # 1do
fef-1
end while
(4 kem*1
(5)i<0
(6) {Find rightmostupdatableslement)
while i = 0 do
(Gl)k k-1
(6.2)u, <1
(6.3)if p < f
then {updatep, }
() find smallestj suchthat
p<ji<nandu;=1
(i) itk
(iii) p;+
(iv) u, «0
else{largest unusedntegeris setequalto p,}
f—px
end if
end while
(7) {Updateelementso theright of p;}
fork=1tom—ido
if u, is kth positionin « thatis 1
thenp; < s
end if
end for
(8) {Reinitializearrayu}
for k =1toido
u, «1
end for”
(9) produce(p, p, ... p) asoutput
endif. O

Analysis. ProcedureSEQUENTIAL PERMUTATIONS consistsof one
executionof stepl requiringO(n) timeand"P,, — 1 executionf step2. In step2 each
call to procedureNEXT PERMUTATION performsO(m) steps.This canbe seenas
follows. Stepsl, 3, 8, and 9 take O(m) time, whilesteps2, 4, and 5 requireconstant
time. Sinceonly m positionsof arrayu are0 afterstepl, bothstepst and 7 take O(m)
steps.The overall runningtime of procedureSEQUENTIAL PERMUTATIONS:Is
o("P,,m). This behavioris optimalin view of thefact that Q("P,,m) time is requiredto
produce"P, lines of output,eachm elements long.
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6.2.2 Numbering Permutations

We nowshowthata oneto-one correspondenexists betweethe integerg,...,"P,
and the set of m-permutationsof {1,2,...,m) listed in lexicographicorder.Specifi
cally, we definea function rankpwith the following properties:

() Let (pyp2...p) be one of the "P, m-permutationsof {1,2,...,n}; then
rankp(p,, p,,-- -, Pw) iS @anintegerin {1,2,...,"P,).

(i) Let(p, p»...p) and(q, g, ... q) betwo mpermutationsof {1, 2,..., n);
then (p, p, ... p) precededq, ¢, ... q) lexicographicallyif and only if
rankp(pl’ pZ’ aan ,Pm) < rankp(ql’ q2: caas qm)

(i) Let d=rankp(p,,p;,...,Pm); then (pyp,...p) can be obtained from
rankp ~ !(d), thatis, rankpis invertible,ascanbe deducedrom (i) and (ii).

For the permutation(p, p,...p) definethesequencdr,, r,,...,r) asfollows:
+ i-1 1 i pi<p;
ri=pi—| jZﬂ (pi <p;] wherelp; <p;] = {O otherwise.

Thestringr, r,...1r, canbeseenasa mixed radix integemwhere

0r,<n—m,

O0<<r,. <n—m+1,

—2,
— 1.

r;

0
0

VAN
AN

ry

Expressingr, r,...r, asa decimal numbergives us the integer correspondingto
(p1D2...Pw):

rankp(plsPZ,'-'apm)=1 Z ]:[ n'—l—J)

Letd = rankp(p,, p,...,p,); thepermutation(p, p,...p) canbeobtainedromd as
follows. A sequence{r,,rz,...,r,) is computedfrom

=Kd—1 I (n—j—k))/m_ﬁ_l(n—i—k)J fori=1,2...,m
Jj k=0 k=0

Then(p, p,...p,) is defined recursivelpy

th

pi=ri+i——di fori:l,z!“”m

whered; is the smallestnonnegative integer suchat

i—-1

di= Y [r+i—d; <pjl

i=1
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Functions rankp and rankp~! are given below as proceduresRANKP and
RANKPINV, respectively.

procedure RANKP (1, m, Py, P2s...,Pms 4)

Stepl: fori=1tomdo
(1.1) de —i
(1.2)for j=1toi— 1do
if p;<p;thend«—d*t 1endif
end for
(1.3)s;—p; Hd
end for.

Step2: d < s,
Step3: i~ 1

Stepd: for j=m — 1 downto 1 do
(4.1)i (@ —j)xi
(4.2)d = d*(s; x1i)
end for.

Steps: d=d+1. O

procedure RANKPINV (n,m, d, p,, pz,..., D)
Stepl: ded- 1.

Step2: fori=1tondo
5;<0
end for.

Step3: a« 1.

Step4: for i =m — 1doewnte 1 do
a«—axn—m+i)
end for.

Step5: fori=1tomdo
(5.1)b « |d/a]
(5.2)d<d—=(axh)
(5.3)if n>ithena« a/(n — i) endif
(5.4)k<0
(5.5)j«0
(5.6) {Find the (bt 1)st positionin s equalto 0}
while k <b + 1 do

i) j-j+1
(ii) if s;=0thenk —k T L end if
end while
(5.7 Pi<j
(5.8) s, 1

endfor. [
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Analysis.  In procedureRANKP, steps2, 3, and 5 takeconstanttime while
step4 consistf a constantimeloop executedntimes.Step 1consistof two nested
O(m) timeloopsplus twoconstantime stepsThe proceduregherefore require®(nv)
time. The runningtime of procedureRANKPINV is dominatedby step5, which
requiresO(mn) time.

6.2.3 Generating Combinations Lexicographically

We now givea sequentiablgorithm for generatingll m-combinationsf {1,2, ...,n}
in lexicographicorder. The algorithm beginsby generating thénitial combination,
namely (12...m). Then, everyone of the "C,, — 1 subsequenm-combinationsis
derived fromits predecessofc, c,...c,) as follows. First observethat the last
combination to be generated is((n — m+ 1)n — m+ 2)...n). A combination
(c,cy...c) is therefore updatablé for somej, 1<j<m, ¢; < n—m¥j. If
(c,c,...C) is updatable, thenthe largestj satisfying theabove conditionis
determined.The nextcombinationin lexicographicordercan now be obtainedby

1 incrementing:; by one,and
2 Settlngcj+1 — CJ + l, Cj+z<_Cj+1 + l,...,cm<— Cm-1 + 1.

Thealgorithmis givenbelowasprocedursSEQUENTIAL COMBINATIONSalong
with procedureNEXT COMBINATIONS which it calls.

procedure SEQUENTIAL COMBINATIONS (n, m)

Stepl: (1.1)(c,c,...c) «(@12..m)
(1.2) produce (c, ¢, ... ¢,) asoutput.

Step2: fori=1to"C, — 1do
NEXT COMBINATION (n,m,c,,c,,...,C,)
endfor. [

procedure NEXT COMBINATION (n,mc,,c,,...,C,)
Stepl: jem

Step2: while (j > 0)do
ifc;<n—m+j
then
(2.1)¢j+¢; +1
(2.2)for i=j+1tomdo
e, T 1
end for
(2.3) produce(c,c,...c,) asoutput
else j—j—1
end if
end while. [
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Analysis.  Procedure NEXT COMBINATION scans a given m
combination once from right to left and then (froman updatableposition) left
to right. This takes O(@m) steps inthe worst case. Procedure SEQUENTIAL
COMBINATIONS requiresO(m) time instepl to producetheinitial permutation.
Step 2 consistsof "C,, — 1 iterationseachof which isa call to procedureNEXT
COMBINATION andthusrequires0(m) time. Theoverallrunningtime of procedure
SEQUENTIAL COMBINATIONS is O("C,m). This behavioris optimal since
Q("C,,m) stepsarerequiredto produce™C,, lines of output,each melementdong.

6.2.4 Numbering Combinations

As wedid with m-permutationsye now showthata oneto-one correspondenexists
betweertheintegersi,...,"C,, andthesetof m-combinationof {1,2,...,n) listedin
lexicographicorder. Let (¢, c,...c,) representone such combination (where, by
definition, ¢; < ¢, < ... <c¢,). We define

complement(n, ¢, ¢,,...,¢,) =(d,d,...d,)
as thecomplemenof (c, ¢, ... c,) with respectto {1,2,...,n), where
di=(n + 1) = Cm—it1-

Thefollowing function takesnand(c, ¢, ...c,) asinput and return¢d, d,...d,,) as
outputin O(m) time.

function COMPLEMENT(#, ¢4 C25-..,Cm)

Step1: for i=1tom do
d.“—(n+ 1)— Cm-i+a
end for.

Step2: COMPLEMENT«(d,d,...d,). O
Now let the reverseof (¢, ¢, ...c,) begivenby (¢, ¢~ ...¢s ¢;). The mapping

c;'—lC'
L}

1

order(cy, C3,...,Cp) =

i=1

hasthefollowing properties:

1. if (c,¢y...c,) and(cy c;. .. c,) aretwo mcombinationsf {1, 2,...,n} andthe
reverseof (c, ¢,...c,) precedesthe reverseof (cjc5...c,) in lexicographic
order,then

order(c,, ¢5,...,¢,) < order(ci, ¢5,...,Cpn);
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2. order(l, 2,...,m)=0 andorder(n — m+ 1),(n—m+2),...,N)="C, — 1 im-
plying that thetransformationorder mapsthe"C, different mcombinations
onto{0,1,...,"C, — 1) while preserving reverse lexicographicder.

The following function takes (¢, ¢,...C) as input and returns order
(i, C25--.,Cm) @S OUtpuin O(NP) time:

function ORDER(c,, ¢c,,...,C)

Stepl: SUM« 0.
Step2: fori=1tomdo
sum«sum 7 1C,
end for.

Step3: ORDER «sum. []

Usingorderandcomplementwe candefine the followingoneto-one mapping
of the"C,, possiblecombination®onto{l,2,...,"C,), which preserves lexicographic
ordering:

rankc(n, ¢, C,, ..., c,) ="C, — order(complement(n, ¢,, c;,...,C)).

Thus ranke(n, 1, 2,...,m)=1, rankc(n, 1, 2, ..., m, m+ 1)=2, ..., rankc(n,
(n—m*1),(n—mt*2),...,n)="C, Thefollowing procedurds animplementation
of the precedingmapping:lt takes nand the combinationg, c;...c,) asinputand
returns the ordinaposition h of the latterin O(n?) time.

procedure RANKC (n,C,, ¢2,...,Cm N)
Stepl: he'G
Step2: (d,4d,...d,)— COMPLEMENT(, c,, ¢,...,C).
Step3: h«h— ORDER(d,, d,,...,d,). O

We nowturnto the questiorof inverting therankc mapping.Specifically given
an integer h, where 1 <h <"C,, it is required to determine thecombination
(c; ¢5...c,) such thatranke(n, ¢, C,, ...,C) = h.We beginby definingtheinverseof
orderwith respecto {1, 2,...,n} asfollows. Let order(c{, ¢5,...,C) =g. Then

orderinverse(n, M, g) = (¢, ¢3...C,)

wherec; is equalto the largesf suchthat
(@) i<j<nand
(i) (g — ZZ'L.-H “TIC)=I1C,

Thefollowing functionis animplementationof the precedingnapping.It takesn, m,
andg asinput and returnga combination(c, ¢;...c) asoutputin O(mn) time.
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function ORDERINV(n, m, g)

Stept for i =m downte 1 do
(1.1) «n
(1.2)¢; <0
(1.3) t«""1C;
(1.4) while (¢; = 0) do
(i ifg=t
thenc; «j
end if
(i) te(tx (G —i)j
i 5o (=
end while
(1.5)geg~-"1C;
end for.

Step2:  ORDERINV«(c;c,...c,). O

We are finally in a position to define the inverse of rankc. If rankc(n, ¢,
C,, ...,Cy) = h,then

rankc ™ 1(n, m, h) = complement(n, orderinverse(n, m, "C,, — h).

The following procedureRANKCINV takesn, m, and h asinput and returnsthe
combination(c, ¢, .. .c,) asoutputin O(mn) time.

procedure RANKCINV(n, m, h, ¢y, ¢5,...,C)

Stept (d; d,...d,)—ORDERINV(z, m, "C,, - h).
Step2 (c; ¢;...cn)—COMPLEMENT(n, d,, d,,....d,). [

6.3 GENERATING PERMUTATIONS IN PARALLEL

We set the stagein the previous section to addressthe problemof generating
permutationsn parallel.Ourfirst algorithmis a parallel versiorof the algorithmin
section6.2.1.

6.3.1 Adapting a Sequential Algorithm

We begin bymaking a few observationsregarding proceduréNEXT PERMU-
TATION.

1. Given an m-permutation (pp,...p,) the procedure firstheckswhetherit is
updatable.

2. If thepermutationis updatable, then its rightmoslementp,, is checked firsto
determine whether it can be incremented;if it can, then the procedure

incrementsit and terminates.
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3. Determiningwhetherp, canbeincremented requires scanning morethanm
positionsof array u whoseentries indicatevhich of the integers{1,2,...,n}
currentlyappear ifp, p, ... p) andwhichdonot. Thisscanningalsoyieldsthe
newvalueof p, in casethe latter can beincremented.

4. If the rightmosklementcannotbe incrementedthen the procedurknds the
first elemento theleft of p, thatis smallerthanits right neighborThiselement,
call it p,, is incrementedby the procedureand all elementsto its right are
updated.

5. Determining thenew valueof p, requiresscanningno morethanm positions
of u.

9. Updatingall positionsto theright of p, requiresscanningho morethanthe first
m positionsof u.

Theseobservations indicatihat thealgorithmin section6.2.1lendsitself quite
naturally to parallelimplementationAssumethat m processorareavailableon an
EREW SMSIMD computer.We giveour first parallel m-permutatiogeneratoras
procedure PARALLELPERMUTATIONS.The procedure takesand masinput
andproducesll "P,, m-permutationf {1,2,...,n). It assumeshat processolP; has
accessto position i of an output register where eackuccessivepermutationis
produced. Therarethreearraysin sharedmemory:

1. p= pis P2s---» P> Which stores theeurrentpermutation.

2. U=u,, uy,...,u,, Wherey, =0 if i isin the current permutatio(p, p; ... p,);
otherwisey; = 1. Initially, y; =1for 1 <i gn

3. X = x;, X,,---, X, is USedto store intermediateesults.

ProcedurePARALLEL PERMUTATIONS also invokes the following four
proceduresor EREWSM SIMD computers:

1. Procedure BROADCASTa,m, x) studiedin chapter2, which usesanarray
X1, X2,..., X, to distributethevalueof a to m processordy, P,,...,P,.

2. ProceduraALLSUMS (x4, x,,..., X,) also studiedh chapter2, which useam
processorso computehe prefix sumsof the arrayx,, x,,..., X, andreplacex; with
x;+x, T+ xfori<ign

3. ProcedureMINIMUM (x,, x,,...,X%,) givenin whatfollows, which usesm
processorsofind thesmallest element ithearrayx,, x,,..., x, andreturnit in x,:

procedure MINIMUM (X, Xz, + .., Xp)

for j =0to (logm — 1) do
for i = 1tomin stepof 2/*! doin parallel
(1) P;obtains  x;4,s through shared memory
(2) if Xix2s < X; then x; < x;. 5 endf
endfor
endfor. [
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4. Procedure MAXIMUM(X,, x,,...,X,), which usesn processorgo find the
largestelementin the array x,, x,,...,x, andreturnit in x,. This procedureis
identicalto procedureMINIMUM, exceptthat step2 now reads

if x;.2 > X, then x, «x; 2 endif.

5. ProcedurePARALLEL SCAN (p,, n), which is helpfulin searchingfor the
next available integer to increment a given element p, of an m-permutation
(pyP2...pm Of {1,2,...,n). Given p, and n, array u in sharedmemoryis usedto
determinewhichof them integersp, * 1,p, + 2,..., p, T msatisfy the twaonditions
of

() being smallethan or equal ton and
(i) beingnot presentn (p; p,...p)

and arethereforeavailablefor incrementingp,. Array x in sharedmemoryis usedto
keeptrack of these integers.

procedure PARALLEL SCAN (p,, n)

for i = 1 to mdo in parallel
if p,+i<nandu,,;=1
then x; « p, T i
elsex; + o
end if

endfor. O

From chapter2 we know that procedures BROADCAS&nd ALLSUMS run
in O(log m) time. ProceduresMINIMUM and MAXIMUM clearly requireO(log m)
timeaswell. Procedure PARALLEISCAN takesonstantime. Wearenow readyto
stateprocedurePARALLEL PERMUTATIONS:

procedure PARALLEL PERMUTATIONS(n, m)

Steptl: (1.1)for i =1 to mdoin parallel
(i) Pie1
(i) producep; asoutput
end for
(2.2){Initialize array u}
for i =1to [n/m] do
for j = 1 to m do in parallel
() ke=@G—=Dm+j
(i) if k < nthenuy, < Llendif
end for
end for.
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Step2 fort =1to ("P,, — 1)do
(2.1) for i =1 to mdoin parallel
u, <0
end for

(2.2) {Check whetherrightmost element of (p, p,...p,) can be in-
cremented;ie., if thereis a j, p, <j<n, such that j# p, for
Il<ksm—1j
(i) BROADCAST (p,,, M, X)

(i) PARALLEL SCAN (p,., n)

(2.3) {If severalj satisfyingtheconditionin (2.2)arefound, thesmallesis

assignedo p}
(i) {The smallestof the x; is found and placedin x,}
MINIMUM  (x, X,, -, %)
(i) if x, # oo then (a) u, «1
(b) Pmm‘_ Xy
€) kem—1
end if (d) Go to step(2.7)

(2.4) {Rightmostelementannotbe incrementedijnd rightmostelement
P« suchthat p, < pysy}
(i) for i=1tom— 1doin parallel
if p; <p;+qthenx; «i
. elsex; « —1
end if

end for
(i) {The largestof the x; is found andplacedin x,}
MAXIMUM  (xy, X3,..., Xp)
(i) ke x,
(iv) BROADCAST (k, m, x)
(v) BROADCAST (py, m, x)
(2.5) {Increment p,: the smallest available integdarger than p; is
assignedo p,}
(i) for i = kto mdo in parallel
u,,]«—l
end for
(i) PARALLEL SCAN (p, n)
(i) MINIMUM (xy, X3,...,Xp)
iv) pe < x4
v) u,,k<—0
(2.6){Find thesmallestm — kintegersthat areavailableandassign their
valuesto py+y, Pr+2:---, P, respectivelyThis reducesto finding
thefirst m— k positionsof 4 thatareequalto 1}
(i) for i = 1to mdo in parallel
X = Uy
end for
(i) ALLSUMS (x, X3,...,%Xp)
(iii) for i =1 to mdo in parallel
ifx,<m-kland y; =1
then sy, < i
end if
end for
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(2.7){Clean up arrayu and outputcurrentm-permutation)
(i) for i = 1to k doin parallel
upi<—1
end for
(i) for i =1to mdoin parallel
producep; asoutput
end for
end for. [

Analysis.  Stepl takesO(n/m) time. Thereare"P, — 1 iterationsof step2,

each requiringD(log m) time, ascan be easily verified. The overall running time of
PARALLEL PERMUTATIONSI s therefore O("P,log m). Sincem processorsare
used,the procedure'scostis O("P,mlogm).

Example 6.1

We illustrate the working of procedurePARALLEL PERMUTATIONS by showing
howa permutatioris updatedLet S= {1, 2, 3,4, 5} andlet{p; p, ps ps) = (514 3)beas-
permutationto be updated duringniteration of step2. In step2.1 arrayu is setup as
shownin Fig. 6.1(a). In step2.2, p, = 3 is broadcastto all four processorso check
whetheranyof theintegersp, + 1,p. T 2,p, + 3,andp, T 4isavailable Theprocessors
assignvaluesto arrayx asshownin Fig. 6.1(b). Thisleadsto the discoveryn step2.3that
p, cannotbeincrementedln step2.4 the processors assigraluesto arrayx to indicate
the positions of those elements ithe permutatiorthat aresmaller than their right
neighbor,asshown in Figs6.1(c). Thelargestentryin x is determinedo be 2;this means
thatp, isto beincrementedandall the positionsto its rightareto beupdated Now 2 and
p, arebroadcasto thefour processordn step2.5arrayu is updatedo indicatethatthe
old valuesof p,, p5, andp, arenow available, as shown in Ftgl(d). The processoraow
check whethemny of theintegersp, + 1, p, + 2, p, + 3, and p, + 4 is availableand
indicatetheir findingsby settinguparrayx as shown in Figh.1(e). The smallestentry ir
isfoundto be2: p, isassignedhevalue2 andu, is setto 0, asshownin Fig. 6.1(f). In step
2.6thesmallest two available integessefound by settingarrayx equalto thefirst four
positionsof arrayu. Now procedureALLSUMS is appliedto array x with the result
shownin Fig.6.1(g). Sincex, <4 — 2andu, =1, p,,, is assignethevaluel. Similarly,
sincex; =4 — 2andu; = 1, p, ., is assignedhevalue3. Finally, in step2.7 positions2
and>5 of arrayu aresetto 1 and the 4ermutation (pp, p; ps) = (521 3)is producedas

output. 1

Discussion. We conclude this sectiomith two remarks onprocedure

PARALLEL PERMUTATIONS.

1. The procedurehasa cost ofo("P,,m log m), whichis not optimalin view of the

o("P,,m) operationssufficient to generateall m-permutationsof n items by
procedureSEQUENTIAL PERMUTATIONS.

2. The procedureis not adaptiveasit requiresthe presenceof m processorsn

order tofunction properly.As pointed out earlier, itis usually reasonabl¢o
assumehatthe numberof processor®n a shared memorparallelcomputeris
not only fixed but alsosmallerthan the size of the typicalproblem.
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o
1 2 3 ‘
X 1 1 2 3 Figure 6.1 Updating permutation using
procedure PARALLEL PERMUTA-
& TIONS.

The precedingremarks lead naturally to the following questions:
1. Cana parallel permutation algorithm be derived that usesN processorsywhere
1<N<"P?
2. Would the algorithm be cost optimal?

Thesetwo questionsare answered affirmatively in the following section.
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6.3.2 An Adaptive Permutation Generator

In this section we describean adaptiveand costoptimal parallel algorithm for

generatinaall m-permutationsf {1,2,..., n). Thealgorithmis designedo runon an
EREWSM SIMD computewith N processorP,, P,,...,P,, wherel< N 6 "P,,. It

makesuse of procedureNEXT PERMUTATION and RANKPINV describedin

section6.2.Theideadf thealgorithmis to let each processayenerate aubsetof the
permutationdexicographically.Furthermoreall the permutationgeneratedby P;

preceden lexicographicorderthosegeneratedby P;,;, 1 <i < N. ThusP, begins
with the jth permutationwherej = (i — 1)["P,./N1 T 1, andthengenerateshe next
["P,/N1— 1 permutations. The algorithnis given as procedure ADAPTIVE
PERMUTATIONS:

procedure ADAPTIVE PERMUTATIONS(n, m)

for i = 1to N doin parallel
(1) j«(i— )["P/NTH1
(2)if j <"P, then
(2.1) RANKPINV (1, m, j, p1, P2s..., Pm)
(2.2) producethejth permutation(p,p,...p,) asoutput
(2.3)fori=1to ["P,/NT1— 1do
NEXT PERMUTATION (1, m, py, p3,-..,Pm)
end for
end if
end for. O

Analysis.  Stepl requiresO(m) operations. Generatinthe jth permutation
in step2.1takesO(mn) operationgndproducing itas outpuin step2.2anothero(m).
Thereare["P, /N1 — 1 iterationsof step2.3 each involvingO(m) operations. The
overall running time of procedure ADAPTIVEPERMUTATIONS is therefore
dominatedby thelargerof O(mn) and O(["P,,/N 1m). Assuminghatn < ["P,,/N1, that
is, 1 < N < "P,,/n, the procedureunsin O(["P,,/N 1m) time with an optimal cost of
O("P,,m).

Three points are worth noting regarding procedure ADAPTIVERMU-
TATIONS.

Thefirst two are:

1. Oncethe valuesof n and m are made known to all the processors, using
procedure BROADCASTsay, thesharedmemoryis nolongerneeded. Indeed
the processors, oncstarted,independentlyexecute thesame algorithmand
neverneedto communicateamongthemselves.

2. Steps2.1-2.3may not be executeét all by some processors. This is illustrated
by the following example.
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Example 6.2

Letn = 5m = 3,andN = 13.Thus["P, /N1 = [$9] = 5. ProcessoP, computeg = 1,
usesprocedureRANKPINV to generatethe first permutationin lexicographicorder,
namely (12 3),andthencallsprocedureNEXT PERMUTATION four timesto generate
(124),(125),(132),and(134).SimultaneouslyP, generateshesixth throughthe tenth
permutationsnamely, (135),(142),(143),(145), and(152). Similarly, P53, P,, ..., Py,
each generatdive 3-permutationsAs for P, ;, it computeg = 12 x 5+ 1 = 61, findsit
largerthan *P,, and consequently doemt execute step2.1-2.3.

The third point regarding procedureDAPTIVE PERMUTATIONS s:

3. Althoughstep2.3is iterated["P,,/NT — 1 times bythe processorghatexecute
it, fewer permutations thathis numbemay begenerated. This illustratedby
the following example.

Example 6.3
Againlet n = 5andm = 3 but this timeassumeahat N = 7. Thus[*P,/71 = 9. Eachof
processorsP,,...,Ps generates nin8-permutations. Process#y, however, generates

only six 3-permutationspamely,the fifty -fifth throughthe sixtieth. During eachof the
final three iterationoof step2.3 executedby P,, procedureNEXT PERMUTATION
detectsthat (p, p, p5) = (543), that is, the lastpermutationhas been reachedand

consequentlyloesnothing. [

6.3.3 Parallel Permutation Generator for Few Processors

Sometime®nly few processorsanbeusedto generate all Apermutation®f nitems.
Assume, for examplghat N processorsare available, wherd < N < n. A surpris
ingly simple parallehlgorithm carbe developed fathis situation Thealgorithmruns
on an EREW SM SIMD computerand is adaptiveand cost optimal. Unlike
procedureADAPTIVE PERMUTATIONS, however,it doesnot makeuseof the
numberingsystemof section6.2.2.We illustrate the algorithnfior the special case
wherem = n, thatis, whenall n! permutationf nitemsareto be generated.

Let S={1,2,...,n, as before, and consider the permutation
(12...i—1ii*+1...n)of S. Foreachi,1 <i < n,ann — 1 permutation is defined as

follows:
2...i—1lii+l...n)—i=(012...i—1i+1...n).

Foreasef presentationye beginby assuminghatN = n, thatis, thatthereare
asmanyprocessors availabksitemsto permute Theideais to let processof;, for
1<i<n, begin with the permutation(i12...i—1i+ 1...n) and generateall
subsequenpermutations inexicographicorder,which havei in the first position.
Thereareexactly (n — 1)! such permutations.
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In general, fom processors, where< N < n,each processor generain!/N1
permutationsin otherwords, each processdoes thgob of [n/N processorin the

informal descriptiorof the previousparagraph. Thalgorithmis givenas procedure
FULL PERMUTATIONS:

procedure FULL PERMUTATIONS(n)

for j = 1to N doin parallel
fori=(j— 1)[n/N]+ 1to j[n/N]do
if i <nthen
(DP1py..-pu—)=(Q2...i=1ii+1...n)—i
(2) produce(i py p,...p.-1) @soutput
(3)for k=1to((n—1)}! — 1)do
NEXT PERMUTATION (n,n, i, py, Pay---sPaes)
end for
end if
end for
endfor. O

Analysis. ProcedureNEXT PERMUTATION is called [n/N[(n — 1)l — 1]

times,eachcall requiringO(n) stepsto generate a permutation. Stepasnt2 are also
executed n/N|( timesandrequireO(n) time. The overall runningtime of procedure
FULL PERMUTATIONS s therefore

t(n) = O([n!/Nn).

Sincep(n) = N, the procedurehasan optimal costof c(n) = O(n!n).

6.4 GENERATING COMBINATIONS IN PARALLEL

We nowturn to the problemof generatingll "C,, m-combinationsof S = {1, 2,...,n}

in lexicographicorder.On the surface,this may appearto be a special casef the
problem addresseth the previous section; indeedach m-combinationis an m-

permutation. It is not clear, however, howan algorithm for generating m

permutations, suchsprocedurePARALLEL PERMUTATIONS, for examplecan
be madeto efficiently generate combinatiormly. It appearshereforethata special
approachwill haveto be developed for thiproblem. In thisectionwe describe two
algorithmsfor generatingn-combinations in paralleBoth algorithmsare designetb

run onthe EREW SMSIMD modelof computation.

6.4.1 A Fast Combination Generator

We beginby restating thdollowing propertiesof m-combinationsof n items, listedn
lexicographicorder.
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Property 1. For 1< m< n, thefirst combinationin lexicographicorder is
(12...m),and thelastoneis(n—m+1n-m+2..n).

Property 2. Denote thdast combinationby (x,Xz...x,). If (y,¥z...y,) is
oneof the other possiblecombinations, then

(i) yy,<y,<...<ypandy; < x;forl <i<m.

(i) If thereis a subscript, 2 < i < m,suchthatall y's from y; to y, equalx; to x,,
respectivelyandy;_; < x;-,, thenthe nextsuccessiveombinationis given by
(Vi ya---Ym) Wherey;=y; for 1<j<i—2, and y;j=y,_,+j—i+2 for
i —1<j<m. Otherwise, thenext successivecombination is given by
WiY2e Ym-1Im+ 1)

The preceding discussiofeads naturallyto our first parallel combination
generator. Thdirst combinationgenerateds (12...m).Now, if (y,y,...Yy,) is the
combination just generatettienthenextsuccessiveombinationis given byproperty
2(ii). The algorithm usesfive arraysb, c, x, y, and z, eachof length m, in shared
memory.The ith positionof eachof thesearraysis denotedby b;, ¢;, x;, y;, and z,,
respectivelyThe first of thesearrays,array b, is usedfor broadcastingArray c is
simply an output buffer whereevery new combinationgenerated is placetdhe last
threearraysare usedto storeintermediateresults:

1. Array x holdsthe lastcombination,namely,
x;=h—m+i forl <ig<m

2. Array y holdsthe current combinatiorbeinggenerated.

3 Array z keepstrack of thosepositions iny that have reached their limiting
values;thusfor 1 <i<m

true If Vi = X5,
z: = [false otherwise.

The algorithm is given in what follows as procedure PARALLEL
COMBINATIONS. It usesm processorsP,, P,,...,P, and invokes procedure
BROADCAST.

procedure PARALLEL COMBINATIONS (n, m)

Stepl: {Initialization)
for i = 1 to mdoin parallel
(1.1)x;«n—mi
(1.2)y; «i
(1.3)if y; = x; then z; < true
elsez; « false
end if
(L.4) ¢«
endfr
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Step2: {The valueof z, if broadcast}
BROADCAST(z,, m, b).

Step3: while z, = false do
BDk«o0
(3.2){Find rightmostelementof current combinatiorthat has notreachedts
limiting value}
for i = 2to m doin parallel
if z;_, = falseand z; = true
then () yio, < yi- +1
(i) kei
end if
endfor
(3.3) BROADCAST (k, m,b)
(3.4){If noelementhas reached its limitingalue,incremeny, otherwise update
all elements frony, to y,,}
if k=0theny, «y, +1
else (i) BROADCAST (y-, m, b)
(ii) for i = kto m doin parallel
Vit V-1 +(i—k+1)
end for
endif
(3.5)for i = 1 to m doin parallel
(i) ¢; <y
(ii) if y; = x; then z; = true
elsez; = false
end if
end for
(3.6) BROADCAST(z{, m, b)
end while. [J

Note thatstep3.lis executecby oneprocessor, say?,.Also, in step3.2atmost
oneprocessor finds;_; = falseandz; = true andupdatesy,;_, andk. Finally in the
then part of step3.4 only one processor, sayP,, incrementsy,

Analysis.  Stepsl, 3.1, 3.2, and3.5 take constantime. In steps2, 3.3,3.4,and
3.6procedureBROADCASTrequiresO(log m) time.Sincestep3isexecuted'C, — 1)
times, the overall running time of procedurePARALLEL COMBINATIONS is
O("C,log m), andits cost O("C,,m log m), which is not optimal.

Example 6.4
The behavioof PARALLEL COMBINATIONS is illustratedin Fig. 6.2 for the case
wheren = 5 andm = 3. Thefigureshows the contents eachof the arraysy, z,andc as
well asthe valuedf k after eachstepof the procedurevhere theyare modified by an
assignment.Note that t and f representtrue and false, respectively. Also,
{x; x, X,) = (345) throughout.



AFTERSTEP  y, 'y, ya 2, 2, 2, ¢ G, GCa Kk

1 1 2 3 t ot ot 1 2 3
3.1) 0
3.4) 1 2 4

5) T T 2 4
(3.1) 0
(3.4) 1 2 5
(3.5) £t ot 1 2 5
3.1) 0
3.2) 1 3 5 3
(3.4) 1 3 4
(3.5) £ fF ot 1 3 4
(3.1) 0
(3.4) 1 3 5
(3.5) £t 1 3 5
@3.1) 0
(3.2) 1 4 5 3
(3.4) 1 4 5
(3.5) £t ot 1 4 5
3.1) 0
(3.2) 2 4 5 2
(3.4) 2 3 a4
(3.5) f f f 2 3 4
(3.1) 0
(3.4) 2 3 5
(3.5) f f t 2 3 5
(3.1) 0
(3.2) 2 4 5 3
(3.4) 2 4 5
(3.5) f t t 2 4 5
3.1) 0
(3.2) 3 4 5 2
(3.4) 3 4 5
(3.5) t t t 3 4 5

Figure 62 Generating combinations ofthree out of five items using procedure
PARALLEL COMBINATIONS.

161




162 Generating Permutatioasd Combinations  Chagi

Discussion.  When statingdesirablepropertiesof algorithmsin chapter2,
we said that

(i) a parallel algorithm shouldbe adaptive,that is, capableof modifying its
behavior accordingo the number of processorsactually available on the
parallel computerbeing used,

(i) its runningtime should vary with the numberof processoraised,and

(iii) its cost shouldbe optimal.

Procedure PARALLELCOMBINATIONS does notsatisfy any of the preceding
criteria:

(i) It requires theavailability of m processors.

(i) Although quite fast, its running time doesnot decrease withan increasing
numberof processors.

(iii) Its costexceeds th&("C,,m) operationsufficientto generateall m combinations
of n itemsby procedureSEQUENTIAL COMBINATIONS.

The purposeof the next sectionis to exhibit an algorithm satisfying these three
desirable properties.

6.4.2 An Adaptive Combination Generator

We concludeour treatmenbf combination generatotsy describinganadaptiveand
costoptimal parallel algorithnfior generatingll m-combinationsof {1, 2,...,n}. The
algorithmisdesignedo runonanEREWSM SIMD computerwith N processorP,
P,,...,Py,wherel < N €"C,, It makesuseof procedureNEXT COMBINATION
and RANKCINV described in sectioB.2. The ideaof the algorithmis to let each
processor generatesabsetof the combinationdexicographically.Furthermoreall
thecombinationgyeneratedy P, precede in lexicographiarder thoseyeneratedy
Pivi, 1<i<N. Thus P; begins with the jth combination, where j=
(i — 1)["C,/N1* 1 and then generateshe next["C,/N]— 1 combinations. The
algorithm, which is similar tothe onein section 6.3.2,is given as procedure
ADAPTIVE COMBINATIONS:

procedure ADAPTIVE COMBINATIONS (n,m)

for i =1 to N do in parallel
(1) j <l = 1)"CaNTT1
(2)if j £"C, then
(2.1)RANKCINV (n,m,j, c,,€z...,C))
(2.2)producethe jth combination(c, <z ...c,) asoutput
(2.3)fori=1to["C,/N1- 1do
NEXT COMBINATION (n, m,c,,¢z,...,C,)
end for
end if
endfor. [J
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Analysis.  Stepl requiresO(mj operations. Generating tligh combination
in step2.1 takesO(mn) operationsand producingit asoutputin step 2.2 another
O(mn). Eachof the["C,,/N] — 1 iterationsof step2.3involves O(m) operationsThe
overall running time of procedureADAPTIVE COMBINATIONS is therefore
dominatedoy thelargerof O(mn) andO("C,,/NIm). Assumingthatn < ["C,,/N1, that
is,1< N <"C,/n, the procedureunsin O(f"C,,/N1m) time with an optimal costof
o("C,m).

The threecommentsmadein section6.3.3 regarding procedurdDAPTIVE
PERMUTATIONSarealsovalid here:

1. Thesharedmemoryis only neededto broadcasth and m.
2. Steps2.1-2.3 may not beexecutedat all by someprocessors.
3. Fewerthan["C,/N1 — 1combinationsmay be generatedn step2.3.

Example6.5

Let n=7, m=1, and N=5. Then[’C,/5] = 2. ProcessoP, computesj =1 and

generates the first two combinations. Proces8grand P; computej = 3 andj =5,

respectivelyandeach generatesadditional two combinations. ProcesgQrcomputes
j = 7 andsucceed# generating the ongndlast combination. ProcessBg computes
j=9andsince9 > C,, it does not executestep2. []

6.5 PROBLEMS

6.1 In procedure PARALLEIPERMUTATIONS, the processors maketensiveuseof the
shared memory to communicate Design a parallel algorithm for generatingl m
permutationsof n itemsin O("P,logm) time usingm processorghat neverneedto
communicate (through shared memorytherwise)Once thevaluesof n and m have
beenmade knowrio theprocessors, the latteperaténdependentlandgeneratall "P,,
permutationdexicographically.

6.2 Once the algorithm in proble®1 has beendevelopedit is not difficult to makeit
adaptive. GivenN processorsl < N < "P,,, the modified algorithm would run in
o("P,,mlogm/N) time, which would not be cost optimal. On the otherhand, procedure
ADAPTIVE PERMUTATIONSIs both adaptiveandcost optimal Designan adaptive
and costoptimal parallel algorithnfor generating permutationthat usesneither the
sharedmemorynor thenumberingsystemof section6.2.2.

63 Isit possibleodesigna parallel algorithnfior generating all rapermutationsf nitemson
the EREWSM SIMD modelof computation in O("P,,) time usingm processors®ould
the permutationse in lexicographic order?

64 Procedure ADAPTIVEPERMUTATIONS is costoptimal only whenthe numberof
processors Nlesin the rangel < N < "P,,/n. Canthe procedurde modified(or a new
proceduraesignedjo extend this rangef optimality? Is there a parallel algorithitmatis
cost optimalfor all valuesof N from 2 to "P,,?

65 CanyougeneralizeorocedurdULL PERMUTATIONSto generate all apermutations,
wherem can take anyalue from1 to n?

® Considerthe sorting networks described chapter4. These networks cabe usedas
permutation generatomss follows. Let S = {1,2,3,4,5} and assumé¢hat we wish to
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generate the permutatiqf3 2 1 4)from the initial permutation(12 3 45). We beginby
assigning eaclinteger inthe initial permutationan index (or subscript) indicatingts
positionin thedesiredpermutation. Thigives(1, 2, 3, 45 5,). Thesequencef indicescan
now be sortedon a sortingnetwork: When twandicesareto beswapped, each carriés
associated integer alongheresult is(5, 3, 25 1, 45) asrequired.Foragivenn, canall n!
permutationdegeneratedn thisfashion?Would they bein lexicographicorder?Analyze
the runningtime, numberof processorsand costof your algorithm.

6.7 Repeat problent.6for eachof the interconnection networldescribed irchapterl.

6.8 Isthereanyadvantagéo usingtheapproachn problem6.6onthe sharednemorySIMD
modelof computationHow would theresultingalgorithmcomparewith thosein section
6.3?

6.9 A permutationnetworkisa circuitthatis hardwired to effecta particular permutatiomwf its
input. It takesn inputsandproduces: outputs.An exampleof a permutatiometworkfor
n =4 is shownin Fig. 6.3. For input (1 2 3 4)the network produces (2 1 3). Feeding
(2413) back into the network (using the dottedlines) yields(43 21). Repeatingthe
procesyields (31 42) andthen(1 234),thatis, theoriginal permutation. Thisneansthat
thenetworkin Fig. 6.3is capableof producing only fouof the twenty-four permutations
of four items.Canyou design anetwork capablef generatingall permutations?

6.10 The permutationnetworkin Fig. 6.3is anexampleof a single-stagenetwork. Atwo-stage
networkisillustratedin Fig. 6.4for n = 4.In generalmultistagenetworkscanbedesigned.
How many permutationdoesthe network of Fig. 6.4 (with feedbackasshownin dotted
lines)generateanyoudesign anetworkcapablef generatingll 4! permutationsMow
manystages wouldt have?

6.11 Modify procedurePARALLEL COMBINATIONS to run using N processors, where
1<N<m Show that the running time of the modified procedure is
o("C,(m/N T logN)), which iscost optimalfor n < m/log N.

6.12 In procedurePARALLEL COMBINATIONS, the processomiakeextensiveuseof the
shared memory to communicate.Design a parallelalgorithm for generatingall m-
combinationsof » items in O("C,,log m) time usingm processorghat never needto
communicatdthrough thesharednemoryor otherwise).Oncethe valueof n andm have
beenmadeknownto theprocessorsthelatter operatendependentlyandgeneratall "C,
combinationdexicographically.

Figure 6.3 Permutatiometwork.
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Figure 64 Twostage permutation
network.

6.13 Once the algorithnin problem 6.12 has beendevelopedit is not difficult to make it

6.14

6.15
6.16

6.17

6.18

adaptive. GivenN processorsl < N < *C,,, the modified algorithm would run in
o("C,,mlogm/N) time, whichwould notbe cost optimal.On the other handyrocedure
ADAPTIVE COMBINATIONS is both adaptive andost optimal.Designan adaptive
and costoptimal parallel algorithm for generating combinatidhsit usesneither the
shared memoryor the numbering systerim section6.2.4.

Isit possibleodesigna parallel algorithnfor generatingll m-combinations of nitems on
the EREW SMSIMD modelof computationn O(*C,,) time usingm processors? Would
the combinationdein lexicographic order?

Establishthe validity of property 2in section6.4.1by induction ontheindexi.

ProcedureADAPTIVE COMBINATIONS is costoptimal only whenthe number of
processord liesin therangel < N < *C,,/n. Canthis proceduréoe modified(or a new
procedure designett) extend this rangef optimality?ls therea parallel algorithmthatis
costoptimalfor all valuesof N from 2to "C,?

An n-permutationof {1, 2,...,n} issaidto beaderangemeritfor eachi, 1 < i < n,integer
i does notappearin positioni in the permutation. Thufor n =5, (25431) is a
derangement. In all thesre

at(1- Q1+ @2y —... T (=01/nY)

derangement®f n items. Designa parallel algorithmto generate derangemerasid
analyze itsunningtime, numberof processorsisedandcost.

Givenanintegern,it is possibleo represent it as the sushoneor morepositiveintegers
a;:

n=a,+a;+---+a,

This representatioris calleda partitionif the order of the g; is of ho consequence. Thus
two partitionsof an integem aredistinctif theydiffer with respecto thea; they contain.
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For example thereare sevendistinct partitionsof the integers:
54+ 1,3+2,3+1+0L,2+2+5,2+14+14+1,1+14+1+1 410

Designa parallel algorithmfor generatingall partitionsof anintegern.
6.19 For a givenintegern, the representation

n=a, +a,+ - +a,

is saidto bea compositionif the orderof theg, isimportant. Thuswo composition®f an
integern aredistinctif theydiffer with respecto thea, theycontainand theorderin which
theg; arelisted. For example therearesixteen compositionsf theinteger5:

54+ 1, 1+4,3+2,2+3,3+14+1, 14+3+1, 14143, 2+2+1,24+1+42,
1+242 2414141, 1+2+14+1, 1+1+2+1, 1+14+1+2,
I+1+1+14 1L

Designa parallel algorithmfor generating all compositionsf an integern.

6.20 A partition (orcompositionk, * a, +... + a, of anintegemis saidto berestrictedi the
valueof misgiven.Thus,form = 2, therearetwo partitionsof theinteger5, namely 4 +1
and3 7 2, andfour compositions, namelg,+ 1,1 + 4,3+ 2,and2 + 3. Design parallel
algorithmsthat, for given n and m, generateall restrictedpartitions andall restricted
compositions, respectively.

6.6 BIBLIOGRAPHICAL REMARKS

The problem of generating permutationshas a long history, and dozensof sequential
algorithmsexistfor its solution. This historis tracedin [Sedgewick]alongwith a reviewof the
different approaches. Aequentialalgorithm, different from the onein section6.2.1, for

generatingall m-permutationsof n itemsis describedin [Rohl]. The numbering systerm

section6.2.2 is basedon ideas from[Knott 2]. Many sequential algorithms have albeen
proposedfor generating all rtombinationsof n items.A numberof thesearecomparedin

[Akl 2]. The combination generatgsection6.2.3)and numbering system (secti@i2.4)are
basedon ideas from [Mifsud] and[Knott 1], respectively.

There has been surprisingly little reportedin the literature onfast generation of
permutationsandcombinationsn parallel. The algorithm in sectiorf.3.1 isbasedon thatin
section 6.2.1, and neither has appeared elsewhere. Both procedures ADAPTIVE
PERMUTATIONS andFULL PERMUTATIONS arefrom [Akl 3]. An adaptivebut not
costoptimal parallel algorithm for generating &W,, permutationss describedn [Gupta]. It
runs on an EREW SM SIMD computer with N processors,1 < N <"P,, in
O(["P,,/NTmlogm) time. Otheralgorithmsaredescribed in [Chenand [Mor].

Another approachto generating mrpermutationsis through theuse of so-called
permutation networks.Examplesof such networksreprovided in{Benes], [Clos], [Golomb],
[Lawrie], [Lenfant 1], [Lenfant 2], [Nassimi 2], [Nassimi 3], [Orcutt], [Siegel], and[Wul].
Some permutation generators application dependentThey generate only those per
mutationsthat areneededto solve the problemat hand. Someof theseare describedin
[Batcher], [Fraser], [Nassimi], and [Pease]. The two approachesmentionedin this
paragraph areestricted inat leastoneof the following threeways:
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1. They are basedon a hard-wired interconnectionof a predefined numbeof processors
thatcan generate permutatiofts a fixed-sizeinput only.

2. They arecapableof generatingonly a subsetof all possiblepermutations.

3. They typicallyrequireO(n) processorsind O(log®n) steps, whera = 1, to generateone
permutationof an input of length n: All permutationsare thereforegeneratedin
O(n!log®n) stepsfor a costaf O(n! nlog®n), which is not optimal.

By contrastthe algorithmsin sections6.3.2and6.3.3are

1. adaptive thatis, the numberof available processors beare relation to thesizeof the
input to be permuted;

2. capableof generatingall possiblepermutationsof a giveninput; and

3. cost optimal.

Procedure PARALLELCOMBINATIONS is basedon analgorithmin [Chan], while
procedure ADAPTIVECOMBINATIONS isfrom [Akl 3]. Sequentiablgorithmsfor generat
ing derangementspartitions, and compositionsare given in [Akl 1] and [Page]. Other
problems involvinghe generationf combinatorialobjectsfor whichno parallel algorithmsare
known aredescribed irfLiu], [Nijenhuis], and[Reingold].
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Matrix Operations

7.1 INTRODUCTION

Problemsinvolving matrices arise im multitude of numericaland nonnumerical
contexts Examplesrange from the solutioof systemsf equationgseechaptei8)to
the representatiorof graphs(seechapter10). In this chapterwe show howthree
operations ormmatrices carbe performedin parallel. Theseoperationsare matrix
transpositior(section?7.2), matrix-by-matrix multiplication(section7.3), and matrix-
by-vector multiplication (section7.4). Other operations argescribedin chapterss
and 10. One particularfeatureof this chapteris thatit illustrates theuseof all the
interconnection networkdescribed irchapterl, namely, the onelimensionalarray,
the mesh, the treehe perfectshuffle, and the cube.

7.2 TRANSPOSITION

An n x n matrix A is given,for example:

it is requiredto computethe transposeof A:
iy dzp 43 Ay
AT — @iz dyp Q33 Ay
;3 Qy3 (33 0443
A1a Q34 Q34 Qaa

In otherwords, everyow in matrix A is nowa columnin matrix AT. Theelementof A
areany dataobjects;thusa;; could be aninteger,a real,a characterand so on.
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Sequentiallythetranspos®f a matrixcanbecomputedvery easilyasshownin
procedureflRANSPOSETheprocedure transposesmplace thatis, it returnsATin
the samememorylocationspreviously occupiedy A.

procedure TRANSPOSE (A)

fori=2tondo
fori=1toi—1do
Qi > ay;
end for
endfor. [J

Thisprocedure runs O(n?)time, whichis optimalin view of the R(n?)stepsrequired
to simply readA.

In thissectionwe showhow the transposeanbecomputedn parallelon three
different modelsof parallel computation, namely, the mesh-connectedshuffle
connectedandthe sharedmemorySIMD computers.

7.2.1 Mesh Transpose

The parallel architecturethat lendsitself most naturallyto matrix operationss the
mesh. Indeedan n x n meshof processorsan be regardedas a matrix and is
therefore perfectly fitted to accommodatean n x n data matrix, oneelement per
processor. This ipreciselytheapproachwe shall useto compute théransposef an
n X nmatrix Ainitially storedin ann x n meshof processorsasshown inFig.7.1for
n=4. Initially, processor P(i,j) holds data element a;; at the end of the
computation P(i,j) should hold a;. Note thatwith this arrangementQn) is a
lower boundon the runningtime of anymatrix transposition algorithnThis is seen
by observingthata,, cannotreachP(n, 1) in fewerthan2n — 2 steps.

Theideaof our algorithmis quite simple.Sincethe diagonalelementsare not
affectedduringthe transpositiorthatis, elementa,,of A equals elemerd,,of AT, the
datain thediagonalprocessorsvill staystationaryThosebelowthediagonalaresent
to occupy symmetrical positionsabove the diagonafsolid arrows in Fig. 7.1).
Simultaneouslythe elementsabove the diagonahre sentto occupy symmetrical
positionsbelow the diagonal(dashedarrowsin Fig. 7.1).Each processoP(i, j) has
threeregisters:

1 A(,]) is usedto storegq; initially anda; whenthe algorithmterminates;

2 B(i,])is usedto storedatareceivedrom P(,j + 1)or P(i — 1,]), thatis, from its
right or top neighbors;and

3. C(i,j)is usedto storedatareceivedrom P(i,j — 1)or P(i t+ 1,j), thatis, from its
left or bottom neighbors.

Thealgorithmis givenasprocedureMESH TRANSPOSE. Notthatthe contentsf
registersA(, i), initially equalto a;, 1 <i < n, arenot affectedby the procedure.
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A4 a4 43 A4

Figure7.1 Matrix to betransposed, storeih meshof processors.

procedureMESH TRANSPOSEA)

Stepl: dostepsl.land 12 in parallel
(1.1)for i =2 tondoin parallel
forj=1toi— 1 doin parallel
Cli—1,j)(ayj.i)
endfor
end for
(1.2)fori=1ton— 1 doin parallel
forj=i+ 1tondoin parallel
B(’!J - 1)‘_(aij’ja I)
endfor
endfor.

Step2: dosteps2.1,2.2,and 2.3 in parallel
(2.1)for i = 2 ton doin parallel
forj=1toi— 1doin parallel

while P(i, j) receivesinput from its neighborsdo

(i) if (&, m, k) is receivedfrom P(i+ 1, j)
thensendit to P(i—1, j)
endif

Chap. 7
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(ii) if (@, m,K)is receivedfrom P(i — 1,j)
thenifi=mandj =k
thenA4(, )« a, {a, has reached its destination}
elsesend(a,, m, K toP(i+1,))
endif
endif
endwhile
endfor
endfor
(2.2)for i=1ton doin parallel
while P(j, i) receivesnput from its neighborsdo
(i) if (@, m,k)isreceivedirom P(it 1, i)
thensendit to P, i + 1)
endif
(ii) if @, m,K)is receivedrom P(, i * 1)
thensend itto P(it 1, i)
endif
endwhile
endfor
(23)fori=1ton—1doin parallel
forj=i+1tondoin parallel
while P(i, j) receivesnput from its neighborslo
@) if (@, m, K) is receivedfrom P(i, j + 1)
thensend itto P(, j — 1)
endif
(ii) if @, m,K)is receivedrom P(, j — 1)
thenifi=mandj=k
then A(i, j) < a, {a, has reached its destination}
elsesend(a,, m, k)to PG, j+ 1)
endif
endif
end while
endfor
endfor. [J

Analysis.  Each elemeng;, i > j, musttravel up its columnuntil it reaches
P(j, j)andthentravelalonga row until itsettlesin P(j, i). Similarly for a;;, j > i. The
longestpathis the onetraversed bw,, (ora,,), which consistof 2(n— 1) steps.The
runningtime of procedureMESH TRANSPOSEis therefore

t(n) = O(n),
which is the best possible for the mesh. Singe) = n?, the procedurehasa cost of
0(n?), which is not optimal.

Example7.1

The behaviorof procedure MESHTRANSPOSEi s illustratedin Fig. 7.2 for theinput
matrix




A=x A=1 A= 2 1 2
B= B= = 1 2
C= C= C= -4
A=-4 A= A=3 4 Y 3
B= B=y B= 3
C= C= C= -5 -6
A=-5 A=-6 A=z -6 z
B= B- B-
C= C= C=
(@) INITIALLY (b) STEP 1

; -4 2 X -4 2
-5

1 y -6 % Y 6

8]
w
N

(&)
w
N

(c) FIRST ITERATION OF STEP 2 (d) SECOND ITERATION OF STEP 2
X -4 5
1 Y 6
3 z

(e) THIRD ITERATION OF STEP 2
Figure 7.2 Transposingmatrix using procedure MESH TRANSPOSE.
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X 1 2
A=]-4 y 3
-5 -6 z

The contentsof registersA, B, and C in eachprocessorare shown.Note that for clarity
only the 4;; component of(a;;, j, i) is shownfor registersB and C. Also when eitherB or C
receivesno new input, it is shown empty. []

7.2.2 Shuffle Transpose

We saw inthe previous sectiorihat procedure MESHTRANSPOSEcomputes the
transposef ann x n matrixin O(n) time. Wealsonotedthatthis runningtimeis the
fastesthatcan beobtainedonamesh withonedataelement per processor. However,
sincethe transposeanbe computedequentially inO(n?)time, the speedupchieved
by procedureMESH TRANSPOSEis only linear. Thisspeedupmay be considered
rathersmall sincahe procedurausesa quadraticnumberof processors. This section
showshow the same numbeof processorsarrangedin a different geometrycan
transpose a matri logarithmictime.

Let n =29 andassumehat ann x n matrix A is to be transposedwe usefor
that purpose gerfectshuffleinterconnectiorwith n? processors,, P, ..., Py _;.
Elementq;; of A is initially storedin processorP,, wherek = 2%i — 1) + (j— 1), as
shownin Fig. 7.3for g = 2.

We claim that after exactlyg shuffleoperationgrocessorP, containselement
a;. To see this, recalihatif P, is connectedo P,, thenm is obtainedfrom k by
cyclically shiftingto theleft by one positiorthebinaryrepresentationf k. ThusPyq00
is connectedto itself, Pygor 10 Pogios Posio 10 Po1oos ---» Proot 10 Poor1s Pigio 10

r 1 r 1 Py Pso Pie Pia Pia Prs Pys I |

12| [B13| [214] [B21] [B22| [P23] |P24]| |31| [Ba2]| [Pas| [Ba4| [Fa1] [Fa2| [Pa3] |F4a

Figure 73 Matrix to be transposed, storedn perfect shuffle-connected computer.
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Poio1----»andPy,, toitself. Now considera processoindexk consistingof 24 bits.
If k =29 — 1) + (j— 1), thenthe g mostsignificantbits of k represeni — 1 while the
g leastsignificantbits represenit — 1. Thisis illustratedin Fig.7.4(a) for q = 5,i = 5,
andj = 12. After g shuffles(i.e., q cyclic shiftsto theleft), theelemenoriginally heldby
P, will bein the processomwhoseindex is

s=20-1D+G—-1),

asshownin Fig. 7.4(b). In other wordsz;; hasbeenmovedto thepositionoriginally
occupiedby a;;. The algorithmis givenas procedur HUFFLETRANSPOSEIn it
we usethe notation2k mod (227 — 1) to representhe remainderof thedivision of 2k
by 229 — 1,

procedure SHUFFLE TRANSPOSE (A)

fori=1toqdo
for k = 1 to 222 — 2 do in parallel
P, sends the elemenf A it currently holdsto Py, acz22e-1)
end for
endfor. [

Analysis.  Thereareq constanttime iterationsandtherefore the procedure
runsin t(n) = O(log n) time. Since p(n) = n?, c(n) = O(nPlogn), which is not optimal.
Interestingly,the shuffle interconnectionis faster than the meshin computing the
transposef a matrix. Thisis contraryto ouroriginal intuition, which suggestethat
the meshis the most naturallguited geometry for matrix operations.

0 0] 1 0 0 0 1 0 1 1

{ I J
g MOST SIGNIFICANT BITS g LEAST SIGNIFICANT BITS
REPRESENTING (i- 1) REPRESENTING (j - 1)

(a)

0 1 0 1 1 0 0 1 0 0

! | L |

q MOST SIGNIFICANT BITS g LEAST SIGNIFICANT BITS
REPRESENTING (j - 1) REPRESENTING (i- 1)

®
Figure 7.4 Derivationof numberdf shuffles requiredto transposenatrix.
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Po [ 2] a,] Po
P, m a,| Py
P, m a,| Py
P, m a,| P
Py a,| P4
PS 322 a,] Ps
Ps 43 a,| Ps
Pr o] a,| Pz
Pg 2| Pg
Pg 232 a5 Po
Pio ay]  Pio
Pr [aed ag| Pt
Pz [2] a,]  Paz
Pia 3| Pi3
P [as a] Pra
Pis  [aw @ a, Pis

Figure 7.5 Transposingmatrix using procedureSHUFFLE TRANSPOSE.

Example 7.2

The behaviorof procedureSHUFFLE TRANSPOSE: s illustrated in Fig. 7.5for the case
whereg = 2.For clarity, the shuffle interconnectionsare shown as a mappindgrom the set
of processorgo itself. [

723 EREW Transpose

Although faster than procedure MESH TRANSPOSE, procedure SHUFFLE
TRANSPOSE is not cost optimal. We conclude this section by describing a cost-
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P21
112 |3
4|5 |6
7|89
P32

31 Figure7.6 Transposingmatrix using pro-
cedureEREW TRANSPOSE.

optimalalgorithmfor transposingan n x n matrix A. The algorithm uses(n? — n)/2
processorand runson an EREW SM SIMD computer. MatrixA residesin the
sharednemory.Foreaseof expositionweassumehateachprocessohastwo indices
i andj, where2 <i<nandl<j<i- 1 With all processor®peratingin parallel,
processoP;; swaps tweelementsof A, namely,a;; andaj;. The algorithmis given as
procedureEREW TRANSPOSE.

procedure EREW TRANSPOSHA)

for i = 2to n doin parallel
forj=1toi— 1doin parallel
a;j > a5
end for
endfor. O

Analysis. It takesconstanttime for each processdp swap twoelements.
Thus the running time of procedureEREW TRANSPOSEis #(n) = O(1). Since
p(n) = O(n?),c(n) = O(m?), which isoptimal.

Example 7.3

The behaviorof procedur&aREW TRANSPOSHESs illustratedin Fig. 7.6for n = 3. The
figure showshe two elements swappdny each processor.j

7.3 MATRIX-BY-MATRIX MULTIPLICATION

In this sectionve assumehatthe elementsf all matricesarenumeralssay, integers.
Theproductof anm x n matrix A by ann x k matrix Bisanm x k matrix C whose
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elementsaregiven by

n
¢y = zlaisxbsj, 1<is<m, 1<j<k
&

A straightforward sequential implementatiohthe preceding definition igjiven by
procedureMATRIX MULTIPLICATION.

procedure MATRIX MULTIPLICATION (A, B, C)

fori=1tomdo
for j =1to kdo
(1) ¢;<0
(2) for s=1tondo
Cij < Cij + (s X byy)
end for
end for
endfor. O

Assuming that m<n and k<n, it is clear that procedure MATRIX
MULTIPLICATION runs inO(n® time. As indicatedin section7.6, however there
exist severatequentiamatrix multiplication algorithmswvhoserunningtime isO(n*),
where2 < x < 3.1t isnotknownatthetime of thiswriting whether thdastestof these
algorithmsis optimal. Indeedthe only known lower boundon the numberof steps
required formatrix multiplication is the trivial one of R(n?). This lower bound is
obtained by observingthat n? outputs are to be produced,and therefore any
algorithmmust requiratleastthatmanystepsin view of thisgapbetweem? andn*,
2 < x < 3,wewill find ourselvesinableto exhibit costoptimal parallelalgorithmsfor
matrix multiplication. Rather,we presentalgorithms whose coss matched against
the runningtime of procedureMATRIX MULTIPLICATION.

7.3.1 Mesh Multiplication

As with the problem of transposition, agairwe feel compelled to use a mesh-
connectedparallel computer toperform matrix multiplication. Our algorithm uses
m x k processorarrangedn a meshconfigurationto multiply anm x n matrix A by
ann x k matrix B. Mesh rowsare numberedl, ..., m and meshcolumnsi, ..., k.
Matrices A and B are fed into the boundary processorsn column 1 and row 1,
respectivelyasshownin Fig. 7.7for m = 4,n = 5,andk = 3. Notethatrow i of matrix
A lagsonetime unit behind rowi — 1 for 2 < i < m. Similarly, columnj of matrix B
lagsonetime unit behind columip— 1for 2 < j < k. This ensurethata;; meetsh; in
processorP(i,j) at the right time. At theend of the algorithm,elementc;; of the
product matrixC residesin processotP(, j). Initially ¢;; is zero.Subsequentlywhen
P(i, j) receivestwo inputsa and b, it

(i) multiplies them,
(i) addsthe resultto c;;,
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bis
P Po3
by D22 b33
b,y b3s D43
bay b4n Pgy
by b5
T l 1
84 84y 843 Fyy By —
P(1.1) P(1.2) P(1.3)
8py 8y 8p3 8y 8y . —f
P(2.1) P(2.2) P(2.3)
831 83p dg3 gy Azg - : —J
P(3.1) P(3.2) P(3.3)
Qg B4 Byz Ay 5 - . -
P(4,1) P4.2) P4.3)

Figure 7.7 Two matrices tabemultiplied, beingfed asinput to meshof processors.

(i) sendsato P(i, j + 1) unlessj = k, and
(iv) sendsbto P(i+ 1, j) unlessi = m.

The algorithmis givenas procedureMESH MATRIX MULTIPLICATION.

procedure MESH MATRIX MULTIPLICATION (A,B,C)

for i = 1 to m do in parallel
for j = 1to k do in parallel
(1) ¢;; <0
(2) while P(i, j) receivestwo inputsa andb do
(i) ¢ijcyt(axb)
(i) if i <m then sendb to P(it 1, j)
end if
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(iii) if j <k thensenda to P(i, j + 1)
end if
end while
end for
endfor. O

Analysis.  Elements,, andb,, takem¥ k + n — 2 stepsfrom the beginning
of the computatiorto reachP(m, k). Since P(m, K) is the lastprocessotto terminate,
thismanystepsarerequiredto compute the producAssumingthatm < nandk < n,
procedureMESH MATRIX MULTIPLICATION thereforerunsin time #(n) = O(n).
Since p(n) = O(r?), c¢(n) = O(°), which matches theunningtime of the sequential
procedure MATRIXMULTIPLICATION. It shouldbenotedthattherunningtime
of procedureMESH MATRIX MULTIPLICATION is the fastest achievabléor
matrix multiplication on a mesh of processorsassumingthat only boundary
processors areapableof handlinginput and outputoperationsindeed,underthis
assumptiorf(n) stepsareneeded fotheinput to beread(by the processors in row
andcolumnl, say)and/orfor the outputto be producedby the processoris row m
and columnk, say).

Example 7.4
The behaviorf procedureMESH MATRIX MULTIPLICATION is illustratedin Fig.

7.8 for
1 2 -5% -6
A=[ ] and B=[ ]
3 4 -7 -8

The valuedf ¢;; after each stejs showninsideP(, j). O
7.3.2 Cube Multiplication

The runningtime of procedureMESH MATRIX MULTIPLICATION not only is
the bestachievableon the mesh,but also provides the highestspeedupover the
sequentiaprocedurdVATRIX MULTIPLICATION usingn? processors. Neverthe
less,we seekto obtaina faster algorithmand asve did in section7.2.2 we shall turn
to anotherarchitecturefor that purpose.Our chosenmodel is the cubeconnected
SIMD computerintroducedin chapterl and thatwe now describemoreformally.
Let N = 2¢ processor®,, Pi...., P,._, beavailabldfor someg = 1. Further let
i andi® betwo integers0 < i, i < 29 — 1, whosebinary representatiordiffer only
in positionb, 0 < b < g. In otherwords,if i;_; ... &4y iy ip—1 ... i1 ig is the binary
representationf i, theni,_y ...iy,+q ipiy_y ... i, io iS the binary representatiaof i,
whereiy, is the binary complemenf bit i,. The cube connectiospecifiesthatevery
processolP; is connectedo processoP;» by a two-way link for all0 < b < g. Theg
processor$o which P, is connectedare called P;’s neighbors.An exampleof sucha
connectionisillustratedin Fig. 7.9for thecaseg = 4. Now let n = 2% We usea cube
connectedSIMD computerwith N = n® = 237 processordo multiply two nx n
matricesA and B. (We assume fosimplicity of presentatiorthat the twomatrices




5 -8 6
-7 -5 8
2
1210 0 1 1-14 0
-7
3 4 0 0 3410 0
@) (b)
-6
1
-19 -16 -19 -22
5 -8 6
4 3
3 |-28 0 -43 -32
© (d)
-19 -22
-43 -50

&)

Figure 7.8 Multiplying two matrices using procedureMESH MATRIX
MULTIPLICATION.

Figure 7.9 Cubeconnected computer
with sixteen processors.
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havethe same numbef rowsandcolumns.)t is helpfulto visualizethe processoras
beingarrangedn ann x n x n array pattern. Inthis array, processorP, occupies
position (i, j, k), wherer =in2+ jn +k and0 <, j, k < n — 1 (thisis referredto as
row-major order). Thus if the binary representatiomf r iSry,_; r3,—» ... ro, then the
binary representationsf i, j, andk arers,—; ... rag, r2q—1 ... 1, @ndr,_; ... 1o,
respectively. EaclprocessorP, hasthree registerd\, B,, and C,, also denoted
A, ], k), B(,j, k),and C(, j, k), respectivelyInitially, processorP; in position (0, j, k),
0 <j<n,0<k <n,containsay andby in its registersA, and B,, respectivelyThe
registersof all otherprocessorsareinitialized to zero.At theendof thecomputation,
C should contairr,, where

n—1
Cjk = Z aﬁ X bik'
i=0

Thealgorithmis designedo performthen® multiplicationsinvolvedin computing the
n? entriesof C simultaneouslylt proceeds in three stages.

Stage I: The elementsof matrices A and B are distributed over the n?
processorsAs a result, A(, j, k) = a; and B(i, j, k) = by.
Stage2: The productsC(, j, k) = A(, j, k) x B(G, j, k) arecomputed.
Stage3: ThesumsX?Z{§ C(, j, k) arecomputed.
Thealgorithmis givenasprocedurecCUBE MATRIX MULTIPLICATION. Init we

denoteby {N,r, = d} thesetof integersr, 0 <r < N — 1, whosebinary represen
tationisry,_y...fps1 drpy_y... 7o

procedure CUBE MATRIX MULTIPLICATION (A,B,C)

Stepl: for m= 3gq— 1 downto 2q do
for all r in {N, r, =0} do in parallel

(1.1) Apem = A,
(1.2)B,m =B,
end for
end for.

Step2: for m=q — 1 downto 0 do
forall rin {N,r, =rs.n,; doinparalel
Ar(mj « A,
end for
end for.

Step3: for m=2q — 1 downto g do
forall rin {N, r,=r,.,} doin parallel
B, « B,
end for
end for.

Step4:. for r =1to N do in parallel
C,«< A, x B,
end for.
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Step5: for m=2qto 3q— 1do
for r = 1to N doin parallel
C,~C *+Cim
end for
endfor. [

Stagel of the algorithmis implementedy stepsl-3. Duringstepl, thedatainitially
in A(0,], k) and B(0,], k) are copied into the processorin positions(i, j, k), where
1 <i < n,so thatatthe endof thisstepA(i, j, k) = ay andB(i, j, k) = b, for 0 <t < n.
Step2 copiesthe contentsf A(i, j, i) into the processors in positiof, j, k), sothat at
theend of this step A(i, j, k) = a;;, 0 < k < n. Similarly, step3 copies thecontentsof
B(i,i, k) into the processorsin position (i,j, k), so that at the end of this step
B(i,j, K) = by, 0 <j < n. In step4 the product C(, j, k) = A(,]j, K) X B(,j, k) is com
putedby the processors position(i, j, k) for all0 < i,j, k < rn simultaneously. Finally,
in step5, then? sums

n—1
CO,j, k)= 3, CG,j, k)
i=0

arecomputedsimultaneously.

Analysis.  Stepsl, 2, 3,and5 consistof ¢ constantime iterations,while step
4 takesconstanttime. ThusprocedureCUBE MATRIX MULTIPLICATION runs
in O(q) time, thatis, t(n) = O(log n). We now showthat this runningtime is thefastest
achievableby any parallel algorithmfor multiplying two nx » matriceson thecube.
Firstnote thateache,; is thesumof n elementslt takes(%log n) stepsto computethis
sumon anyinterconnection networlwith n (or more)processorsT o seethis, let s be
thesmallestnumberof steps requiredhy a networkto computehesumof n numbers.
During thefinal step,atmostone processas neededo performthelastadditionand
produce theesult.During steps — 1 at mosttwo processorareneededduring step
s — 2atmost fourprocessorsand soon. Thusafters steps,the maximum numbeof
usefuladditionsthatcanbe performed is

s—1
Y o=2_-1
i=0

Given thatexactly n— 1 additionsare neededto compute thesumof n numberswe
have n— 1< 2' — 1,thatis, s = logn.

Sincep(n) = n®, procedureC UBE MATRIX MULTIPLICATION has a costf
c(n) = O(nPlogn), which is higher than therunning time of sequential procedure
MATRIX MULTIPLICATION. Thus, althoughmatrix multiplicationon the cubeis
fasterthan on theneshjts costis higherdue tothelargenumberof processord uses.
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Example7.5
Let n = 22 andassumehat thetwo 4 x 4 matricesto be multiplied are

17 23 27 3 -7 =25 —19 -5

9 1 14 16 —18 —-30 —-28 -—12
A= and B=

31 26 22 8 —13 =21 —11 =32

15 4 10 29 -20 -2 -6 -24

ThereareN = 2% processors available @cubeconnectedSIMD computerP,, P, ...,
P5. The processorsirearrangedn a threedimensionalarray asshown inFig. 7.10(a).
(Note thatthis threedimensionahrrayis in facta six-dimensionatubewith connections
omitted for simplicity.) Eachof i, j, k contributestwo bitsto the binary representation
Fsraryryry ry Of the indexr of processoiP,:i = rsr,, j = rayr,, andk = r,r,,. Initially the
matricesA and B areloadedinto registersP,, ..., P,5, asshownin Fig. 7.10(b).
Sinceq = 2, step 1is iteratedtwice: oncefor m = 5 andonce form = 4. In thefirst
iteration,all processorsvhosebinary indexrsr,r;r,r ry is suchthatrs = 0 copy their
contentsinto the processors with binary indeXr,ryr,riry (i€, rs =1). Thusp,, ...,
P,s copy their initialcontentsinto Pj,, ..., P,, respectivelyand simultaneouslyP,,
..., P3; copy theirinitial contentgall zerosjnto P, .. ., Pg5, respectivelyln the second
iteration,all processors whose binary index,r,r,r, ro is suchthatr, = 0 copy their
contentsnto the processors wittbinaryindexrsryryryrorg (i€, ry = 1). Thusp,, ...,

P, s copy theircontentsnto P, ..., P5,, respectivelyandsimultaneousiyP,,, ..., P,
copy their new contents (acquiredin the previous iteration) into P,g, ..., Py,
respectivelyAt theendof stepl, thecontentsf thesixty-four processorareas showrin
Fig. 7.10(c).

Therearetwo iterationsof step2: onefor m = 1andonefor m = 0. During thefirst
iteration all processorswith binary index rsr,ryr,r, ro suchthat r, = r, copy the
contentsof their A registersnto thoseof processors with binary indeX%r,ryr, 7, re.
Thus,for example P, and P, copy the contentsf their A registersnto the A registersof
P, and P,, respectivelyDuring the seconditeration all processorwith binary index
rsraryt,rorgsuchthatry, = r, copy thecontentsof their A registersnto theA registers
of processors with binary indexr,r;r,#, ry. Again,for example P, and P, copy the
contentof their A registerdnto the A registersof P, and P,, respectivelyAt theend of
this steponeelementof matrix A hasbeenreplicatedacrossach"row" in Fig. 7.10(a).
Step 3 is equivalent excepthat it replicatesone elementof matrix B across each
"column!' The contentsf the sixtyfour processorat theendof steps2 and3areshown
in Fig. 7.10(d). In step4, with all processor®peratingsimultaneouslygachprocessor
computes the producfits A andB registeraindstoresthe result in it register. Stes
consistsof two iterations: ondor m = 4 andonefor m = 5. In thefirst iteration the
contentsof the C registersof processoipairs whosebinary indicesdiffer in bit r, are
added.Both processors keepe result. The saméas donein the seconditeration for
processordglifferingin bit r,. The final answerstoredin Py, ..., P, is shownin Fig.

7.10). O
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-944 | -1688| -1282| -1297

-583 | -581 | -449 | -889

-1131{ -2033] -1607] -1363

-887 | -763 | -681 | -1139

(e
Figure 7.10 Multiplying two matrices using procedure CUBE MATRIX MULTIPLICATION.

7.3.3 CRCW Multiplication

We conclude this sectiorby presentinga parallel algorithmfor matrix multi
plication that is faster and has lower cost than procedure CUBE MATRIX
MULTIPLICATION. The algorithmis designedo run on aCRCW SM SIMD
computer.We assumethat write conflicts are resolvedas follows: When several
processorattemptto write in the same memory locatiathe sumof the numbergo
be written is storedin that location. The algorithm is a direct parallelizationof
sequential procedure MATRIKIULTIPLICATION. It usesn x n x k processors
to multiply anm x n matrix A by ann x k matrix B. Conceptually the processongay
bethoughtaof asbeingarrangedn am x n x k array patterneach processor having
threeindices(i, j, s),wherel <i<m, 1 <j<n,and ! < s < k. Initially matricesA
andB arein shared memoryyhenthe algorithm terminates, their product mattiis .
also in sharednemory. The algorithm is given as procedure CRCWMATRIX
MULTIPLICATION.

procedure CRCW MATRIX MULTIPLICATION (A, B, C)

for i = 1to m doin parallel
for j = 1to k do in parallel
for s = 1to n do in parallel
@ c;+0
(2) Cij < ais X bsj
end for
end for
endfor. [

Analysis.  Itisclearthatprocedure CRCWWMATRIX MULTIPLICATION
runsin constanttime. Sincep(n) = n3,

c(n) = p(n) x t(n)
=n? x 0(1)
= 0(n%),
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which matchesthe runningtime of sequential procedure MATRIXMULTI -
PLICATION.

Example 7.6

A CRCWSM SIMD computerwith sixty-four processorsanmultiply thetwo matrices
A andB of example7.5in constantime.All sixty-four products showm Fig. 7.10(d) are
computed simultaneoushnd stored(i.e., added)in groupsof four in the appropriate
positionin C. Thus,for example P,, P,, P3, and P, computel?7 x (—7), 23 x (—18),

27 x (—13), and 3 x (—20), respectively,and store theresults in c,,, yielding
¢y =-944. O

7.4 MATRIX-BY-VECTOR MULTIPLICATION

Theproblem addressed this sectionis thatof multiplying anm x n matrix A by an
n X 1 vectorU to produceanm x 1 vector ¥, asshownfor m= 3 andn = 4:

Uy
ayy Qg3 Q13 A4 Y1

U
31 Q33 Q33 4z | X =1V2

Us
a3y Q3y Q33 Qszq V3

Uy

The elementsof V areobtainedfrom
vi= Y, a; X u, I<is<m
j=1

This of courseis a special casef matrix-by-matrix multiplication. We study it
separatelyin order to demonstratethe use of two interconnection network
performing matrixoperationspamely,the linear (or onelimensional) arraynd the
tree.In addition,we showhow a parallel algorithmfor matrixby-vector multiplica
tion canbe usedo solvethe problemof convolution.

7.4.1 Linear Array Multiplication

Ourfirst algorithm for matrix-by-vector multiplications designedo run ona linear

arraywith m processor®,, P,, ..., P,. ProcessoP; is usedto computeslementy; of

V. Initially, »; is zero. Matrix A andvectorU arefedto the arrayasshown in Fig7.11,

for n = 4andm = 3. EachprocessoP; hasthreeregisters,u, andv. WhenP, receives
two inputsa;; andu;, it

(i) storesa;;in a andu;in u,
(i) multiplies a by u
(i) addsthe resultto v;, and
(iv) sendsu;to P,_, unlessi = 1.
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841 845 843 84y

855 8y Apg 8y,

v
3 3 43y 83 833 dgy

u . .

2 Figure 711 Matrix and vector to be
Us multiplied, beingfed as input to linear
u, array.

Note thatrow i of matrix A lagsonetime unit behindrow i + 1for 1<i<m— 1.
This ensuredhata;; meetsu; at the right time. The algorithmis givenasprocedure
LINEAR MV MULTIPLICATION.

procedure LINEAR MV MULTIPLICATION (A, U, V)

for i =1 to m do in parallel
(1) v; <0
(2) while P; receivegwo inputsa andu do
(2.1) ;v T (axu)
(2.2) if i > 1 thensendu to P,_,

end if
end while
endfor. [

Analysis. Elementa,, takesm + n — 1stepsto reachP,. SinceP, is thelast
processorto terminate, this many stepsre required to computethe product.
Assumingm < n, procedureLINEAR MV MULTIPLICATION thereforerunsin
timet(n) = O(n). Sincem processorareusedthe procedurehasa costof O(n?),which
is optimal inview of the Q(n?) steps requiredo readthe inputsequentially.

Example 7.7
The behaviorof procedure LINEARMV MULTIPLICATION for

ol ] o[}

isillustrated inFig.7.12. [
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Figure7.12 Multiplying matrix by vector
using procedureLINEAR MV MULTI -
(© (d) PLICATION.

7.4.2 Tree Multiplication

As observedin the previous section, matriky-vector multiplication requires
m+ n _ 1stepsona lineararray.lt is possiblgo reduce this timéom — 1 + logn by
performingthemultiplicationon a treeconnectedsIMD computerThe arrangement
isasshownin Fig. 7.13for m = 3andn = 4. Thetreehasn leaf processor®,, P,, ...,
P,,n — 2 intermediateprocessor®, +, P,+3, ..., P,,_,, andaroot processorP,, _,.
Leaf processowP; storesu; throughoutthe executionof the algorithmThematrix A is
fedto thetree row by rowpneelement per leaf. Wheleaf processofP; receivess;, it
computesy; X a; and sendsthe productto its parent. When intermediateor root
processoP, receives twonputsfrom its childrenjt addsthemandsendsheresultto
its parent Eventuallyv; emerges fronthe root.If the rowsof A are inputattheleaves
in consecutive time unitshen theslementf V arealsoproducedas outpufrom the
root in consecutive time unitsThe algorithm is given as procedureTREE MV
MULTIPLICATION.

procedure TREE MV MULTIPLICATION (A, U, V)

do steps!l and2 in parallel
(2) for i = 1 to ndo in parallel
forj=1tomdo
(1.1)computey; x ay;
(1.2)send resulto parent
end for
end for
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Figure7.13 Treeconnectedomputerfor
matrix-by-vector multiplication.

() fori =n+1to2n—1doin parallel
while P, receiveswo inputsdo
(2.1)compute thesumoaf the two inputs
(2.2)if i < 2n— 1thensend the resutb parent
else producethe resulasoutput

end if
end while
endfor. [J

Analysis. It takeslogn stepsafter thefirst row of A hasbeenenteredat the
leaves for, to emergdrom theroot. Exactly m — 1 steps latery,, emerges fronthe
root. Procedur@ REE MV MULTIPLICATION thusrequiresm — 1 + logn steps
for a costof O(n?) when m < n The procedureis therefore fastethan procedure
LINEAR MV MULTIPLICATION while usingalmosttwiceasmany processorsit
is costoptimalin view of the R(n?) time requiredto read theinput sequentially.

Example 7.8

The behaviod procedur@ REEMV MULTIPLICATION isillustratedn Fig. 7.14for
the samedata asn example7.7. O

7.4.3 Convolution

We conclude this sectioby demonstrating one applicatiosf matrix-by-vector
multiplication algorithmsGiven a sequencef constantgw,, w,, ..., w,} and an
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W= 3 O

M,_w/
w—vm\m
=

(a) (b)

17

Figure 7.14  Multiplying matrix by vector
using procedure TREE MV MULTI -
(c) (@ PLICATION.

input sequencéx,, x,, ..., X,}. it is requiredto compute theutputsequencq yi, ¥z,
.+» Yan_1} defined by
Vi= 2 Xiojeyg X W, I<ig<2n—-1.
i=1

This computationknown asconvolution, is importantin digital signal processindgt
can be formulatedasa matrixby-vector multiplication.This is shown forthe case

n=3:

[x, 0 0] N
x; % 0 Wy Va2
X3 X3 Xy | X|wyl=]y;
0 x5 x, Wj YVa

[0 0 x; | | vs |




Sec.

71

72

73

74

75

76

77

78

79

7.10

711

712

713

7.5 Problems 193
7.5 PROBLEMS

Procedure MESH TRANSPOSEquireghat the destinatiorgj, i) of eachelements;; be
sent alongwith it during the computationof the transposedf a matrix A. Designan
algorithm for transposing matrix on a'meshwhere itis not necessary faeach element to
carry itsnewdestinatioralong.

Is the runningtime of procedureSHUFFLETRANSPOSEhe smallest achievablehen
transposinga matrix on a shuffle-connecte&IMD computer?

Canthe transposef an n x nmatrix be obtained oreninterconnection networlgther
than the perfect shufflein Olog n) time?

Is there an interconnection network capablef simulating procedure EREW
TRANSPOSEIn constanttime?

Assumethateveryprocessoof ann x nmeshconnected computer contains @lement
of eachof two n x nmatricesA andB. Usea"distancg& argumento showthat,regardless
of input andoutputconsiderations, thisomputerequireX(n) timeto obtainthe product
of A andB.

Modify procedure MESHVMULTIPLICATION so it canbe usedn a pipeline fashioro
multiply several pairsf matricesBy looking at Fig. 7.7, we seethatas soorasprocessor
P(1,1) has multiplieda, , andb,,, it is free to receivenputsfrom a new pair of matrices.
Onesteplater,P(1, 2) andP(2, 1) areready,andso on.Theonly problemis with the results
of the previousomputationProvision mustbe madefor ¢;;, once computedo vacate
P(i,}) beforethelatter becomesdnvolvedin computing theproductof a new matrix pair.
Considerann x nmeshof processorsvith thefollowing additionallinks: (i)the rightmost
processor in each roiwdirectly connectedo the leftmost(ii) the bottommostprocessor
in each columris directly connectedo the topmost. Thesadditionallinks are called
wraparoundconnections. Initially, processdt(i,j) storeselementss;; and b; of two
matricesA and B, respectively. Desigman algorithm for multiplyingA and B on this
architecture sthatat the endof the computationP(;, j) containg(in additionto a;; and
b;;) elementc;; of the productmatrix C.

Repeat probleny.7 for the meshunder the same initial conditions but without the
wraparoundconnections.

Designan algorithmfor multiplying two » x » matriceson a meshwith fewer than n?
processors.

Design an algorithm for multiplying two n x n matriceson an n x n meshd trees
architecture (as describéd problem4.2).

Extend themeshof trees architectur¢o three dimensions. Showow the resulting
architecturecan be used to multiply two n x n matricesin O(logn) time usingn®
processors. Show alsbat mpairsof n x n matrices carbe multipliedin O(m¥+ 2logn)
steps.

Assumethat every processasf a cube-connectedomputerwith n* processorsontains
oneelementof eachof two n x n matricesA andB. Usea "distanc& argumentto show
that, regardles®f the numberof stepsneededto evaluate sums, this computer requires
Q(log n) time to obtain the productof A andB.

Designan algorithm for multiplying twon x n matriceson a cube withn? processorin
O(n) time.
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Combine procedurscCUBE MATRIX MULTIPLICATION and the algorithm in

problem7.13 to obtainan algorithm for multiplying two n x n matriceson a cubewith

nm processorsn O((n/m) + logm) time, wherel < m< n.

Designan algorithmfor multiplying two matriceson a perfectshuffle.connectedsIMD

computer.

Repeat probleni.15 for a treeconnectedSIMD computer.

It is shownin section7.3.2 that n processors requir@(logn) stepsto add » numbers.
Generalizethis boundfor the caseof k processorswherek < n.

Modify procedureCRCW MATRIX MULTIPLICATION to run on anEREW SM

SIMD computer.Canthe modified procedure benadeto havea costof O(n)?

Designan MIMD algorithmfor multiplying two matrices.

Given mn x n matricesA,, A,, ..., A,, designalgorithmsfor two different intercon
nectionnetworksto compute theproductmatrix

C=A4, x A x--xA,.

Let w bea primitive nthroot of unity, thatis, w" = 1 andw' # 1for 1 < i < n. The Discrete
FourierTransform(DFT) of thesequenc€da,, a,, ..., a,-,} is thesequenceb,, b,, ...,
b,—,} where
n-1
bj= Y a X wd for0<gj<n
i=0

Show howthe DFT computation carbe expressedasa matrixby-vector product.

The inverse of an nxn matrix A is an nxn matrix A~' such that
AX A '=A4"1 x A=1, wherel isann x r identity matrix whoseentriesarel on the
main diagonahnd0 elsewhereDesign a paralledlgorithmfor computing thenverseof a
given matrix.

A g-dimensional cubeonnecte&IMD computemwith n = 27 processor®y, Py,..., P, _,
is given. Each processorP; holds a datum x;. Show that each of the following
computations cafe donein O(log n) time:

(a) Broadcastx, to Py, Py,...,P,_y.

(b) Replacex, with xo * x; * -+ + x, ;.

(c) Replacex, with the smallest(or largest)of xg, X1, ..., X,—1.

An Omega network ia multistage interconnection netwowkth » inputsand» outputs.lt
consistsof k =logn rows numbered, 2, ..., k with n processorperrow. The processors
in row i are connectedto thosein rowit1,i=1,2,..., k-1, by a perfect shuffle
interconnection. Discuss the relationship between the Omeganetwork and a &-
dimensional cube.

7.6 BIBLIOGRAPHICAL REMARKS

A meshalgorithmisdescribedn [Ullman] for computingthe transposef a matrix that, unlike
procedureMESH TRANSPOSEdoesnotdependlirectly onthe numbeof processorsn the
mesh.ProcedureSHUFFLETRANSPOSEis basedon anideaproposedn [Stone 1].

For referencesto sequential matrix multiplication algorithmaith O(n) running time,

2 < x < 3,sedGonnet], [Strassen],and[Wilf]. A lower boundonthenumberof parallelsteps
requiredto multiply two matricesis derivedin [Gentleman]. Letf (k) bethemaximumnumber
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of processorso which a datumoriginally in a given processocan be transmittedin k or fewer
routingstepsA meshconnectegdomputerfor example, hagk) = 2k + 2k + 1.1t isshownin
[Gentleman] that multiplying two n x n matrices requireat leasts routing stepswhere
f(2s) = r?. It follows that matrix multiplication ona meshrequiresQ(n) steps.Several mesh
algorithmsbesidesprocedure MESH MATRIXMULTIPLICATION are proposed in the
literature whose running time matches this bound. Such algorithagpearin [Flynn],
[Preparata], [Ullman], and [Van Scoy 1]. Algorithms for the mesh with wraparound
connectionsandtwo- andthree-dimensionaheshof treesaredescribed in [Cannon], [Nath],
and[Leighton], respectivelyTheideaof procedure CUBE MATRIXMULTIPLICATION
originated inDekel], wherea numbeiof othermatrix multiplication algorithmgor the cube
and perfect shuffle interconnection networksre described.The Q(logn) lower bound on
computingthesumof n numberss adaptedrom [Munro]. Matrix multiplication algorithms
for the cubeand otherinterconnection networkand their applicationsare proposedin
[Cheng], [Fox], [Horowitz], [Hwang 1], [Hwang 2], [Kung 2], [Mead], [Ramakrishnan],
and [Varman]. Algorithms for sharechemory computers similato procedure CRCW
MATRIX MULTIPLICATION can be found in [Chandra], [Horowitz], [Savage 1], and
[Stone 2]. A discussiorof variousimplementationissuesegarding parallel matrix multiplica
tion algorithmsis provided in[Clint].

Matrix-by-vector multiplication algorithms foe number of computationalmodels
appeain [Kung 1],[Mead], and[Nath]. Parallel algorithmandlowerbounddor avarietyof
matrix operationsarising in both numericaland nonnumerical problemare describedin
[Abelson], [Agerwala],[Borodin 1],[Borodin 2],[Chazelle], [Csanky],[Eberly], [Fishburn],
[Fortes], [Guibas],[Hirschberg], [Kronsjo], [Kucera], [Kulkarni], [Kung 2], [Leiserson],
[Lint], [Mead], [Navarro], [Peasd], [Quinn], [Savage2], and[Van Scoy2].

Thecomputationahbilitiesof theOmega network [Lawriefndits relationshigo other
interconnectiometworkssuchasthegeneralizeecube[ Siegel 2], indirect binaryn-cubgPease
2], Staran flip [Batcher], and SW-banyarfGoke] areinvestigated i Siegel 1].
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Numerical Problems

8.1 INTRODUCTION

In anyscientificor engineerin@pplicationof computers, its usually requiredo solve
a mathematicalproblem.Such applicationspana wide range, from modelinghe
atmospherén weather predictioio modelinghot plasmasn theoreticalphysicsand
from thedesignof space stations, airplanes tomaticpilots and air-traffic control
systemsto the designof power stations, automobilesand ground transportation
networks. Intheseapplications computers aresedto find zerosof functions, solve
systemsof equationscalculateeigenvaluesand performa variety of numerical tasks
includingdifferentiation,integration, interpolation, approximation, aktbnteCarlo
simulations.These problem&iavea numberof distinguishing properties:

1. Because they typically involve physicaliantities,their dataare represented
using real values, or in computer terminology, floating-point numbers.
Sometimeghe numbers tde manipulated areomplexthatis, they areof the
form a+ ib, wherea andb are real and

i=/—1L
2. Their solutionsare obtainedthrough algorithms derived froma branchof

mathematics knowasnumericalanalysisandaretherefore basedn mathemat
ical theory.

3. Their algorithmsusually consistof a numberof iterations: Each iteration is
basedon the result of the previousone and is supposed theoretically, to
improveon it.

4. Generally,theresults producedy numerical algorithmsreapproximationsof
exact answershat mayor may notbe possibleto obtain.

5. Thereis an almostinevitable elementof error involved in numericalcom
putation:round-of error(which arise when infinite precision realimbersare
storedin a memorylocation of fixed size)and truncation errors (which arise
whenan infinite computationis approximatedby a finite one).
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In this chapterwe describe paralleklgorithms for thefollowing numerical
problemssolvinga systemof linearequationgsection8.2), finding rootsof nonlinear
equations (section 8.3), solving partial differential equations(section 8.4), and
computingeigenvalues (sectioB.5). We assumethroughoutthis chapterthat all
problemsinvolve real (asopposedto complex)numbers.

8.2 SOLVING SYSTEMS OF LINEAR EQUATIONS

Givenann x nmatrix A and ann X 1 vectorb, it is requiredto solve Ax = b for the
unknownn X 1 vector x. When n = 4, for example,we haveto solve the following
systemof linear equationdor x,, x,, x3, and x,:

ayxy Fagpx; tasx; +aux, =by,
as1X, + AyyXsy + as3X3 + Ar4X4 = bz,
a3 Xy T asz,x; + ay3x3 + azex, = b,

agix; T agax, T agsxs T agx,=b,.

8.2.1 An SIMD Algorithm

A well-known sequential algorithm for this probleimthe Gauss Jordanmethod.It
consistsn eliminatingall unknownsbut x; from theith equationThesolutionis then
obtained directly. A direct parallelizationof the Gauss-Jordan method is now
presentedlt is designedto run ona CREW SM SIMD computerwith n?> +n
processorghat can be thought of as beingarrangedin an n x (n+ 1) array. The
algorithmis givenasprocedureSIMD GAUSSJORDAN.In it wedenoteb; by a; ,, + ;.

procedure SIMD GAUSS JORDAN (A, b, X)

Stepl: for j=1tondo
for i = 1to ndoin parallel
for k =j ton* 1doin parallel
if (i #])
then a, « ay — (a;;/a;;)a,
end if
end for
end for
end for.

Step2: for i = 1ton doin parallel
Xi < Gipt 1/

endfor. [

Note thatthe procedureallowsconcurreriread operationsincemore than one
processomill needto readay;, a;;, anday simultaneously.
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Analysis.  Stepl consistsof n constanttime iterations,while step2 takes
constanttime. Thus t(n) = O(n). Since p(n) = O(n?),c(n) = O(n®). Although this cost
matches themumberof stepsrequiredby a sequentiaimplementationof the Gauss
Jordanalgorithmiit is not optimal. To seethis, notethat the systemAx = b canbe
solved by first computing thenversed4 ! of A andthen obtainingk from

x=A b

Theinverseof A canbecomputedasfollows. We begin by writing

A= Ay, Ay, _ { 04, O 1 A1_11A12
| Ay, Ay | | AnAr 1)L 0 BJO I
wherethe 4;; are (n/2) x (n/2) submatricesof A, and B = A4,, — 4,,A4'4,,. The
(n/2) x (n/2) matricesl and0 are theidentity matrix(whosemain diagonaklements

are 1l and all the restare zeros)and zero matrix (all of whose elementsre zero),
respectivelyTheinverseof A is thengiven by the matrix product

P I —At4,, A O I 0
—lo 1 0 B Y| —A, At I

where 47! and B~ are computedby applying the samgrocess recursively. This
requires two inversions, six multiplications, and two additions of (n/2) X (n/2)
matrices. Denoting the time requiredby theseoperationsby the functions in/2),
m(n/2), and a(n/2), respectivelywe get

i(n) = 2i(n/2) + 6m(n/2) + 2a(n/2).

Since a(n/2) = n?/4 and m(n/2) = O((n/2)), where 2 < x < 25 (as pointed out in
examplellt), we getin) = O(n*).Thus,in sequentiatomputationthe time required
to compute thenverseof ann x n matrix matches,up to a constantmultiplicative
factor, the time requiredto multiply two n x n matrices.Furthermore multiplying
A~ ! by b can bedonein O(n?) steps.The overall running time of this sequential
solutionof Ax = b is thereforeO(n),2 < x < 2.5.

Example 8.1
Let us apply procedure SIMD GAUSSJORDAN to the system
2x, + x5 =3,
X, + 2x, =4,
In the first iteration of stepl, j = 1 and the following valuesare computed in parallel:

Ay =ay; —(az,/a,)a, =1-(3)2=0,

a5, = ay, = (ay/a,)a, =2 —(3)1 =3,
5
3
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In thesecondterationof stepl, j = 2 and theollowing valuesarecomputedn parallel:
ay; = ay; — (@15/a25)a,, = 1 — (133) =0,
ays = ay3 — (@45/a55)8,3 =3 — (133 =%

In step2, the answeris obtainedasx, =% andx, =3 [J
8.2.2 An MIMD Algorithm

A differentsequential algorithm faplvingthe setof equationAx = b is the Gauss-—
Seidelmethod.We beginby writing

A=E+D+F

whereE, D, andF aren x n matriceswhose elements;, d;;, and f;;, respectivelyare
given by
_fay; fori>j a; fori=j, a; fori<j,
%730  otherwise, d:=1g otherwise, fi;= {0 otherwise.
Thus(E+ D + F)x =bandDx =b - Ex — Fx. Forn= 3, say,we have

a,; O 0 X, 0 0 0| x 0 a,, a;; |lx
0 a;;, O jlx;=b—-Ja,;, 0 Ofx2|—10 0 ay; |[x2]
0 0 ai;i[x;s ay; as; 0 |[x; 0 0 0 || x;

Startingwith a vector x° (an arbitraryinitial estimateof x), the solution vector is
obtainedthroughaniterative process wheréhe kth iterationis given by

Dx* = b — Ex* — Fx*™ 1.

In otherwords,during thekth iteration thecurrentestimatesof the unknownsare
substitutedn theright-handsidesof theequationgo producenewestimates. Again
for n=4andk = 1, we get

ayyx} = by — 0 — (a;,%3 + ay3%3 + a,4x9),
azyx3 = by — (a3,x}) — (323%3 + a54%2),
a33x} = by — (a3, %] + a3,%3) — (a34%3),
44Xy = by — (@41 x] + a4 + a43x3) — 0.

The methodis said to convergeif, for somek,

abs(x¥*! —xH <,

M=

]

i=1
whereabsdenotegsheabsolutevalue functionandc is a prespecifiecerror tolerance.
Thealgorithmdoesnot appeato be easilyadapatabléor anSIMD computer.

Given N processorsywe may assign each processtite jobof computingthe new
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iteratesfor n/N componentsof the vector x. At the end of each iteration, all
processors mudte synchronized beforstartingthe nextiteration. The cost of this
synchronization maype high becausef the following:

i) The x¥ cannotbe computeduntil x* is available, forall j < i; this forces the
p i J
processocomputingx; to wait for thosecomputingx;, j < i, andthen forces all
processors$o wait for theonecomputingx.

(i) Some componentmay be possibleto updatefasterthan otherslependingon
the values involvedn its computation(someof which maybe zero, say).

Typically, this wouldlead to an algorithm that is not significantly fasterthan its
sequentiacounterpart.
There are twavaysto remedythis situation:

1. Themostrecentlyavailablevaluesare usedto computex! (i.., thereis no need
to wait for x%, j < i).
2. No synchronizationis imposedon the behaviorof the processors.

Both of thesechangesare incorporateth analgorithmdesignedo runona CREW
SM MIMD computerwith N processors, wherdl < n. The algorithm creates
processes, eadlf which is inchargeof computing onef the componentsf x. These
processeareexecuted byhe N processorén anasynchronous$ashion,asdescribed
in chapter 1. The algorithm is given in what follows as procedure MIMD
MODIFIED GS.In it x?, old,,and new,denotetheinitial value, the previous value,
and the currentvalue of componentx;, respectivelyAs mentionedearlier,c is the
desiredaccuracy.Also note thatthe procedureallows concurrentread operations
sincemore than ong@rocess mayeed newsimultaneously.

procedure MIMD MODIFIED GS(A, x, b, c)

Stepi: for i=1tondo
(1.1) old,« x?
(1.2) new; « x?
(1.3)createprocess
end for.

Step2: Process
(2.1) repeat
(i) old; « new;
i—1

(ii) new, < (b,. ~Y (g x old) — 3 (ay x oldk) / a,
k k=i+1

until Y abs(new; — old,)< c
i=1
(2.2)x; < new,. O

Note thatstep2 statesoneof the n identical processaseatedin stepl.
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Discussion.  In anactual implementatioof the precedingprocedurecare
mustbe takento preventa process fronreading avariablewhile anotherprocesss
updatingit, asthis wouldmostlikely result inthefirst procesgeadinganincorrect
value.Thereare many waysto deal with this problemOne approachusesspecial
variables calledsemaphoresFor each sharedvariable v; thereis a corresponding
semaphore; whose values setas

_Jo I v;is free,
ST F v; Is currently beingupdated.

Whena process need® readu;, it first testss;: If s; =0, thenthe procesgeadsy;;
otherwise it waits for ito beavailable. Whera process need® updatey;, it first sets
s; to 1 andthen proceedso updatev;.

As pointedoutin chapterl, MIMD algorithmsin generabreextremelydifficult
to analyze theoreticallgue to their asynchronous naturén thecaseof procedure
MIMD MODIFIED GStheanalysids furthercomplicatedby the useof semaphores
and,moreimportantly,by theuncertaintyregardingthe numbenf iterationsrequired
for convergenceAn accurate evaluatioof the procedure's behavidas bestobtained
empirically.

Example 82

Consider the system of exampl8.1and assume thatwo processorsare available on a
CREW SM MIMD computer. Take x¢ = 4, x = 3, and ¢ = 0.02.Processl setsold, = %
and computes

new, =33 -3 =32
Simultaneously, proces setsold, =3 and computes
new, =44 -4 =2

The computation then proceedsas follows

—
o

(1) new, =3 new, =g,
(2) new, =1, new, = $Z,
3) new,=%;  new, =43
(@) new,=4,  new, =3%
(5) new, =%  new, =333

Sinceabs(&2 — &%) * abs(1? — 213) < 0.02, the procedure terminates. (]
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8.3 FINDING ROOTS OF NONLINEAR EQUATIONS

In manyscienceandengineeringpplicationst is often requiredofind theroot of an
equationof onevariable,suchas

xX-x3+7=0,
sinx — e =0,
x2 — cosx = 0.

Finding therootof anequationof thisform analyticallyis usually impossibleand one
must resorto numerical algorithmdo obtainan approximate solution.

8.3.1 An SIMD Algorithm

A standardsequential algorithnfor rootfinding is the bisectionmethod.Let f(x) bea
continuoudfunctionandlet a, andb, betwo valuesof the variablex suchthat f(a,)
and f(bo) haveoppositesigns,thatis,

f(ao)f(bo) < 0.

A zerooff [ie., a valuez for which f(z) = 0] is guaranteedo existin the interval
(a,,bo). Now theinterval (a,, by) is bisected thatis, its middle point

mo = Hao + bo)

is computed.if f(ay)f (my) < 0, then z must lie in the interval (a,,b,)=(a,, my);
otherwiseit lies in theinterval(a,,b,) = (m,, by). We now repeathe process on the
interval (a,,b,). This continues untilan acceptableapproximationof z is obtained,
thatis, until for somen = 0,

(i) abs(b, —a,)<cor
(i) abs(f(m,))<c,

wherec andc' aresmall positivenumbers chosesuchthat the desired accuradg
achieved.

The algorithm using criterion (i) is given in what follows as procedure
BISECTION.Initially, a= a, andb = b,. Whenthe procedure terminates,zerois
known to exist in(a,b).

procedure BISECTION (f; a, b,c)

while abs(b — a) = c do
@) meiatb)
(2 if f (a)f(m) <0thenb«m
elsea«<m
end if
endwhile. O
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f(x)

Figure 81 Finding root using procedure BISECTION.

Sincethe intervalto besearcheds halvedat eachiteration, the procedumeins
in O(logw)time, wherew = abs(b, — a,). Whenf is discreterather tharcontinuous,
procedureBISECTION:Is equivalento proceduréBINARY SEARCHd chapter3.
The procedure's behavias illustrated inFig. 8.1 for some functiory. After four
iterations,a zerois knownto lie in the interval(m,, m,).

In much the sameay aswe did with proceduréBINARY SEARCHiIn section
5.2.2,we can implement procedure BISECTIOMh a parallelcomputer. GiverN
processors, the idésto conductan (N + 1)-sectionsearchon a CREWSM SIMD
computer. The initial interval, knowto containone zeroof a functionf;is divided
into N + 1 subintervalsf equal length. Each processor evaluates the funatione
of the division points,and basedon these evaluations, orwf the subintervalss
choserfor further subdivisionAs with the sequentiatase this process icontinued
until the interval containing rootis narrowedto thedesiredwidth. Thealgorithmis
given inwhat followsas procedureSIMD ROOTSEARCH.It takes the functiotf,
the initial intervaka,b),andthe accuracg asinput andreturnsanintervalin whicha
zeroof f liesandwhosewidth is lessthanc. The procedurés designedo runona
CREWSM SIMD computersinceat the endof eachiterationall processoraeedto

know theendpointga,b) of the newinterval. Without lossof generalitywe assume
thata < b at all times.
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Figure 8.2 Finding root using procedureSIMD ROOT SEARCH.



Sec. 83 Finding Rootsof NonlinearEquations

procedure SIMD ROOT SEARCH(/, a, b, ¢)

while (b — a)= c do
(1) s—(b—a)(N+1)
(2) yo «f(a)
(3) yn+1< f(b)
(4) for k=1to N do in parallel
(4.1) ye—f(a+ ks)
(4.2)if yo_ 1y <Othen (i) a«at (k- 1)s

(i) b—atks
end if
end for
(5) if yxyx+1 <Othena«—a+ Ns
end if
end while. 3

Analysis.  Stepsl, 2, 3,and5 may be executedoy oneprocessor, sayy, in
constantime.In step4, whichalso takegonstantime,atmost onegprocessoP, will
discoverthaty, -, y, < 0 andhenceupdateaandb. If no processoupdatesandbin
step4, then thezeromustbein the(N + 1)st interval,andonly ais updatedn step5.
The numberof iterationsis obtainedasfollows. Let w be the width of the initial
interval, thatis, w= b — a. After j iterationsthe interval width is w/(N + 1)/ The
procedure terminatess soon ag/(N + 1)/ < c. Thenumberof iterations,andhence
therunningtime, of procedureSIMD ROOT SEARCHis thereforeO(logy + ;). Its
cost is O(Nog,, ;w), which, aswe know from chapter5, is not optimal.

Example 8.3

The behaviorof proceduréSIMD ROOT SEARCH on the function in Fig. 8.1 when
three processorsare usedis illustrated in Fig. 8.2. After one iteration thenterval
containing thezero is(x,, x,), asshownin Fig. 8.2(a). After the seconditeration the
intervalis (x,, x) asshownin Fig. 8.2(b). [

8.3.2 An MIMD Algorithm

Another sequential root-findinglgorithm thatis very commonly usedis Newton's
method.A continuouslydifferentiable functionf(x) is giventogetherwith an initial
approximationx, for oneof its roots z. The method computes

Xp+1 = Xu — f(x,)/f'(x,) forn=0,1,2...,

until abs(x,,; — X,) <c. Heref'(x) is the derivative off (x) and c is the desired
accuracy A geometricinterpretationof Newton'smethodis shownin Fig. 8.3.Note
thatthenextapproximationx,, , is theintersection withthe xaxisof the tangento

thecurvef(x) at x,.
The main reason for thimethod'spopularityisits rapidconvergencavhenx, is
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Figure 8.3 Newton'smethodfor finding root.

sufficiently closeto z. More preciselyjf

(i) f(x) and its first and second derivativesf’(x) and f”(x), respectivelyare
continuousandboundedn anintervalcontaininga rootz, with f '(x) # 0,and

(i) abs(xq —2) <1,

thenfor largen, abs(x, ., — z) = k(x, — z)>, wherek is a constantof proportionality
thatdepend®nf '(z) andf "(z).In otherwords,theerrorin x, . , is proportionalto the
squareof theerrorin x,.

The methods saidto havequadratic convergenceunder the conditions stateém
the precedingln practice, thisneansthat the numberof correctdigits in the answer
doubleswith eachiteration.Therefore,ff theansweris to beaccurateto mdigits, the
methodconvergesn O(log m) time.

Onedifficulty with Newton'smethodis finding aninitial approximation thats
sufficiently closeto thedesiredroot. Thisdifficulty is almosteliminatedby implement
ing the method ora CRCW SM MIMD computerasfollows. We begin with an
interval(a,b),wherea < b,knownto containonezeroz of f(x). Theintervalis divided
into N + 1 subintervalsof equalsize,for someN > 2, and the division pointsare
takenasinitial approximation®f z. Thecomputationconsistsof N processes. Each
process applies Newtonimethod beginning withone of the division pointsThe
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processesare executed concurrentlythough asynchronously, dependingn the
availability of processorsAs soonasa procesgsonvergest indicateshat by writing
the valueat found inasharedmemory locatiorROOT. Initially, ROOT is setto the
valueco. As soonas thatvalue ischangedoy a process, all processaseterminated.
If two (or more)processesonvergeat the sameime andattemptto writein ROOT
simultaneously, theonly the smalleshumbered processallowed acceswhile the
othersaredenied it.In casea process doesot converge aftea predefinechumberof
iterations|t issuspended. The algorithegivenin whatfollows asproceduréMIMD
ROOTSEARCH.It takesasinput the functiory, its derivativef’, the intervala,b),
the accuracy, and the maximum allowable numbeof iterationsr. It returns its
answer inROOT.

procedure MIMD ROOT SEARCH(/, f’, a,b,c,r, ROOT)
Stepl: st (b—a)y(N T 1).

Step2: for k =1 to N do
create proceds
end for.

Step3: ROOT« oo.

Step4: Procesk
(4.1) xp9 —a t ks
(4.2) iteration« 0
(4.3) while (iteration< r) and (ROOT = o0) do
(i) iteratione iteration 1
(ii) Xpew < Xota — S (Xa1)/ S (Xora)
(iii) if abs(Xpew — Xo1a) < C then ROOT « Xy
end if
(lV) Xold €~ Xnew

end while. [

Note thatvariablesa, s, r, ¢, and ROOT usedin processk areglobal.On the other
handvariables iterationx,,,, andx,.., arelocal;theyarenot subscripteth order to
simplify the notation.

Analysis. Let N processorde available.if N is large,one of the starting
pointswill becloseenoughto z. If in addition f(x),f '(x), andf "' (x)arecontinuousand
boundedon the interval(a,b), thenoneof the N processesiil converge inO(log m)
time,wherem is thedesirednumberof accurate digitén the answer.

Example 8.4

Let f(x) = x> — 4x — 5. Thus f'(x) = 3x? — 4. Thereis a zeroof f(x) in theinterval
(—3,3). Let N = 5; theinterval is divided into six subintervalswith division pointsat
X = =2, —1,0, 1, and2 andthecorrespondindive processearecreated. Let = 107 !°,
and assumethat five processorsare availableto execute thdive processesimulta-
neously.In thatcase, processis the fastesto convergeto a root at 2.456678. [
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8.4 SOLVING PARTIAL DIFFERENTIAL EQUATIONS

Partial differential equations(PDESs)arise insuchdiverseapplicationsas weather
forecastingmodeling supersonitow, andelasticity studiesA particularlyimportant
classof PDEsis thatof linearequation®f secondorderin two independentariables
x andy. Onerepresentativef this classis Poisson'squation
J%u(x, 2u(x,

Uxy + Uyy = G(x’ y) Whereuxx = %’ Uyy = a(y y)a
u(x, y)is theunknownfunction,andG is a givenfunction of x andy. The solutionof
this equationis often needed in scalledboundaryvalue problemsa typical example
of which is the Model Problem statedasfollows.

Let R andSdenotethe interiorand boundaryrespectivelyof a region intwo-
dimensionakpaceandlet f (x,y)bea continuoudunctiondefinedon S. The desired
function u(x, y) must satisfy Poisson'squation onR and equal f(x,y) on S. In
sequentiatomputationthe ModelProblemis solved numericallyy first derivinga
discreteversionof it. HereR andSarethe interiorand boundaryrespectivelyof the
unit square0 < x < 1, 0 < y< 1. A uniform meshof n+ 1 horizontalandn+ 1
vertical lines, where is an arbitrary positive integeris superimposed ovehe unit
square, with a spacingf d = 1/n between linesThe (n + 1)? intersectionsof these
linesarecalledmeshpoints.Forameshpoint(x, y)in R,u,, andu,, areapproximated
by difference quotientsasfollows:

Uy = [U(x + d, y) + u(x — d, y) — 2u(x, y)I/d*,
u,, = [ulx, y + d) + u(x, y — d) — 2u(x, y)]/d>.
This leadsto thefollowing form of Poisson'sequation:
u(x, y) = [ulx +d, y) + u(x — d, y) + u(x, y + d) + u(x, y — d) — d*G(x, y)]/4,

knownasa difference equation.An iterativeprocess calleduccessive@verrelaxationis
usedto obtainan approximatevaluefor u(x, y)at eachof the (n — 1) interior mesh
points. Beginning withan arbitrary value uq(x, y),the followingiteration is used:

uk(x, .V) = uk—l(x5 ,V) + w[u,’((x, y) - uk—-l(x" y)] fOI' k = 1, 2; ces
where
u(x, y) = [ty (x +d, y) + (x — d, y) + wy_1(x, y + d)

+ ulx, y — d) — d*G(x, y)]/4
and

w = 2/[1 + sin(nd)].

Let ¢, denote the absolutalueof the differencebetweeny(x, y)andthe exact
valueof u at(x,y). Theiterative processontinuesuntil

e, < eo/10°
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whereo is a positive integer representing theesired accuracyNeithere, nor ¢, is
known, of course. However, itan be shown that the process convergeand the
precedinginequality is true after k = gn iterations,where g = v/3. Sincethere are
(n — 1? interior points, the entirgprocesstakesO (n®) time.

This approacho solving PDEs lendsitself naturally to implementationon an
N x N meshconnectedSIMD computerwith N =n — 1, as shownn Fig. 8.4 for
N = 4. Each processoP(i,j),1 < i, j < N, is in chargeof computingan approxk
mation of the functionu at point (id,jd). It doesso beginning withthe initial value
uy(id, jd)andtheniteratively usinghevaluescomputedby its four neighborasinput.
Boundaryprocessorsof course havefewerthanfour neighborsand usethe valuesof
fix,y)at x=0, 1 andy =0, 1 to replace thenput from missing neighborsOne
difficulty to overcomds thefact thatu,(x, y)depend®nu,x — d, y)andufx, y — d).
In sequentiatomputationthisis no problemsincethe kth iteratearecomputedone
atatime fromx =0to x =1 andfrom y=0 toy = 1. By thetime uyx, y)is to be

y 1
1
I I | I
I I I I
I I I I
I I I I
4d t— — — —P(1,9) P(2,4) P(3,4) P(4,4) f— — — —
3d —— ——P(1,3) P(2,3) P(3,3) P(4,3) — — — —
2d — — — —P(1,2) P(2,2) P(3,2) P(4,2) f— o — —
d f—— — —P1,9) P(2,1) P(3,1) P(4,1) b— — — —
I I [ I
I I I I
I | | |
I | | I
0 d 2d 3d 4d 1 5

Figure 84 Mesh of processorsfor solving partial differential equations.
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computed,u(x — d,y) and u{x, y — d) are available.In the parallel version each
iterationwill consistof two stages:

1. During thefirst stageonehalf of the processorsomputenewvaluesfor u based
on thevalues held byhe other half.

2. Duringthesecondstagetheremainingprocessorsipdatetheir valuesf u using
the new values justtomputedin 1.

The twosetsof processors il and2 arechosento correspondo the redandblack
squaresyespectivelyon a checkerboardLet w, , and w, , denotethe value of w
during stagest and 2, respectivelypf iteration k, where

wy, =1,
wy . = 1/(1 — $cos.rrd),
andfork=2,3,...,
Wi = 1/[1 — § cos’ nd)w, ],
w2 = 1/[1 — % cos® nd)w, ]
The equation$or updatingu are now asfollows:
Stagel: Forall 1<i, < N,suchthati+ jiseven,
wid, jd) = u,— ,(id, jd)  w [ (id, d) - wu,_,(d, jd)],
where
w'(id, jd) = [u_ ,(id +d,jd) F w_,(d — d,jd)
toup_y(id, jd T d) + u,_,(d, jd — d)— d°G(x,y)]/4.
Stage2: Forall 1<i, < N suchthati * j is odd,
uid, jd) = wu,_ (id, jd) T w ,[uilid, jd) — u,,(id, jd)1,
where
u(id, jd) = [u(d T d, jd) ¥ wd — d, jd) T w(id, jd + d)
+ w(id, jd - d) - d*G(x, y)]/4.

The algorithm s givenasprocedureMESH PDE.

procedure MESH PDE(f, G, g)

Stepl: {Computeboundaryvalues)
(1.1)for i = 1to N doin parallel
(i) P(1, i) computesf(0, id)
(if) P(N, i) computesf(1, id)
end for
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(1.2)for i = 1 to N doin parallel
(i) PG, 1) computesf(id, 0)
(i) PG, N) computesf(id, 1)
end for.

Step2:  {Input initial values)
for i = 1to N doin parallel
for j = 1to N doin parallel
P(i, j) readsug(id, jd)
end for
end for.

Step3: {lterate until convergence)
for k = 1togn do
for i = 1to N do in parallel
for j =1to N doin parallel
(3.1)if (iTj)iseven
then P(, j) updatesu(id, jd)
end if
(3.2)if (i Tj) is odd
then P(i, j) updates(id, jd)
end if
end for
end for
endfor. O

Analysis.  Stepsl and?2 take constantime. Step3 consistof O(n) constant
time iterations Thus#(n) = O(n). Sincep(n) = 0(n?),c(n) = O(n®),which matches the
running time of the sequential algorithm.

Example 8.5

Figure8.s illustratesthe behaviordf procedureMESH PDE for the processorin Fig.
8.4. Notethatd =0.2. O

8.5 COMPUTING EKGENVALUES

The algebraic eigenvalueproblem derives itsimportancefrom its relationto the
problemof solvinga systemof n simultaneous lineadifferential equationsof first
orderwith constantcoefficientsSucha systemis written as

dx/dt = Ax

whereAisann X nmatrixandxisann x 1vector.Forsome vecton # 0, x = ug" is

a solution of the precedingystemif and only f Au= Au. Here, 4 is called an

eigenvalueand u an eigenoector.The algebraiceigenvalueproblemis to determine
suchilandu. Therearealwaysneigenvaluesl o eacheigenvaluethere correspondst

leastoneeigenvector.



f(0,2d)

f(d,1) f(2d,1) f(3d,1)  f(4d,1)
f(d,0) f(2d,0) £(3d,0) f(4d,0)
(a) STEP1
uo(d,4d) u0(26,4d) uo(Bd.Ad) uo[adﬁd)
uo(d.ad) uo(zd,sd) u0(3d‘3d) uo(dd,ild)
uo(d,Zd) uo(2d,2d) u0(3d.2d) uo(ad,Zd)
uo(d.d) u0(2d,d) uo(i}d,d) uo(ad‘d)

(b) STEP 2

£(1,d)
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u(2d,4d) u(4d,ad)

u(d,3d) u(3d.3d)

u(2d 2d) uf4d,2d)

u{d.d) u(3d.d)

(c) STEP (3.1)

u(d,ad) u(3d,4d)

u(2d,3d) u(4d,3d)

u(d.2d) u(3d,2d)

u{2d.d) u(dd,d)

(d) STEP (3.2)
Figure 85 SolvingModel Problemusing procedure MESH PDE.

Forann X n matrix B andann x 1 vectory, f we apply the transformation
x = By to the systenof differentialequationswe get

dy/dt = (B~ *AB)y.

Theeigenvaluesf B~ ' AB arethesame as thoss# A. We therefore choose suchthat
theeigenvaluesf B~ ' 4B areeasilyobtainable Forexamplejf B~'A4B is a diagonal
matrix (i.e., all elementsarezeroexcepton the diagonal), then the diagoreéments
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are theeigenvaluesOne methodof transforming asymmetricmatrix Ato diagonal
form is Jacobi's algorithml he methodis aniterative onewherethe kth iterationis

defined by
A, =RA,_RT fork=12,...,

with
Ao = A.

Then x nmatricesR, areknownasplane rotatlons Letf; denote thelements
of A,. Thepurposeof R, is to reducethetwo elementsat, anda ! to zero(for some
p < gdependingnk). In reality,eachiterationdecreasethe surmf the squaresf the
nondiagonaklementsso thatA, convergedo a diagonal matrix. Therocessstops
whenthe sum of the squareds sufficiently small, or more specifically, when

1

n {2
d, = ( Z ,])2> <c
i#}

for some small tolerancec. At that point, the columnsof the matrix
RIRY...R! aretheeigenvectors.

The planerotationsare chosenas follows. If at; ! is a nonzerooff-diagonal
elementof 4, _,, wewishto defineR, so thaia, _0 Denote theelementf R,
by r%. We take

™M=

]

k _ .k __
Tpp = Taqg = COSH,,

ko k _ qf
Fog = —Tg5, = SING,,

rk=1 fori#porq,
rk =0 otherwise,
wherecos 8, andsin 8, are obtainedsfollows. Let
= (ag ' — ap, ')2d5; !
and
Bi = 1/[sign(o)J[abs(o) + (1 + )'7?],
where sign(z,) is +1 or —1 dependingon whether a, is positive or negative,
respectivelyThen
cos 8, =1/(1 F g)Y2 and sin@, = B, cosb,.

Theonly question remaining: Which nonzercelementa’, * is selected for reduction
to zeroduring the kth iteration?Many approaches arpossuble,oneof which is to
choosethe element of greatestmagnitudesince this would leado the greatest
reductionin d,.

As describedn the precedingthe algorithmconvergesn O(r?)iterations Since
each iteratiorconsistsof two matrix multiplications the entire processakesO(r)
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time, assumingthat the (sequential) procedure MATRDMULTIPLICATION is
used.

Jacobi'smethodendsitself naturallyto parallelimplementation. Let B 23, for
somepositiveintegers. In whatfollows we give a parallelalgorithm designedo run
ona cubeconnectedSIMD computerwith n® = 23 processorsaswe did in section
7.3.2.We visualizehe processor®f this 3s-dimensionakubeasbeingarrangedn an
nx nx n array patternwith processorP, occupying position(i, j, m), 0 < i, j,
m < n— 1. Theprocessorarearrangedn row-majororder,thatis,» = in> +jn + m.
The matrix A (ie, A) is initially storedin the n? processors occupyingositions
0,j, m),0 <j, m< n— 1, oneelement per processdn otherwords, A is storedin
the processor®f a 2s-dimensional cubeAt the beginningof iterationk, k=1, 2,...,
thesesame processorntain 4,_,. They findits largestoff-diagonal elemenand
createR, and Rf. All n® processorsare then usedto obtain C, = R,4,_, and
A = C,RI. At the endof theiteration,if d, < c, the processterminates.

Thealgorithmis givenin what follows asprocedureCUBE EIGENVALUES.
Thesubscriptk is omitted fromA,, R, Rf, andd, sincenewvalues replaceld ones.

procedure CUBE EIGENVALUES(A,c)

while d > c do
(1) Find the off-diagonal elemenn A with largestabsolutevalue
(2) CreateR
(3) A ~RA
(4) CreateR"
(5) A+ART
end while. [

Analysis.  As pointed out earlier, the n? processorsholding Aform a 2s-
dimensionatube.From problem?7.23we know thereforethattheycan computd, in
O(log n) time. By the same reasoningtepl takesO(logn) time. Steps 2and 4 take
constanttime since eaclof the n? processors impositions(0, j, m),0 <j, m< n— 1,
creates one element of R, and one of RI. Procedure CUBE MATRIX
MULTIPLICATION of chapter7 whoserunningtime is O(log n) is thenappliedin
steps 3and 5 to compute R, AR!. The time per iteration is thus O(logn). Since
convergences attainedafter O(r¥) iterations, theoverall runningtime is O(r?logn).
Given that p(n) = n3, c(n) = O(rPlog n), which is by a factorof log n largerthan the
sequentialrunningtime.

Example 8.6
Letn=2(e,s=1),
1 1
A:[ ] and c=10"5.
1 1

ProcedureCUBE EIGENVALUES in this case requires eight processors fornang
threedimensional cuberigures8.6(a) showsthe elementsf A, inside the processots

which they areassigned.
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81

82

83

84

In thefirst iteration,the off-diagonalelementa,, = 1 is choserfor reductionto
zero(ie., p=1 andq = 2). Thus

cos 0 ir g
1 SI 1 | 1/\/2 1/\/
| l 1 I

—sinf, cos6,

asshown inFig. 8.6(b). Now

RoA [ 1//2 1/\/§J[1 1] [\/5 \/5]
0 = _ _ =
! _1/\/2 1/\/2 11 0 0
is computed using all eight processaosexecute theeight multiplications involved
simultaneouslyasshownin Fig. 8.6(c).

The elementsf R, 4, replace those o, and RT replacesr,, asshownin Fig.
8.6(d). Finally ART is computedandthe valueof A, at the endof thefirst iteration is
shownin Fig. 8.6(e). Since the twaff-diagonalelementsare both zerothe procedure
terminatesThe eigenvalueare2 and0, and the eigenvectorsre

/2 /2D and (-14/2 1,/2" O

8.6 PROBLEMS

In procedureSIMD GAUSS JORDAN the elementg;; arecalled the pivots.If at any
point apivot equals zero, thethe procedure obvioustfails sinces;; is a denominatorn
fact,if thevaluesof one or more pivotarenear zero, thethe errorof computatiorgrow
exponentiallyasthey propagateandthe procedurés saidto be numerically unstabk.To
avoid these problema,methodcalled pivoting is used:A pair of rowsand columnsare
interchanged sohat the new elementusedas apivot is not too closeto zero. Modify
procedureSIMD GAUSSJORDAN toinclude pivoting.

Gaussian eliminationis a standardnethodfor solving thesystemof equationsAx = b. It
beginsby transformingthe given systemto the equivalenform Ux = ¢, whereU is an
n X n uppertriangularmatrix (i.e., all elementdelow the diagonalarezero)andc is an
n x 1 vector.Thetransformations performed i — 1 stepsDuring stepj, variablex; is
eliminated fromequationsi=j+ 1, j+ 2, ..., n by subtractingfrom eachof these
equations theroduct(a;/a;) x (equatiory). ThetriangularsystemU x = cis now solved
by back substitution,computingx, from the nth equationx,_, from the (n— 1)st, and
finally x, from thefirst. Designa parallelversionof Gaussiarliminationfor a SM SIMD

computerandanalyze its runningime andcost.

Modify the parallel algorithm deriveid problem8.2to include pivoting as describéa
problem8.1.

Another methodfor solving Ax = b is known as LU decompositionThe matrix A is
decomposedhto two matrices. andU suchthat LU = A, whereU is upper triangular
(u; =01 k> j)andL islowertriangular(l, = 0 i < k) with diagonal elementsqualto
1, =11 i =Kk).The solutionof Ax = bis now achievedby solvingLy = bandUx =y
usingforward and back substitution respectively Considerthe special casahereA is
positive definite, thatis,

() a;=a;foralliandj, 1<i,j< n, meaningthat A is symmetric;
(i) vTAv > 0 for alln x 1 nonzero vectors.
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8.7
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8.9
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In this casethe elementsf L and U are obtained a®llows:
lu = ai"k/ukky i>k,
ukj = allzja k <]’
where

aj; = a; and a,i(j+l = a{"j = (i X uy;).
(a) Show how thematricesL and U can be computedon an interconnectionnetwork
SIMD computer inwhich the processors form hexagonalarray asshownin Fig. 8.7.
(b) Show how bothsystemsLy = b and Ux = y can be solved on an interconnection-
networkSIMD computer inwhich the processors forna lineararray.

A matrix Q is said to be orthogonal f QQ" = Q7Q = I. The systemAx = b can also be
solved using amethod knownas QR factorization. Here two matricesQ and R are
obtained suchhat

QA =R

whereQ is orthogonaland R uppertriangular.Thusthe systemRx = Qb canbe solved
directly by back substitution. Matrix is formedasthe productof plane rotationsthatis,
matrices P, ,; identical to | exceptin positions pii, Pii+1> Pi+1.i> and pirpi+q- Let
bu=(ah t ak L)Y ei= ay/by, and s; = a;.q ;/by;. We take py; = piv14+1 = ¢, and
Piivy = —DPi+1; = 5. Each planeotation thereforeannihilatesoneelementof A below
the diagonal.Show howthe matrix R can be computedon an n X n meshconnected
SIMD computer.

Let two processors be availablen an MIMD computer,and assumethat procedure
MIMD MODIFIED GSis usedto solvethe systemof equations

4x; —x; — X3 — X, =0,
—x; +4x; —x3—x, =0,
—~x; — X3 + 10x; + 4x, = 22,
—x; — X, + 4x5 + 10x, = 16,

with ¢ = 0.1andstartingfrom theinitial estimatesc} = x§ = x = x$ = 0. ProcessorP,
andP, begin byexecutingprocesses and?2, respectivelyandhaltafteroneiterationwith
x,; = X, = 0. Processe8 and4 are now executed After a few iterations, thevaluesof x;
and x, eventually converge¢o approximately’?® and $, respectively.The procedure
thereforereturnsanincorrect answesincethe solution to the systemis x, = 1, x, = 1,
x3 = 2,andx, = 1. Theerroris dueto thefact that the valuescomputedfor one pair of
unknownsarenot revisedoncenew valuesfor the other paihavebeenobtained.Suggest

changesgo the procedureto allow for this revision.

Derive MIMD algorithmsfor the methodglescribed inproblems8.2,8.4,and8.5.
Unlike procedureBISECTION, procedureSIMD ROOT SEARCH assumeghat the
initial interval containsexactlyone zeroof the inputfunction. Modify the procedure so
that it returnsexactly one of possibly severatootsin the initial interval. Analyze the
runningtime and costof the new procedure.

An old methodfor solving f(x) = 0 is basedn linearinterpolationbetweentwo previous
approximationdoa rootin orderto obtainanimproved approximationLet(x,,X,) bean
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Figure 8.7 Hexagonal array connection.

interval containing a root. Thenethodis calledregula falsi and usesthe iteration

Xnew = X — f(x)x, — x)/[f(x,) — f(x)]
to obtaina newinterval. Derivea parallel versiorof this algorithm.
ProcedurdlIMD ROOTSEARCH beginsvith aninterval(a,b) knownto contain aroot
z of f(x) =0. Theintervalis dividedinto N + 1 subintervalsand the division pointsare
taken as initial approximationsof z. Each of N processes applieSlewton's method
beginning with one of theseapproximations.Discussthe possibility of one of these
processes convergirig a zerooutside(a, ) before anyother process converges z. Can
the procedurebe modifiedto include this possibility?
Our analysisof procedureMIMD ROOT SEARCH assumeshat N processorsare
availableto executethe N processes involvedVhat can be said aboutthe procedure's
cost? Analyzeéhe procedure'sunning time and cost for the case whefewer than N
processorgreavailable.
Onedisadvantagef Newton'smethodis that it requiresthat f'(x) be computable.In
some applicationsf’(x) may not be known. The secant method solvesf(x) = 0 using
essentiallythe same approach bwithout requiring any knowledgsf f'(x). Insteadthe
differenceequation

f'(xn) = [f(xn) - f(xn—l)]/(xn — Xp— 1)
is used.Thus
Xn+1 = Xp — (xn - xn—l)f(xn)/[f(xn) —f(xn— 1)]

The methodderivests namerom thefact thatx, , , is theintersectionwith the x axisof
the secant passinthrough thepoints (x,, f(x,)) and (x,-,, f(x,-,)). Discuss various
approacheso implementing this algorithnin parallel.
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8.13 Showthat thesolutionto thediscrete ModeProblem carbeobtainedby solvinga system
of (n — 1)? linear equationsn (n — 1)*> unknownsusingthe method®f section8.2.

814 ProcedureMESH PDE assumeshe existenceof (n — 1)> processor®n the mesh. Show
how the algorithm carbe modifiedfor the casewherefewer processorsare available.
Analyzethe runningtime and costof the new algorithm.

815 Whatchanges should procedure ME®DE undergoto handlethe case wherR is not
the unit square butan arbitrary planeegion?

816 Jacobi's methot anotheiiterativeapproacho solvingthe Model Problem. Givetiold"
valuesu, _,(x, y)at mesh pointsthefollowing equationis usedto generaté'new" values:

wlx, y)=lwe_(x+d, Y +u_(x—d, y)+u_ylx, y+4d

+ U y(x, y — d) — d*G(x, y))/4.
Although slow in its convergence, requirin@(n?) iterations,this methodis easierto
implementin parallel thansuccessiv@verrelaxation. Show how this can be done.

817 Modify procedureCUBE EIGENVALUES to producethe eigenvectors awell as
eigenvalues.

818 Implement Jacobi's method for computing eigenvalueson a meshconnectedSIMD
computerandanalyze its performance.

819 Canyou implement Jacobi'snethodfor computingeigenvalue®n a parallel modelof
computationwith a costof 0(n®)?

820 Jacobi'smethodfor computingeigenvalues can be modifisdthatmorethanjust oneoff-
diagonalelementis annihilatedn each iteration, thugroviding greater parallelism. Show
how thiscanbe done.

f(x)

n-1 n

Figure 8.8 Numerical integration by trapezoidal rule.



Sec. 8.7 Bibliographical Remarks 225

821 As wesaw in this chapter, many numerical algorithamsinherently parallelOnefurther
exampleis provided by numerical integration, that is, the computationof an approx
mationto thedefinite integral

b
D =j f(s)dx.

As shown in Fig.8.8, this problem carbe interpretedas thatof computingthe area
betweerthecurveforf (x)andthe x axison theinterval (a,b).Onevery simple formulafor
approximatingD is thetrapezoidalrule. Theinterval(a,b)is dividedinto N subintervalsof
equalsizeh = (b— a)/N. With x, =a,x;, = a +h,..., xy = b and f; = f(x;), theapprox
imatevalueof D is given by

(h/2)(f0 +2f; + %+ + 2fN—1 + fa)-

Discuss various parallel implementatioofsthis rule.

8.7 BIBLIOGRAPHICAL REMARKS

Referenceto sequentiahumerical algorithms, includintpe oneslescribed in thishapterare
found in [Conte], [Hamming],[Ralston], [Stewart], [Wilkinson], and [Young]. Parallel
numericalalgorithmsare either describear reviewed in[Heller 2], [Hockney], [Hwang],
[ICPP], [Kronsj6],[Kuck 2],[Kung], [Miranker], [Poole], [Quinn], [Rodrigue], [SameA],
[Schendel], and[Traub].

Thereisa vastliteratureon SIMD algorithmsfor solving systemef linearequationsye
simply mention [Bojanczyk], [Fortes], [Heller 2], [Mead], [Sameh2], [Sameh 5], and
[Traub]. In our analysisof procedureSIMD GAUSS JORDAN, we showedthat matrix
inversioncan be reducedto matrix multiplication. Our argumentignored a number of rare
specialcasesA thorough treatmenis providedin [Bunch] and[Schonhage]. In facthe
conversas alsotrue:lt is shownin [Munro] that theproductAB of twon x n matricesA andB
can be obtainedby inverting a3n x 3n matrix asfollows:

I 4 o] I - A AB
0 I B =10 I —B|
0 0 I 0 0 I

We conclude therefor¢hatinverting an n x n matrix is equivalentto multiplying twon x n
matricesProcedureiIMD MODIFIED GSis basednideas from [Baudet], where resutfs
experimentsvith the methodarereportedlt shouldbenotedthatmanysituationsareknown
in which the Gauss-Seidelmethodis guaranteedo convergeFor examplelet A beann x n
symmetric matrix all of whosediagonalelementsare positive. The Gauss-Seidel method
convergesvhenappliedto thesystemAx = b if andonlyif A is positive definiteOtherMIMD
algorithmsfor solving linear systemarepresentedn [Arnold], [Evans], [Lord], and[Wing].

Thedevelopmentf proceduré&sIMD ROOT SEARCH wasinspiredby [Kung], where
an MIMD algorithm isalsodescribedOtherapproachesre proposed in [Eriksen][Gal],
[Heller 1], and[Schendel].

Parallelalgorithmsfor solvingpartial differentialequations ardiscusseth [Buzbee1],
[Buzbee 2], [Fishburn], [Heller 2], [Jones], [Karp], [Rosenfeld], [Saltz], [Sameh3],
[Swarztrauber], [Sweet], and[Traub].
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Methodsfor acceleratingheconvergencef procedure CUBE EIGENVALUESswell
asother algorithmdor computingeigenvaluedn parallel,arethe subjectof [Kuck 1], [Sameh

1], and[Sameh2]. Parallel algorithm$or special casesf the eigenvalue problearestudiedin
[Heller 2] and[Sameh4].

Parallel solutions to marietyof othernumerical problems can be foumdBorodin 1],

[Borodin 2], [Csanky], [Devreese], [Eberly],[Haynes], [Numrich], [Pan], [Valiant],and
[von zur Gathen].
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Computing Fourier
Transtorms

9.1 INTRODUCTION

Thischapteiis aboutoneof themost important computatiorsisingin engineering
and scientificapplications,namely,the discrete Fourier transform(DFT). Given a
sequenceof numbers{ag,a,,...,a,-1}, its DFT is the sequenceby, by, ..., b,_ 1},

where

n—1
bj=Y axwH forj=0,1,...,n— 1L
k=0

In thepreceding expressiow,is a primitive nthrootof unity, thatis,w = 2™, where

i=/—1

9.1.1 The Fast Fourier Transform

Sequentially, a straightforwambmputationof b; requiresn multiplicationsandn — 1
additionsof complexnumbersThisleadsto anO(r?) computationtime to obtainthe
entiresequenceb,, b,,...,b,_}. Such timeis prohibitivefor very large valuesf n,
particularlyin applicationswvhere several sequencafsthis kind must be computed
successivelyFortunately,a better algorithmexists. Letn= 2° for some positive
integers. Thusthe expressiofor b; canbe rewrittenas

2711 ami 28711 5 )
b;= Z W™ + Z A 4 WO TV
m=0 m=0
2513 . -1 '25—1_1 B .
= Z azme21njm/2 + W] Z a2m+1e21n_1m/2
m=0 m=0
forj=0,1,...,n - 1.Thisleadsto a recursivealgorithmfor computingb; sinceeach

of the twosumsin thelast expression isself a DFT. This algorithm, known as ttast
Fouriertransform(FFT),is givenin whatfollows asprocedureSEQUENTIAL FFT.
The procedure takess input the sequenceA = {ay, a,,...,a,_,} and returns its
transformB = {bo, b;,...,b,_1}.

231
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procedure SEQUENTIAL FFT (A, B)

if n=1thenb,« a,
else(1) SEQUENTIAL FFT (a,,8,,+ 4.y @53, gy Uy ye ey inyay—1)
(2) SEQUENTIALFFT (a,,8,,...,8,-y, g, V1ye-vs Vuyay—1)
(3) z<1
(4)forj=0ton—1do
4.1) bj‘—ujmad(n/Z) + Z(Ujmod(n/Z))
(4.2)zzxW
end for
endif. O

As can be easilyverified, the procedure runi& O(nlogn) time.

9.1.2 An Application of the FFT

Theefficiency ofthe FFT has madé anextremelypopular computationaechnique
in suchapplicationsas digitalsignal processing;odingtheory, computerized axial
tomography scanning,speechtransmission,weather prediction, statistics, image
processingmultiplication of very large integersand polynomial multiplication. In
orderto illustrateits use,we show howthe FFT accelerateshe computationof the
productof two polynomials.Considerthe polynomial

Ao+ ;X + a;x* + -+ a, ,x"*+a,_x" !
whose coefficientform the sequencda, a,,...,a,_;}. Then elementy; of the
sequencéb,, b,,..., b, ,} definedin the precedings the valueof this polynomialat
x = wi, wherew®, w!, ..., w"~ ! arethenth rootsof unity. Conversely, the valus the
polynomial

botb,xt .. tp, _,x"2+b,_ x"!

at x = (w™!)* is given by
lnfl .
a=-Y bw )* fork=0,1,...,n— 1.
nj=o

The sequencda,, a,,...,a, .} is the inverse DFT of {by, b,,...,b,-,} andcan
be computed in O(nlog n) time through minor modifications to procedure
SEQUENTIAL FFT.

Assume nowthat we want to multiply the twopolynomials

n—1 n—1
f(xX)= 3 a;x’ and g(x)= > ¢x*
i=0 K=0
to obtainthe productpolynomialh = fg. ThestraightforwardproductrequiresO(n?)

time. By usingthe FFT, we canreduce thigo an O(nlog n) time computation.Thisis
done adollows:
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Stepl: Let N bethesmallest integethatis a powerof 2 andis greaterthan

2n — 1. Eachof the two sequencega,,a,,...,a,-,} and {co,¢y,...,Cn-1} IS

paddedwith N — n zeros.

Step2: Compute th&FTof {a,,a,,...,a,-,0,0,...,0}. Thisyieldsthe values
of polynomial f at the Nth rootsof unity.

Step3: ComputetheFFTof {¢q, €154, ¢,-1,0,0,...,0}. Thisyieldsthe values
of polynomial g at the Nth rootsof unity.

Step 4 Compute the producf(w’) x g(w’) for j =0, 1, ..., N — 1, where
w = e*®/¥ Theresultingnumbersarethe valuesof the productpolynomialh at

the Nth rootsof unity.

Step5: ComputetheinverseD FT of thesequencd f (w®)g(w°), f(wi)gw?), ...,
SN Hg(whH}. Theresulting sequencef numbers are thevefficients of the

productpolynomial h.

Stepl takesO(N) time. Eachof steps2, 3, and 5 is known to require O(Nlog N)
operationswhile step4 consistsof N multiplications. Since N < 4n, the overall
producttakesO(nlogn) time.

9.1.3 Computing the DFT in Parallel

Thereis a considerablemountof inherentparallelism incomputing theDFT of a
sequence{a,,a,,...,a,-,}. TWO generalapproaches cabe adoptedin order to
exploit thisparallelism.

1. In thefirst approach, theequencébg, b,,..., b,_,} iscomputeddirectly from
the definition

n—1
bj= Y a x wh
k=0

using N processors, where typicall = n. This resultsin algorithmswhose
runningtimesareat mostlinearin n andwhosecosts aret leastquadratidn n.
We illustrate thisapproachin section9.2.

2. In the secondapproach parallel version®f the FFT arederived. Amongthe
bestof thesearealgorithmsusingn processorand runningn O(log n)time fora
cost of O(nlogn). This cost matches therunning time of procedure
SEQUENTIAL FFT. Weillustrate thisapproach irsections9.3and9.4.

9.2 DIRECT COMPUTATION OF THE DFT

This approachto the parallel computationof the DFT is basedon the observation
that the sequence

n—1
- kj
b; = kZO Qg X w
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can be expressedsthe following matrix-by-vector product

by o1 1 R 1 a

b, 1w w? w3 w1 a,

b, |=|1 w? w* woé ... w3 a, |,
__bn—l_ _1 Wn—l w2(n—1) W3(n—1) W(n—l)(n—l)J _an—l_

or b= Wa, whereW isann x nmatrixandb anda aren x 1 vectors.

Consequently, anyf the algorithmsdeveloped inchapter? for matrix-by-
matrix multiplication or matrix-by-vector multiplication canbe usedto compute the
precedingproduct.Regardles®f which algorithmis used, howevegn efficient way
must be specified forgenerating thanatrix W, or more preciselyfor obtaining the
various power®f w. Our purposein this sectionis twofold:

1. We firstdescribe simplealgorithmfor computing the matri¥, which runsin
O(log n) time and uses A processors.

2. We then showhow the processorsf 1, with an appropriateinterconnection
network,canbe usedo computethe DFT.

9.2.1 Computing the Matrix W

Assumethat an SIMD computeris available that consistsof n? processorsThe
processors ararranged irmnn x narraypatternwith nrowsnumbered, ..., n,and
n columnsnumberedi,..., n. ProcessorP(k, j),1 < k, j < n,is requiredto compute
wk~DU-D " This computation canbe accomplishedby repeatedsquaring and
multiplication. For example, w!® is obtained from [(w?)? x w] x [(w?)?*]% The
algorithm is given in what follows as procedureCOMPUTE W. Each processor
P(k, j) is assumedo havethreeregistersM,;, X,;, and Y,;. RegisterM,; storesthe
powerto whichwis to beraisedwhile registersX,; and ¥;; store intermediateesults.
Whenthe procedurderminates,y,; = w* =DV~

procedure COMPUTE W (K, j)
Stepl: M,;+ (k- 1)(j - 1).
Step2:  X,; < w.

Step3: Y%« L

Step4: while M,; # 0 do
(4.1)if M,;is odd
then %, « Xi; X ¥;
end if
(4.2) M« |M,;/2]
(4.3)ij4— X,fj
end while. O
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Analysis.  Stepsl, 2, and 3 of the precedingorocedure take constatiime.
Thereare O(log[(k — 1)(j — 1)]) iterationsof step4, each requiring constarime.
ProcedureCOMPUTE W thereforeruns in O(log n) time. In fact, the procedure's
actual runningime canbeslightly reducediy notingthatw”? = —1, andtherefore
wit @2 = —wi Consequentlygnly powersof w smallerthans/2 needbe computed.

Discussion.  The precedinglescriptiondoesnot specifywhetheror not the
n? processorsn the SIMD computer shara commonmemoryor are linkedby an
interconnection networkndeed procedure OMPUTEW requiresiocommunicat
ion among the processaiaceeach processor produapowerof windependently
of all otherprocessordn the next sectionve showthatwhena particular network
connectshe processorgheDFT of asequenceanbecomputedn the samamount
of time required to generate the mat#ix

9.2.2 Computing the DFT

The n? processorsf the SIMD computer in the previosectionare now intercon
nectedasfollows:

1. The processoris row k areinterconnectedo form a binary tree, that is, for
j=1,...,1n/2], processorP(, j) is linked directlyto processorsP(k, 2j) and
P(k, 2j T 1), with P(k, 2| n/2] T 1) nonexistenf nis even.

2. The processoins columnj areinterconnectedo form a binarytree,thatis, for
k=1,...,|n/2], processorP(k,]j) is linked directlyto processor®(2k, j) and
PQk T 1, j),with PQLn/2) + 1,j) nonexistenf nis even.

This configurationcalledthe meshd treesin problem4.2,is illustrated inFig. 9.1for
n= 4. We assumehat the processoiia row 1 and columrl arein charge of input
and output operationsyespectivelyThus,for example, processdi(l, ) can reada
datuma,. It is thenpossible, usinghe binary tree connectiorns,propagates; to all
processorg columnj. The algorithmis givenasprocedure PROPAGATE.

procedure PROPAGATE(a;))

for m=1to (logn) — 1do
for k =2""!to 2™ — 1 doin parallel
Pk, ) sendsa; to P2k, j)and P(2k + 1, j)
end for
end for. [

This procedurgwhich is essentiallyprocedureBROADCAST of chapter2 im-
plementedbn a tree)requiresO(log n) time.

Similarly, assuméehat each processan row k containsa numberd,; andthat
the sum ofthesenumberds required.Again, usingthe binary tree connections, the
sum canbe computedand produced asutputby P(k, 1). The algorithmis givenas
procedure SUM.
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Figure 91 Mesh of treesconnection.

procedure SUM (k)

for m = (logn) — 1 dewnte 1 do

for j=2""1to 2™ — 1 doin parallel

dej—dy i+ dizjes

end for
end for. O

P(1.,1) _|PO2) PO P(1.4)
]
B
P(2,1) _—Pl(z,z) ) P(2,4)
P(3,1) jP(a,z) P(3.3) P(3.4)
P(4,1I)—_——__Pl(4,2) P(4.3) P(4,4)

Chap.9

This proceduras a formal statementof the algorithmin examplel.5 and runsin

O(log n) time.

We arenow readyto show how theproduct

b= Wa

is obtained. Therarefour stagego thiscomputationlnitially, theelementf matrix
W are createdone elementper processorn the secondstage,the elementsof the
vectora areread. Each processor row 1 readsa different elemenof vectora and
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propagateg down itscolumn.At this point,processotP(k, j)containsw®* - YU~ and
a;-,: All the productsz;_; x w*~DU~1 are computedimultaneously. Finally, the
sumsof theseproducts are obtainefr each rowand the resultsproducedby the
processorsn columnl. The algorithmis givenasprocedureSIMD DFT.

procedure SIMD DFT (A, B)

Stepl: for k =1 to n do in parallel
for j = 1to n do in parallel
COMPUTEW (k,j)
end for
end for.

Step2: for j=1tondoin paralel
(2.1)P(1, j) receives; _, asinput
(2.2) PROPAGATH;- )
end for.

Step3: for k =1 to » do in parallel
for j = 1to n do in parallel
dyj e Y X a4
end for
end for.

Step4: for k= 1to n doin parallel
(4.1)SUM(K)
42) b1+ dy
(4.3) P(k, 1) produces, -, asoutput
endfor. [J

Analysis.  Stepsl, 2, and4 requireG(log n) time, while step3 takesconstant
time. The overall runningtime of procedureSIMD DFT is therefore

t(n) = O(log n).

Thisrepresents apeedupf O(n) with respecto produceSEQUENTIAL FFT (the
fastestsequentiablgorithmfor computing theDFT). Infact, this runningtime is the
best possible foany networkthat computes thBFT. T o seethis, notethateachs; is
the sumof n quantitiesand we know from section7.3.2thatcomputingsuch a sum
requiresQ(log n) paralleltime.

Since p(n) = n?, the procedure's cost ig(n) = O(r?10gn) for an efficiency of
O(1/n) with respectto procedureSEQUENTIAL FFT.

Example 9.1
The fourstepsof procedur&SIMD DFT are illustratedh Fig.9.2for thecasen = 4.
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Figure 9.2 Computing discrete Fouriertransform using procedure SIMD DFT.

9.3 A PARALLEL FFT ALGORITHM

With a runningtime of O(log n) procedureSIMD DFT is quite fastandaswasjust
shown, itachievedhe best possiblepeedumver the fastest sequentegorithmfor
computingthe DFT. The procedure'sfficiency,howeverjs verylow dueto thelarge
numberof processor# uses.

In this section a parallel algorithrwith better efficiency is described.The
algorithmimplementsn parallelanonrecursive versioof procedureSEQUENTIAL
FFT. It is designedto run on a meshconnectedSIMD computerwith n processors
Py, P,,...,P,_, arrangedin a 2' x 2° array, where n= 225, The processorsare
organizedin row-major order,as showrin Fig. 9.3for n= 16.

Let k bealog n-bit binaryinteger. Wedenoteby r(k) thelog n-bit binary integer
obtainedby reversinghe bits ofk. Thus,for exampleif the binary representatiaf k
is0101, thenthebinary representatioof r(k) is 11010 Thealgorithmis givenin what
follows as procedureMESH FFT. Theinput sequencda,, a,,...,q,_,} is initially
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2 .
Po Py P2 P3
Py Ps Ps P7
o172
Ps Pg P10 Py
Pyo Py3 Pia Pig| Figure93 Meshof processors focom
puting fast Fourier transform.

held by the processois themeshponeelemenperprocessorspecificallyP, holdsa,
for k=0, 1 ..., n—1. When the procedure terminates tlmtput sequence,
{b,, b,,..., b,—1} is held by the processorssuch that P, holds b, for k =0,
1,...,n- 1L

procedure MESH FFT (A, B)

Step 1: for k=0ton — 1doin parallel
Cp < Oy
end for.

Step 22 for h = (logn) — 1 downte 0 do
for k =0ton — 1doin parallel
(2.1)pe2
(22) gn/p
(2.3)z < wP
(2.4)if (k mod p) = (k mod 2p)
then () cxecp Tty X 2
(i) chape—cx—CxepX 2z
end if
end for
end for.

r(k)mod q
r(kymod q

Step 3: for k=0ton — 1doin parallel
by + )

endfor. O
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Note thatpart (ii) in step2.4 usedthe old value of ¢, rather thanthe new value
computedin part (), thatis, ¢, and ¢,.,, may bethoughtof as being updated
simultaneously.

Analysis.  The purposef step 1is to save the valuesf the inputsequence; it
is performed locally by eacprocessoandtakesconstantime.Step2 comprises both
routing and computationaloperations,while step 3 consistsof routing operations
only. We analyze thdime requiredby thesetwo kinds of operationsseparately.

Computational Operations. Therearelog n iterationsin step2. During each
iteration, processorP, performs a fixed numberof computationsthe most time
consumingof whichis exponentiationywhich (asshownin section9.2.1)takesO{log n)
time. The time requiredfor computational operatioris therefore O(loén).

RoutingOperations. Onetime unitis requiredto communicate @atumfrom
one processorto an immediate neighbor. Istep2.4, f kmod p= k mod2p, then
processoP, needgo receivec, , , from P, , (in orderto updatec, andc, ., ,) andthen
returnc, ., to P, ,. The time requiredby this routing dependsn the value of h.
Whenh = 0, p= 1 and communicationis between processoien the samerow or
column whose indicegliffer by 1 (i.e., processorghat aredirectly connectedn the
mesh):The routingtakesone time unit. When h = 1, p = 2 and communicationis
betweemprocessorsnthesame rowor columnwhose indicesliffer by 2: Therouting
takes twotime units. Continuing with the samereasoning, wherh =logn — 1,
p = n/2 andcommunications between processoos the same columwhose indices
differ by n/2: The routing takesn!/2/2 time units. In general, fop=2" h =2s _ 1,
2s— 2,...,0,the numbef time unitsrequired forroutingis 2™, Thetotal number
of time unitsrequiredfor routingin step2 is therefore

AL+ 244+ -+ 271 =202 —1).

In step3, ¢,y is to be routedfrom P, to P,. The two processorghat are the
furthestapartareP,._, (northeastornerjandP,.: - ,, (Southwest cornerJhesewo
processeare separatetly 2(2° — 1) edgesthatis, 2(2° — 1) time unitsare neededo
communicatea datumfrom one of themto the other. This meanthat the routing
operationsperformedin steps2 and 3 requireO(2°) time units,thatis, O(n'/?) time.

For sufficiently large valuesf n, the time neededor routingdominatesthat
consumecdby computationsTherefore, the overatunningtime of procedureMESH
FFT is t(n) = O(n'/?). Since p(n) = n, c(n) = O(n*?). It follows that the procedure
providesa speedumf O(n'/?log n) with an efficiency of O(log n/n'’?).

Comparedwith procedureSIMD DFT, procedureMESH FFT is slowerand
thusprovidesa smallerspeedupith respecto procedureSEQUENTIAL FFT.On
the other handit usedewerprocessorandhasa lower costand a higherefficiency.
Furthermore, tharchitecturdfor whichit is designed usesonstardength wiresand
is modularand regular.
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Example 9.2

Let n = 4. The contentsof the four processorsfter stepl of procedure MESH FFT are
shown in Fig. 9.4(a). During the first iteration of step 2, h=1. Al processors
simultaneously computep = 2, g = 2, and z = w?. The condition

k mod p =k mod 2p
holds for k = 0, 1 but not for k = 2, 3. Therefore processorP, computes
o = co T (W?)°c,
= ay + a,,
and
¢y =co — W)’y
=a, —a,,
while P, computes

€1 =0 + w?)°c,

=a, a,,
Co=12g c, = a,
Cy=4a, C3=133
(@
Co=8y+ 8, c,=a, +a,
Ca=28,-3, Cy=a;-2,

Figure9.4 Computing fast Fourier trans-
(b form using procedure MESH FFT.
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and
cs=c¢; — (W)’
=a, —a,

The content®f thefour processorat theendof this iterationareshown in Fig9.4(b).
During thesecondterationof step2,h = 0, p = 1,q = 4,andz = w. This time the
condition kmod p= kmod2p holds for k =0, 2 but not for k =1, 3. ThereforeP,

computes
co = Cp + WOc,
:a,+a,+a,+a3,
and
¢, =co — Wy
=a,ta,—(a,+a),
while P, computes
¢, =c,+wi,
=a,—a, Twa -a,),
and
c3=c, — wlcs
=a,-a, —wa —a,.
Duringstep3, by = ¢y, by = ¢4, b, = ¢, and by = ¢5. Consequently,
bo=a,ta ta, +a,
by=a, Twa, —a, —wa,
=a, twa, T w2, + wa,,
by=a,—a, +a, —a;
= ay + wia; + w'a, + whas,
by=a, — wa, — a, T wa,
=a, Twia, + wfa, +wa,,
asrequired.

9.4 PROBLEMS

Supposethat the DFT of several sequencesf the form {a,, a,,...,a,~} is to be
computeddirectly fromthedefinition, thatis, asa matrix-by-vector product(seesection
9.2).0Oneapproachwould beto pipeline the computatiomn ameshwith O(n?) processors.
Anotheristo take thenputsequencesatatimeandregardthe computatiorasa matrix-
by-matrix product;any of thesolutionsto this problemgivenin chapter7 can thenbe
used.Proposea precisealgorithm for eachof thesetwo approachesand analyze the
runningtime and numberof processorsisedby each.
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Give theiterative sequential algorithm faomputing theFFT upon which procedure
MESH FFT is based,and prove that it is equivalentto the recursive procedure
SEQUENTIAL FFT of section9.1.

Show howthealgorithm derived in probler.2canbeimplementedn a lineararray of
processors.

A speciatpurpose parallel architectufer implementinghealgorithm derivedh problem
9.2may consisbf logn rowsof n/2 processors eaclihe processors ia row execute the
computationsequiredby one iteratiorof the algorithm's maifoop (step2 in procedure
MESH FFT). This is illustrated for n =8 in Fig. 9.5, where the two values in
{co>€1,..+,¢,— 1} Updatedby each process@reshown.Comparethis implementatiorio

the onen section9.3in termsof numberof processors, running time, period, architecture
regularity,and modularity.

Routing operations takglacein steps2.4and 3 of procedureMESH FFT. As statedin
section9.3,howeverthe procedure doesot specify howthis routingis to be performed.
Give a formal descriptiorof the routing process.

Modify procedure MESHFT for thecasewhereN processorareavailableto compute
the FFT of thesequencéag, ay,...,a,-} whenN <n.

The following sequential proceduiie anotheriterativeway of computingthe FFT.

- b,
Co =3y o o & > %
c c c
cy=a, — % —‘ 2 1 b,
C=23 ¢ c, c, b,
_ ¢ c ¢
Cy =25 ~— 5 “ 3 3 bg
Ca=a, c L ¢ ¢, F— B
2 4 4
- c c c
Cg =3y 6 6 5 —> by
C3=8 — ¢ ¢ c by
3 5 6
_ c c c
C, =2, 7 7 7 b,

Figure 9.5 Architecture for problem 9.4.
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procedure ITERATIVE FFT (A, B)
Stepl: fork =0ton - 1do

Cp < ay
end for.

Step2: for h = (logn) — 1 dewnto 0 do
1) p2"
(22) g<n/p
(2.3) z w2
(24)fork=0ton— 1do
if (k mod p) = (k mod 2p)
then (i) ¢, «~c, T Chsp

(ii) cp+p—(cp — it p)zkm™P
end if
end for
end for.
Pia Pie
P
34
Pas
P24 P26
P, 0 P12
P3o Poo
P20 P32
Pis Py7
P P P
35 27
F’25 37
Py Pis
P P
31 Poy Po3 33 Figure 9.6 Cube-connected

Chap. 9
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Step3 for k=0ton— 1do
brgy + i

endfor. [

Notethatpart(ii) of step2.4 usesheold valueof ¢, [not thevaluecomputedn (i)]. Show
how this procedurecan be implementedo run on a shuffleexchangeconnectedsIMD
computerusing O(n) processorsaind Oflog n) constanttime iterations (not counting the
time requiredto computez*™** duringeach iteration).

98 An interconnectiometwork SIMD model known asthe cubeconnecteccycles(CCC)
networkis describedasfollows. Consider al-dimensional cubeEachof the 2¢ cornersof
thecubeis a cycleof d processorsEachprocessoin acycleis connectedo a processoin
a neighboringyclein thesame dimension. BCC networkwith twenty-four processors
shownin Fig.9.6.Notethat P,;is connectedo P, whenj andk differ only in their ith most

coLumn O 1 2 3 4 5 6 7
ROW O 2 | ks AN o \ Y (
1| f ’ v
2
3

Figure 9.7 Butterfly network.
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significant bit. Describean algorithm for computingthe FFT of an n-elementinput
sequenc@n an n-processoiCCC network.

99 Showthat theCCC networkis essentially the networkn problem9.4 with wraparound
connectiongas definedn problem7.7) betweenthefirst andlast rows.

9.10 An interconnectiometwork SIMD model known as thebutterfly network consistsof
d+ 1 rows and 2¢ columns,as shownin Fig. 9.7 for d = 3. Let P(,j) represent the
processoin row i and column. Fori > 0, P(i, j) is connectedo P(i — 1,j) andP(i — 1, k)
wherethe binary representatiom$ k andj differ only in their ith most significant bit.
Relatethe butterfly networkto the cubeand cubeconnecteccyclesnetworks.

9.11 Show howthe FFTof an inputsequencef lengthr = 2¢ canbecomputedon a butterfly
network.

9.12 Repeat problen®.11for a d-dimensionalcube interconnection network.

9.13 Repeatproblem9.6for the parallelalgorithmsderivedin problems9.7,9.8,9.11, and9.12.

9.14 Relate the processf computingthe FFT to that of bitonic mergingas discussedn
problem3.9.

9.15 Two numbersc andn aregiven.lt is requiredto raisex to the powern. Assuminghatone
is not allowedto usea concurrentvrite sharedmemory compute(SIMD or MIMD),
how fast can this computationbe performedin parallel?Comparethe runningtime of
your parallel algorithm with that of the sequential procedut@ OMPUTE W in section
9.2.1.

9.5 BIBLIOGRAPHICAL REMARKS

Various description®f the sequentialFFT and its applications carbe found in [Burrus],
[Cochran], [Cooley 13, [Cooley 2], [Cooley 31, [Horowitz], [Schonhage]and[Wilf]. Parallel
algorithmsfor the direct computationof the DFT are describedin [Ahmed], [Mead], and
[Thompson 2]. The meshof treesarchitecturewas originally proposedfor the problem of
sortingin [Muller] and then rediscovereth [Leighton] and[Nath]. Parallelalgorithmsfor
implementing theFFT on a meshconnectedSIMD computerappearin [Stevens], [Thom-
pson1], and[Thompson2].

Otherarchitecturegor implementing thé=FT in parallelarethelinear array([Thom-
pson2]), the perfect shuffle ([Heller], [Peasel], [Stone], and [Thompsont]), the cube
([Pease2] and [Quinn]), the butterfly ([Hwang], [Kronsjo], and [Ullman]), the tree
(JAhmed]), and the cubeconnectedcycles ([Preparata]). It is shown in [Fishburn] and
[Hwang] how to implementthe parallel FFT algorithmsfor the perfect shuffleand butterfly
networks,respectivelywhenthe numberof processorss smallerthanthe sizeof theinput.

Otherparallelalgorithmsfor Fouriertransforms andelatedcomputationsan be found
in [Bergland], [Bhuyan], [Briggs], [Brigham], [Chow], [Corinthios], [Cyre], [Dere], [Des-
pain 1], [Despain 2],[Evans], [Flanders],[Hockney], [Jesshope], [Korn], [Kulkarni][Lint],
[Parker], [Ramamoorthy][Redinbo], [Swarztrauber], [Temperton]Wang], [Wold], and
[Zzhang]. The problemof parallel exponentiatioris discussedn [Kung].
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Graph Theory

10.1 INTRODUCTION

In virtually all areasof computersciencegraphsareusedto organizedata, tomodel
algorithms, andyenerallyas apowerful tool to representomputational concepts.
Trees,jn particular, are omnipresent. Many branctfesngineeringandscienceely
on graphs for representirggwide variety of objectsrom electrical circuits, chemical
compoundsandcrystalgto geneticaprocessesociologicaktructuresandeconomic
systemsThe samés truefor operationgesearchwheregraphsplay a crucialrole in
modelingandsolving numerous optimization problems sueéschedulingrouting,
transportation, andhetwork flow problems.It is thereforeimportantfor these
applicationsto develop efficient algorithms to manipulate graphs andnswer
questionsaboutthem.As a consequence, largebody of literatureexiststoday on
computational graptheoretic problemandtheir solutions.

This chapter is concernedth parallel graph algorithm$Ve beginin section
10.2 bydefining someaermsfrom graph theorySection10.3-10.6 aredevotedto the
problemsof computing theconnectivity matrix, the connected components, the
shortest pathsind minimumspanning treef a graph respectively.

10.2 DEFINITIONS

A graph consistsf afinite setof nodesanda finite setof edgesconnecting pairsf
these node#\ graphwith six nodesand nineedgeds shownin Fig. 10.1(a). Here the
nodegalsocalledverticesarelabeleda, b, ¢, d, e,andf. Theedgesre(a,b),(a,c), (b, c),
(b, e),(c,d),(c,f), (d,e),(d,f), and(e,f). A graphisdirected wheiits edgegalso called
arcs)havean orientationandthusprovidea oneway connectiorasindicatedby the
arrowheadsn Fig. 10.2(a). Here node & connectedo b, nodebis connectedo cand
d,andnode dsconnectedo c. ThenotationG = (¥, E)is usedto represent a grapt
whose verteset isV andedge sets E.

A matrix representation cdeusedor computer storagendmanipulatiorofa
graph.Let G bea graphwhose vertesetis V ={v,, vy,...,v,—}. This graph care

251
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0 1 2 3 4 5

B B
0 0 1 1 0 0 0
a
1 1 0] 1 0 1 0]
b
¢ > 1 1 0o 1 0 1
3 0 0 1 0 1 1
© f 4 o 1 0o 1 0 1
5 0 0 1 1 1 0
L _
(a) (b)
Figure 10.1 Graphwith six nodes andts adjacency matrix.

0 1 2 3

a b 0 o 1 0 O

1 0 0 1 1

2 0 0] 0 (0]

c
d 3 1 0 1 0
(a) (b)
Figure 10.2 Directedgraphandits adjacency matrix
uniquely representedby an n x n adjacency matrix A whose entriesg;;, 0 < i,

ij>
j € n— 1, aredefinedasfollows:

o = 1 if v; is connectedo v;,
Y7 )0 otherwise.

Theadjacency matricefer the graphsn Figs.10.1(a) and 10.2(a) areshown in Figs.
10.1(b) and 10.2(b), respectively, where, = a,v, = b,andsoon. Notethatsincethe
graphin Fig. 10.1(a) is undirected the matrix in Fig. 10.1(b) is symmetric.

When each edgdf agraphis associated with realnumbercalled itsweight,the
graphis saidto beweighted A weightedgraphmay be directedr undirected Figure
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(@) ®)
Figure 103 Weightedgraphandits weight matrix.

10.3(a) showsan undirectedveightedgraph.The meaningof anedge'sweight varies
from one applicationio another; imayrepresent distance, cotte, probability,and
soon. A weight matrix W is usedto represent weightedgraph,asshownin Fig.
10.3(b). Here,entry w;; of W represents thereightof edge(w;, v)). If v; andv; arenot
connectediy anedge thenw;; may beequalto zero,or infinity or any appropriate
value, accordingo the application.

A path fromanorigin vertexy, to adestination vertey; in a graphG = (¥, E),isa
sequencef edgeqw;, ), (vx, v, ..., (vs, v;) from E, whereno vertexappearsnore
thanonce.In Fig.10.1,for example(a,c),(c, d), (de)is a pathfrom atoe. A cycle isa
pathin which the originanddestinatiorarethe same Thesequencéa,b), (b, d),(d,a)
in Fig.10.2formsacycle.In anunweightedyraph, the lengtbf a pathor cycle isequal
to the numbeiof edgedormingit.

A subgraph G' = (V',E') of a graphG = (¥, E)is a graph suchihat V' € V and
E' = E, thatis, a graphwhose verticesind edgesarein G. Figure 10.4 showstwo
subgraphf the graphin Fig. 10.1.

(@) (b)
Figure 10.4 Two subgraphof graphin Fig. 10.1.
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10.3 COMPUTING THE CONNECTIVITY MATRIX

Theconnectivity matrixof ann-nodegraphGisann x n matrixC whose elementsre
definedasfollows:

. {1 if thereis a pathof length0 or morefrom v; to v,
&~ 0 otherwise,

forj, k=0,1,..., n — 1. Note thata pathof length0 beginsand endsat a vertex
without usinganyedges, whila pathof length1 consistf oneedgeThe matrix C is
also knowrasthereflexive and transitiveclosureof G.Giventheadjacency matrid of
agraphG, it is requiredto computeC. Theapproach thatve takeusesBooleanmatrix
multiplication, which differs from regularmatrix multiplication in that

(i) thematricesto bemultiplied aswell asthe producimatrix areall binary,thatis,
eachof their entrieds either0 or 1;
(i) theBoolean(orlogical)and operationreplaces regular multiplicatiothatis, 0
and0=0,0and1=0,1and0=0,andland 1 =1; and
(i) theBoolean(orlogical)oroperationreplaces reguladdition, thais,00r0 = O,
Oorl=1,1or0=1andlorl1=1.

Thusif X, ¥,andZ aren x n Boolean matrices whetgis the Boolearproductof X
and Y, then

Zij = (xil and yl.l) or (xiz and yzl) or...or (xi,, and y”l) fOI’ i, J = O, l, ey, N — 1
Thefirst stepin the computatiorof the connectivity matrixC is to obtain the
n X n matrix B from A asfollows:

by=ay (forj#k) and b;=1

J

forj, k=0,1,..., n— 1. Matrix B therefore represents glhthsin G of lengthless
than?2; in other words

_ {1 if thereis a pathof length0 or 1 from v; to v,
* 7 o otherwise.

Similarly, B2 (i.e., the Booleanproductof B by itself) representpathsof length2 or
less B* representpathsof length4 or lessandB" representpathsof lengthn or less.

We now observehatif thereis a pathfrom v, to v;, it cannothave lengthmore
thann — 1. ConsequentlyC = B*~!, thatis, theconnectivitymatrix is obtainedafter
[log(n — 1)1 Booleanmatrix multiplications.Notethatwhenn — 1is nota powerof 2,
C is obtainedfrom B™, wherem = 2fegt»= Ul This is correctsince B™ = B"~! for
m>n-—1.

In orderto implement thisalgorithmin parallel,we canuseany of the matrix
multiplication algorithmslescribed irchapter7 adaptedo perform Boolean matrix
multiplication. In particular,procedureCUBE MATRIX MULTIPLICATION can
be used. The resulting algorithm is givenin what follows as procedureCUBE



Sec. 10.3  Computingthe ConnectivityMatrix 255

CONNECTIVITY. The procedure takes thdjacencynatrix A as input and returns
the connectivitymatrix C asoutput. It runs ona cubeconnectedSIMD computer
with N = n® processorP,, P,, ..., P, The processorsan be thoughtof asbeing
arranged iman nx nx n arraypattern.In this array, P, occupies positiorgi, j, k),
wherer =in2 +jn + kando0 <, j, k <n— 1.1t has threeegistersA(, j, k), B(, j, k),
andcC(i, j, k). Initially, the processori positiond0, j, k),0 <j, k < n— 1,contain the
adjacency matrixthat is, 4(0, j, k) = a;. At the endof the computationthese
processors contain tteennectivitymatrix, thatis, C(0, j, k) =cz, 0<j, k< n- 1

procedure CUBE CONNECTIVITY (A, C)

Stepl: {The diagonalklement®f the adjacencymatrix aremade equato 1)
forj =0to n— 1doin parallel
AQ, j, ) <1
endfor.

Step2: {The A registersare copiednto theB registers}
forjy =0ton— 1doin parallel
for k=0to n—1doin parallel
B, j, k) «— A(0, j, k)
end for
endfor.

Step3: {The connectivity matrixs obtained throughepeatedBooleanmultiplication)
for i = 1 to [log(n — 1)1 do
(3.1) CUBE MATRIX MULTIPLICATION (A, B, C)
(3.2)forj =0ton—1doin parallel
for k =0to n—1do in parallel
() A0, j, k) — C(0, j, k)
(ii) B0, j, k) « C(0, j, k)
end for
end for
endfor. [

Analysis.  Stepsdl, 2, and3.2take constantime.In step3.1 procedure CUBE
MATRIX MULTIPLICATION requiresO(log n) time. This stepis iteratedlogn
times. It follows that the overall runningtime of this procedurds t(n) = O(logn).
Sincep(n) = n3, ¢(n) = O(*log?n).

Example 10.1

Considerthe adjacency matriin Fig. 10.2(b). After stepsl and 2of proceduréCUBE
CONNECTIVITY, we havecomputed

S = o B
S O = -
_ e = O
-0 = O
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The firstiterationdf step3 produces

B? =

O =

S -

—_— =
—_— D = =

while the secondyields B+ = B*.

10.4 FINDING CONNECTED COMPONENTS

An undirectedgraphis saidto be connected for every pair v; andv; of its vertices
thereis a pathfrom v; to v;. A connectedomponentf a graphG isasubgraph G' of G

that is connected.The problem we considerin this sectionis the following. An

undirectedn-node graph G is given by its adjacencymatrix, and it is requiredto

decomposes into the smallest possibleumber ofconnectedcomponentsWe can
solvethe problemby firstcomputing theeonnectivitymatrix C of G. UsingC,we can
now constructann x n matrix D whoseentriesare definedby

o =1,
%710 otherwise,

for 0 <j, k < n- 1 In otherwords, rowj of D contains thenamesof the verticesto
which »; is connectedby a path, that is, those vertices inthe same connected
componentssy;. Finally, the graphG canbedecomposethto the smallestnumber
of connecteccomponentsy assigningeachvertexto a componenasfollows: v, is
assignedo component if 1is the smallest index for whicld;, # 0.

A parallel implementation of this approach uses procedure CUBE
CONNECTIVITY developedin the previous sectiorto computethe connectivity
matrix C. The algorithm is given in what follows as procedure CUBE
COMPONENTS.The procedurerunson a cubeconnectedSIMD computerwith
N = n® processors, each withreeregistersA, B, andC. Theprocessorarearranged
inann x nx narray patternas explained earlier. Initially4(0, j, k) = a;, for 0 <j,
k < n — 1,thatis, the processor#n positions(0, j, k) containthe adjacencymatrix of
G. When the procedureterminates,C(0, j, 0) contains the component numbfer
vertexy;, wherej=0,1,...,n - 1

procedure CUBE COMPONENTS (A, C)

Stepl: {Computethe connectivitymatrix)
CUBE CONNECTIVITY (A,C).

Step2: {Constructthe matrix D}
for j=0ton — 1doin parallel
for Kk =0ton — 1doin parallel
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if C(0,j, k) = Lthen C(0, j, k) = v,
end if
end for
end for.

Step3: {Assign a component number teachvertex)
for j=0ton—1doin parallel
(3.2) then processoria row j (formingalog n-dimensional cubdipd thesmallest
[ for which C(0, j, ) # 0
(3.2)C(0,j,0)—1!
endfor. [

Analysis.  As shownin the previous sectionstepl requiresO(log?n) time.
Steps2 and3.2 take constantime. From problem7.23, we know thatstep3.1 canbe
donein O(log n)time. Theoverallrunningtime of procedurecCUBECOMPONENTS
is t(n) = O(log?n). Sincep(n) = N3, c(n) = O(*10¢Pn).

Example 10.2

Considethegraphin Fig. 10.5(a) whoseadjacency andonnectivity matricearegivenin
Figs. 10.5(b) and (c), respectivelyMatrix D is shownin Fig. 10.5(d). The component
assignmens therefore:

component: vy, vs, ve, vg

component: v, v,, v,

componen2 v,,vs. [

10.5 ALL-PAIRS SHORTEST PATHS

A directedandweightedgraphG = (¥, E)is givenasshown for examplejn Fig. 10.6.
Forconvenienceweshallreferin this sectiorto theweightof edge(v;, v;) asits length.

For everypair of verticesy; andv; in V, it is requiredto find the shortest path
from v; to v; alongedges inE. Here the lengthof a path orcycleis the sumof the
lengthsof theedges formingt. In Fig. 10.6,the shortest patlirom v, to v, is along
edges (vg, V3), (v, U3), (13, Vs), (Vs s), and (vs, v,) and has length 6.

Formally, theall-pairs shortest pathzroblem isstatedasfollows: An n-vertex
graphG s givenby its n x n weightmatrix W; constructann x nmatrix D suchthat
d;; is thelengthof theshortestpathfrom v; to v; in Gfor all i andj. We shallassume
that W haspositive, zeropr negativeentriesaslong asthereis no cycle of negative
lengthin G.

Let d}; denotethe lengthof the shortestpathfrom v; to v; that goesthroughat
mostk — 1 intermediateverticesThusd}, = w;;, thatis, theweightof theedgefrom v,
tov;. In particular,if thereis noedge fromw; to v;, wherei andj aredistinct,d}j = 0.
Also d;, = 0. Given that G hasno cyclesof negativelength, therds no advantagen
visiting any vertex more than oncein a shortestpath from v; to v; (evenif our
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Figure 10.5 Computing connectedcomponentsof graph.

definition of a path allowed for a vertex to appear more than once on a path). It
follows that d;; = d~*.
In order to compute df; for k > 1 we can usethe fact that

d = min {dif? + aif?),

that is, d; is equalto the smallestd¥> + di{?, over all valuesof I. Therefore matrix D
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Figure 10.6 Directed and weighted
3 Ovs graph.

canbegenerated frorD* by computingD?, D4,..., D"~ ! andthen takingD = D" *.

In orderto obtainD* from D*? by the preceding expressiowe canuseaspecial form
of matrix multiplication inwhich the standardoperationsof matrix multiplication,
thatis, x and * are replacedby *+ and min, respectively.Henceif a matrix
multiplication procedurés availablejt can be modified to generated” ™! from D*.

Exactly[log(r — 1)1 such matrix productare required.

The algorithmisimplemented irparallel usinganyof the matrix multiplication
proceduredescribedn section7.3adaptedo perform(+, min)multiplication. Once
again, aswe did in the previoustwo sectionswe shall invoke procedure CUBE
MATRIX MULTIPLICATION. The resulting algorithnis given inwhatfollows as
procedure CUBE SHORTESPATHS. The procedure runs amcubeconnected
SIMD computerwith N = n® processorsgachwith threeregistersA, B, and C. As
before,the processors cabe regardedas being arrangedin an nx n x n array
pattern. Initially, A(0, j, K) = w;, for 0 <j, k<n —1, that is, the processors
positiong0, j, k) containtheweightmatrix of G. If »; is notconnectedo v, orifj =k,
then wy, = 0. When the procedure terminate€0, j, k) contains thdength of the
shortestpathfrom y; toy, for 0 < j, k < n— 1.

procedure CUBE SHORTESTPATHS(A, C)

Step1: {Constructthe matrix ' and storet in registerss andB)
for j=0ton — 1 doin parallel
for k=0t0n — 1do in parallel
(1.1) if j # k and A(0, |, k)=0
then A(0, j, k)« o
end if
(1.2) B, j, k) « A, j, k)
end for
end for.
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Step2: {Constructthe matricesD?, D4,..., D"~ ! throughrepeatedmatrix multiplication}
for i =1 to[log(n — 1)] do
(2.1) CUBE MATRIX MULTIPLICATION (A, B,C)

Analysis.

(2.2)for j=0ton— 1doin parallel
for k=0to n— 1doin parallel
(i) A, j, k) < C(0, ), k)
(i) B(O, j, k)« C(0, j, k)

end for
end for

endfor. O

Steps 1 and 2.2 take constanttime. There are [log(n — 1)]

iterationsof step 2.1 each requiring O(log n) time. The overall running time of
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procedureCUBE SHORTESTPATHS is thereforer(n) = O(logrn). Sincep(n) = n°,
¢(n) = O(n*10gM).

Examplel0.3
Matrices D!, D2, D*, and D® for the graphin Fig. 10.6are shownin Fig. 10.7. ]

10.6 COMPUTING THE MINIMUM SPANNING TREE

A treeis a connected (undirectedyaphwith no cycles.Given an undirectedand
connectedyraphG = (¥, E),aspanningreeof G is asubgraph G' = (V', E") of G such
that

(i) G'isatree,and
(i) V=V

If thegraphG is weightedthena minimumspanningree (MST)f G has thesmallest
edgeweightsum amongaall spanning treesf G. Thesedefinitionsareillustratedin
Fig.10.8.Three spanning treestheweightedyraphin Fig. 10.8(a) areshown inFigs.

(a) (b)

() @

Figure1l0.8 Weightedgraphandthreeof its spanningtrees.
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10.8(b)—(d). Thetreein Fig. 10.8(d) hasminimum weightNotethatwhenall theedges
of thegraphhave distinct weight¢ghe MSTis unique.

If V={vo,v, ...,0,-1}, thenthe MSThas n- 1 edgesTheseedgesmust be
chosemamongpotentially n(n — 1)/2 candidates. ThigivesanQ(n?) lower boundon
the numberof operationsrequiredto compute theMST sinceeach edge mudbe
examinedat least onceFor conveniencewe henceforthrefer to the weight of edge
(v;, v;) asthedistanceseparating; andv; anddenoteit by dist(v;, v;).

A sequentiablgorithm for computing th®1ST basedn thegreedyapproach to
problemsolving proceeds in stages. Beginning vatharbitrarily chosen vertex, each
stageaddsonevertexandanassociated edde the treelf v; is a vertexthatis not yet
in the tree, let(v;) denote arertexalreadyin thetreethatis closesto v;. Thealgorithm
therefore consistef two steps:

Stepl: Includevertexy, in the MST andlet ¢(v)) = v, fori=1,2,...,n— 1.
Step2: This stepis repeatedaslong asthereareverticesnot yet in the MST:

(2.1) Include inthetreetheclosestvertexnot yetin thetree;thatis, for all v
notin the MSTfind the edgdu,, c(v;)) for whichdist(v;, ¢(v;)) is smallest
andaddit to the tree.

(2.2) Forall v; notin the MST, update(v;); thatis, assuminghat v; wasthe
most recentlyaddedvertex to the tree, then ¢(v;) can be updatedby
determiningthe smallerof dist(v;, c(v;)) and dist(v;, v;).

Step 1requiresnconstanttime operations. Stef is executed oncéor eachof
n — lverticesIf therearealreadyk verticesinthetree thenstep2.1and2.2consistof
n— k — 1andn — k comparisonsiespectivelyThus stef®?, andhence the algorithm,
requiretime proportionalto Y ;_} (n — k), which is O(r¥). This sequentiarunning
time is thereforeoptimal in view of the lower bound stategreviously.

We now show how this algorithmcan be adapted to runn parallelon an
EREW SM SIMD computer.The parallel implementationusesN processor<P,,
P,,...,Py_,. Thenumberof processors independentf the numbenf verticesn G
exceptthatwe assumel < N < n. As we did in earlierchaptersye find it convenient
to write N=n!"* where 0 < x < 1. Each processolP; is assigneda distinct
subsequency¥, of V of size rf. In otherwords,P; is "'in chargé of the verticesn ¥,
Note thatP; needs onlyto storetheindicesof thefirst andlastvertices inV.. During
the procesof constructinghe MST andfor eachvertexo, in ¥, thatis notyet inthe
tree, P; alsokeepstrack of the closestvertexin the tree,denotede(v,).

Theweightmatrix W of Gis storedin sharedmemory, where;; = dist(v;, v;) for
Lji=0,1,...,n—1.If i=jorif v,andy; arenotdirectly connectedy anedge then
wy; = co. The algorithminitially includes an arbitrary vertex in the tree. The
computationof the MST thenproceeds im — 1 stagesDuring each stagea new
vertexand hencea new edgeare addedo the existingpartial tree. This is doneas
follows. With all processoroperatingin parallel, each processor findsnongits
verticesnot yetin thetreethe vertexclosesto (a vertexin) thetree. Amonghen! —*
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verticeghusfound, thevertex closedb (avertexin) the treesfound and added to the
tree alongwith the associateeddge.This vertex, caliit v,, is now made knowrio all
processors. Thellowing stepis thenperformedn parallelby all processors, each for
its n* verticesForeachvertexv, notyetin thetree,if dist(v,, v,) < dist(v,, c(v,)), then
c(v,) is made equalto v,

The algorithmis given in what follows as procedureEREW MST. The
procedureusesprocedureBROADCAST and MINIMUM describedin sections
2.5.1and6.3.1,respectivelylt producesin arrayTREEin sharednemorycontaining

then — 1 edgesof the MST. When twodistances are equal, the procedure brédaks
tie arbitrarily.

procedure EREW MST (W, TREE)

Stepl: (1.1) Vertexw, in V, is labeledasa vertex alreadyin the tree
(1.2)fori=0to N — 1 doin parallel
for eachvertexy; in ¥; do
c(vy) < vy
end for
end for.

Step2: fori=1ton—-1do
(2.1)for j=0to N — 1doin parallel
(i) P;findsthesmallest othe quantitiedlist(v,, c(v,)), wherev, is a vertex in
V; thatis not yet in the tree
(i) Let the smallestquantity found in (i) be dist(v,, v,): P; deliversa triple
d;, a;, b;), where
d; = dist(v,, v,),

a; =V, and
b;=v,
end for

(2.2) Using procedure MINIMUM the smallestof the distancesd; and its
associated verticag andb;, for 0 < j < N — 1, arefound; let this triplebe
(d,,a,,b,), wherea, is some vertex, notin thetreeandb, is somevertexuv,
alreadyin thetree

(2.3) P, assignyv,, ) to TREE(), theith entry of array TREE

(2.4) Using BROADCAST v, is made knowrto all N processors

(25) for j=0to N — 1 doin parallel
(i) if v,isin ¥

then P; labelsv, asa vertex already irthe tree
end if
(ii) for eachvertexw, in ¥; thatis not yetin thetreedo
if dist(v,, vy) < dist(v,, c(v,))
then c(v,) « v,
end if
end for
end for
endfor. [
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Analysis.  Stepl.lisdonein constantime. Since each processsiin charge
of n* verticesstepl.2requires fassignments. Therefostepl runs inO(n¥) time.In
step 2.1, a processofinds the smallestof n* quantities(sequentially) using n— 1
comparisons. ProcedurddINIMUM and BROADCAST both involve O(log N)
constantime operationsSinceN = n' ~* steps2.2and 2.4aredonein O(log n)time.
Clearly steps2.3and 2.5 require constantime and O(n) time, respectively. Hence
eachiteration of step2 takesO(r) time. Sincethis stepis iterated it 1 times,it is
completecin O(n* **) time.Consequently, theverall runningtime of the procedures
O(n'**). The procedures therefore adaptivets costis

c(n) = p(n) x t(n)

=npl=* x O(n'*®)
= O(n?).

This meanghat the procedurés alsocost optimalNote that, for sufficiently large
n,n* > log n for anyxandN = n' ~* = n/n* < n/log n. The procedure'optimality is
therefore limitedto the rangeN < n/log n.

Example 104

Let G be a weightednine-nodegraph whoseweight matrix is given in Fig. 10.9. Also
assumethatan EREW SM SIMD computerwith three processorgs available. Thus

0 0o 5 6 1 oo 6 10 oo 5
1 5 oo 3 9 2 5 4 12 0o
2 6 3 0o 7 3 9 N o 14
3 1 9 7 o 10 oo oo 9 8
4 0 2 3 10 oo 1 5 3 15
5 6 5 9 00 1 oo 6 13 oo

7 I 9 3 13 4 oo 7

8 5 oo 14 8 15 o 16 7 oo

Figure 109 Weight matrix for example 10.4.
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Figure 10.10 Computing minimum spanning tree using procedureEREW MST.
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3=9'"* that is, x=0.5. ProcessorsP,, P,, and P, are assignedsequences
Vo = {vo, 1, 02}, Vi = {13, 04, 05}, and V, = {vs, v, V,). In stepl.1, v, isincludedin the
treeandis assignedisthe closest vertein the treeto all remainingvertices.

During thefirst iteration of step2, P, determineshatdist(,, v,) < dist(z,, v,) and
returns thetriple (5,v,, vo). Similarly, P, and P, return (1, v3,v9) and (5,v,, ve),
respectively.ProcedureMINIMUM is then used to determinev, = v; and hence
TREE(1) = (v3, vo). Now v ismade knowrto all processorasingBROADCASTand P,
labels itas avertexin thetree.In step2.5,P, keeps(v,) andc(v,) equalto vy, P, updates
c(vy) to vy but keepsc(vs) = vy, and P, keepsc(vs) = v, and c(vg) = 0 while updating
¢(v4) = v3. The process continues untihe tree(vs, vg), (vy, Vo), (V4 V1), (5, D4), (02, V1),
(v4, v4), (vg, v1), (s, 1) is generated. This illustrated in Fig10.10. [

10.7 PROBLEMS

ShowthatprocedurecCUBE CONNECTIVITY is not cost optimal. Can the procedure's
costbereduced?

Derivea parallel algorithmto computethe connectivity matrixof an n-vertexgraphin
O(n) time onann x n meshconnecte&IMD computer.

Considera CRCW SM SIMD computer with n® processors. Simultaneouwsrite
operationgo the same memory locati@areallowed providedthat all the valuesto be
written are thesame. Givean algorithm to compute theconnectivity matrixof an n-
vertexgraph on this computerin O(log n) time.

Let A be the adjacency matrof an n-vertexgraph G. Anotherway of computing the
connectivity matrixC of G sequentiallys given by thefollowing algorithm. InitiallyC is
set equato A.

Stepl: fori=0ton—1do
ci—1
end for.

Step2: fork=0ton- 1do
fori=0ton-1do
forj=0ton—1do
if cx=1andc,; =1
then ¢;; « 1
end if
end for
end for
end for.

Derive a parallel version of this algorithm for an interconnection-netwo8d{MD
computer.

Showthatif the connected componemtfsa graph argiven,then its connectivity matrix
can be obtainedrivially.

Repeat probleni0.1for procedure CUBECOMPONENTS.

Anotherapproachto computingthe connected component$ a graphis basedn the
ideaof breadthfirst searchBeginning witha vertex,its neighborgi.e., all the verticesto
which itis connectedy anedgeprevisited. The neighborsof eachof theseverticesare
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108

109

10.10
1011

10.12

10.13

1014

10.15

10.16
10.17

now visitedandthe process continues umntib unvisited neighbois left. Thisgivesone
connected component. We ngick a vertex(outsideof this componentandfind its
connected componer@ontinuingin this fashion, altheconnectedcomponentgsan be
found. Derivea parallel implementatiomnf this approach.

Considerthe following approachto computing the connectatbmponent®f a graph,
which in a sensds symmetricto the one described in problei0.7.Here verticesare
collapsedinstead of expandedPairs of verticesthat areconnectedby an edgeare
combinedinto superverticesSSuperverticearenow themselvesombinedinto new(and
larger) supervertice3he processcontinues until althe verticesin a given connected
component havbeencombinednto one supervertex. Derivaeparallel implementation
of this approach.

Establishthe validity of therelation

d% = min{d¥? + 4/}
|

uponwhich procedureCUBE SHORTEST PATHS based.
Repeat probleniO.1for procedureCUBE SHORTESTPATHS.

Modify procedureCUBE SHORTEST PATHSo0 providea list of the edge®n the

shortespathfromv; toy, forall 0 €j, k <n- 1.

Derive an algorithm fothe modelof computationin problem10.3to compute all-pairs
shortest paths O(log n) time.

Let W betheweightmatrix of ann-vertexgraphG, with w; = 0 andw;; = o« if thereis no

edge frony, to v,. Consider thdollowing sequential method famomputingthe altpairs

shortest pathmatrix D. Initially, D is set equato W.

fork=0ton—1do
fori=0ton—1do
forj=0ton—1do
d;; — min{d
end for
end for
end for.

dy T dy}

ijs

Designa parallel implementationof this algorithm on an interconnection-network
SIMD computer.

Discussthe feasibility of the following approachto computing theMST of a weighted
graphG: All spanningtreesof G areexaminedand the one with minimum weight is
selected.

Procedure EREWIST is costoptimalwhenN < r%logrn Carthis rangeof optimality
be widened?

Adapt procedure EREW MSID run on aninterconnection-networSIMD computer.

Derivea parallel algorithm baseah thefollowing approacto computingtheMST of a
weighted nvertexgraphG.

Stepl: Theedgesf G aresorted inorderof increasingwveight.

Step2 Then— 1edges with smallesteightthatdo notincludea cycleareselected
astheedgesf the MST.
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Considerthefollowing approachto computingthe MST of an n-vertex weightedgraph
G.

Stepl: fori=0ton—1do

S

S

10.19

10.20

10.21

10.22
10.23
10.24
10.25
10.26

(1.1) Determine fowvertexw; its closesheighbory;; if two or moreverticesare
equidistantfrom v;, thenv; is the onewith the smallest index

(1.2) The edge(v;, v;) is designatecasan edgeof the MST

end for.

tep2: (2.1) k < numberof distinct edgesdesignatedn step1
(2.2) Eachcollection of verticesand edges selecteith stepl andforming a
connecteccomponents called asubtree of the MST.

tep3: whilek <n—1do
(3.1) Let Ty, T3, ..., T,, bethe distinct subtrees formed sofar
(3.2)fori=1tomdo
(i) Usingan appropriatetie-breakingrule, selectfor 7; an edgeof
smallestweightconnectinga vertexin T; to a vertex inanyother
subtree T;
(i) This edgds designatecasan MST edgeand the twosubtrees it
connectsarecoalescednto onesubtree
endfor
(3.3) k « k T numberof distinct edgesselected ir3.2
end while.

Applying thisapproacho theweightmatrixin Fig.10.9, we gethefollowing edges after
Step 1: (UO’ 03)’ (Uh 04)7 (UZ’ Dl)’ (1-749 DS)9 (v6a vl)’ (U7; U4), and (178’ Uo)- These form tWO
subtrees Ty = {(vo, v3), (v, vo)} and T, = {(v, 1), (v5, v,), (va, Us), (6, 0y), (0, v4)}. Since
k = 7, we executestep3 andfind thatthe edgeof smallestweight connectingT; to T, is
(v, v1)- Design a parallehlgorithm basedon the precedingapproactfor the problemof
determiningthe MST andanalyze itsperformance.

Assumethatthen verticesof anundirectedveightedgraphG arepointsin k-dimensional
Euclideanspacek > 2, with w;; = Euclideandistanceseparating; andv;. The graphs
thereforefully defined by a list of n vertices,each vertex being representég its k
coordinatesThis meanghattheweight matrixis not requiredas partof the inputsince
w;; canbe computedwhen neededmplementthe MST algorithmin section10.6on a
tree-connectedSIMD computerwith n leavesto runin O(nlog n) time.

Showthat by reducingthe numberof leaves inthe tree.connectedSIMD computerof
problem10.19,a costoptimal algorithmcanbe obtained.

An undirectedn-vertex graph issaid to be sparsef it hasm edges, whera is much
smallerthan themaximum possiblen(n— 1)/2 edges. Desigra CREW algorithm for
computingthe MST of a weightedsparsen-vertexgraphin O(mlog#»/N) time using N
processors, wher¥ < logn, andtheapproachdescribedin problem10.17.

Canthe algorithmin problem10.21 bemodified to havea costof O(mlog m)?
Repeat problemi0.21for the approachin problem10.18 withN < m/log n.

Repeat probleni0.21for the approachin section10.6 with N log N < (m log n)/n.
Canthealgorithmsin problems10.23and 10.24 bemodified to have acostof O(m)?

Repeat problem40.21-10.25for the EREWSM SIMD model.
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10.27

10.28

10.29

10.30

10.31

10.32

10.33

10.34

10.35

10.36

10.37

10.38

10.39

Let G = (¥, E) beadirectedgraph. Astrongcomponentf G isasubgraph G' = (V', E’) of
Gsuchthatthereisa pathfrom everyvertexinV' to everyothervertexin¥’ along edges
in E'. Designa parallel algorithm for decomposinga given directed graphinto the
smallest possible numbef strong components.

A weakcomponentf a directedgraphG is a subgraph G' of G where every two vertices
arejoined by a pathin which the direction of each edgés ignored. Desigra parallel
algorithm for decomposing given directedgraphinto thesmallest numbeof weak
components.

A biconnectedomponenif an undirectedgraph G = (¥, E) is a connected component
G' = (V', E') suchthat thedeletionof any vertexof ¥ does notdisconneciG'. Designa
parallelalgorithmfor decomposing given undirectedgraph into thesmallest possible
numberof biconnecteccomponents.

Let G be an undirectedgraph.A bridge in G is an edgewhoseremoval dividesone

connecteccomponeninto two. Designa parallelalgorithmfor finding the bridgesof a

givengraph.

An articulationpoint of a connected undirectegraphG is a vertexwhoseremoval splits
G into two or moreconnecteccomponentsDesigna parallelalgorithmto determine all
thearticulation pointsof a givengraph.

Considerthefollowing variantof the altpairsshortestpathsproblem: Givera specified

vertexin a weighteddirectedgraph,it is requiredto find the shortespathfrom that

vertexto everyothervertexin the graph. Thigs knownasthesinglesourceshortest path
problem.Designa parallel algorithmfor this problemandanalyze itsunningtime and

cost.

Let G beanunweighted undirectegraph.It is desiredo obtain a spanninggeeof G. Use
the parallelalgorithmdesignedn problem 10.32to solve this problem.

Another variantof the all-pairs shortestpath problem is the all-pairs longestpath
problem. Derivea parallel algorithmfor this problem.

Let G be a directedgraphwith no cycles.It is requiredto sort theverticesof G into a
sequencey, vy, ..., v, suchthat(v;, v;) may beanarcof G only if i < j. Suggesttwo
parallel solutions tothis problem known as topological sortir@@ne solution maybe
basedon thereflexiveand transitive closuref G, the otheron the matrixof all-pairs
shortest paths.

The diameterof a weightedgraph G is the length of the shortestpath separating the
farthesttwo verticeof G. Thecenterof G is thevertex forwhich thelengthof the shortest
path to thdarthest vertexs smallestThis distanceis called the radiusf G. Show how
the diametergenter,and radius of an n-vertex weightedgraph can beobtainedin
O(logfn) timeon acubeconnecteccomputerwith n® processors.

Themedianof a weightedgraphis thevertexfor whichthesumof theshortest pathto all
other vertices is smallest. Deriveeparallelalgorithmto find the median.

Let G be a directedand weightedgraphwith no cycles.We assumehatw;; = 0 in the
weight matrixW if thearc(w;, v;) is not presentThe gainon apathfrom v, to v, is the
productof thearcweightsonthatpath.A maximum gain matri is suchthath;; equals
themaximum gairfor everyi andj. Derivea parallelalgorithmfor computing thematrix
H from W.

Let G bean n-vertexundirectedgraph,anddefinethelengthof a cycleasthe numberof
edgest contains(as in sectionl0.2).
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10.40

1041

1042

1043

1044
1045

10.46

1047

1048

10.49
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(i) Derive a parallel algorithmfor determiningthe shortestycle in O(n) time on an
n X n meshconnectedSIMD computer.

(i) Repeatpart (i) for an undirectedgraph.

Thecyclic indexof adirectedgraphG is thegreatestommondivisor of thelengthsof all

the cyclesin G. Designa parallel algorithmfor computing thecyclic index.

An undirectedgraphis bipartitef andonly i it hasno cycleof oddlength.Showthatit is
possibleto determine whethesin n-vertexgraphis bipartitein O(r) timeonann x n
meshconnectedSIMD computer.

Let G=(¥,E) be a connected undirected graplrurther, let H=(V4,E) and
K =(, E) betwo subgraphsof G. The symmetricdifference of H and K, written
H @ K, is thesubgraph G’ = (V', E') of G whereE'is thesetof edgesn Ey v Eg but not
in E; ~E,, and V' is thesetof verticesconnectedby edgesdn E'. A setof fundamental
cyclesof G isa collectionF of cyclesof G with the property thaany cycleC of G canbe
writtenasC=C,; ® C, @ ... ® C,, for some subcollectiodf cyclesC,, C,, ..., C, of F.
Designa CREW algorithm for determiningthe setof fundamentakyclesof an n-vertex
graphin O(log/n) time usingO(n®) processors.

A matching ilanundirectedyraphG = (¥, E)is asubsetM of E suchthatnotwo edged

M share avertex. A matching has maximum cardinality f no other matching inG

contains moreedges.Designa parallel algorithmfor finding a maximumcardinality
matching.

Repeat problemo0.43 for the casevhereG is bipartite.

A matchingof G = (¥, E) is saidto be perfectif it includesall the verticesin V. Assume
that G is a 2n-vertexgraphthat is weightedand complete(i.e., everytwo verticesare
connectedby an edge). Desigra parallel algorithmfor finding a perfectmatchingof G
that hasminimum weight.

Let G bea directedandweightedgraphwhere eacledge weighis positive. Twovertices
of G aredistinguishedas the sourceand the sink. Eachedgemay be thought of asa
conduitfor fluid, and the edge'sweight determines how mudhuid it cancarry. The
network flow problemasks forthemaximumgquantityof fluid thatcouldflow from source
to sink. Desigma parallelalgorithmfor this problem.

The deadend path problemis defined as follows: Given a graphG =(V,E) and a
distinguishedvertexy, find a pathstartingfrom » that cannobeextended without going
to a vertexthatis alreadyon the path. Agreedysequential algorithrfor this problemis
to startat v and always go to the lowest numbered unvisited neighb@&an this
algorithm be implementedefficiently in parallel? Isthere afast parallel algorithmthat
computes theame dea@nd path asthe sequential algorithm?

Let G bea directedgraphwith nocyclesWesaythatG is layeredf its nodesrelaid out
in levelsjts edges going onlpetweerconsecutive layer§hemaximalsetd disjointpaths
problemis to find the largest sgbossibleof pathsfrom thefirst level to the lastwith no
vertices in common. Describ& greedy algorithmfor this problemand determine
whetherit can be implementeefficiently in parallel.

A Hamilton cycle of an undirectedgraph G = (¥, E) is a cycle that includesall the

elementf V. Designa parallel algorithmfor determining whethea givengraphhasa
Hamilton cycle.

1050 An undirectedand weightedgraphG is givenwhereall the edgeweightsare positive

integersA positive integer Bs alsogiven.lt is requiredto determine whethdb possesses
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a Hamilton cycle whose weight isi0 largerthan B. This is known asthe traveling
salesmarproblem, where the verticesrepresentities and the edge weightslistances
separatinghem.Designa parallel algorithm for solving this problem.

10.8 BIBLIOGRAPHICAL REMARKS

Descriptionsof many sequential graph algorithms damfound in[Christofides], [Deo 1],
[Even], and[Papadimitriou]. Graph-theoretialgorithmsfor parallel computeraresurveyed
in [Quinn 2]. Textbook treatmentof parallel graph algorithmsis provided in [Kronsjé],
[Quinn 1], and[Ullman].

Parallel algorithms focomputing theconnectivity matrixaregivenin [Chin], [Guibas],
[Hirschberg 1], [Hirschberg 2], [Kucera], [Levitt], and[Van Scoy]. In particular,it is shown
in [Hirschberg1] how an §-processor CRCW SN&IMD computercan beusedto compute
the reflexiveand transitive closuref an n-vertexgraph inO(log n) time.

Various approachego solving the connected-components problem in parabeg
proposed in [Chin], [Hirschbergl], [Hirschberg2], [Hochschild1], [HochschildZ2],
[Kugera],[Lakhani], [Nassimi], [Nath 1],[Nath 2],[Reghbati],and[Shiloach1]. Notably,it
isshown in [Chin] how £REWSM SIMD computerwith O(r?/log?n) processorsanbeused
to find the connectedomponentsf an n-vertexgraphin O(log?n)time.

Parallel algorithms for solvinghe all-pairs shortestpath problemon a numberof
differentmodelsof computationare described in [Dekdl], [Deo 2], and[Hirschberg1]. The
algorithm in [Hirschberdl] usesan rf-processoCRCW SM SIMD computer andunsin
O(log n) time.Theideaof procedureCUBE SHORTEST PATHSriginatedin [Dekel 1].

Severahpproachefr computingtheminimumspanningreein parallelaredescribedn
[Atallah], [Bentley], [Chin], [Deo 3], [Doshi], [Gallager], [Hirschberg1], [Hirschberg3],
[Hochschild1], [Hochschild2], [Kulera], [Kwan], [Nath 1], [Nath 2], [Santoro],
[Savagel], and[Savage2?]. In particular, itis shownin [Doshi] howtheapproachn problem
10.18can beusedto computethe MST of an n-vertex weightedyraphon a lineararrayof N
processorsyherel < N < n. Thealgorithmrunsin O(r?/N) timefor anoptimalcostof O(r?).
This algorithmis superiorto procedure EREW MSTnh two respects:

1. It achieveghe same performanos a muchweakermodelof computation.
2. It hasa wider rangeof optimality.

Procedure EREWMST is from [AklI], where a numberof referenceso parallel MST
algorithmsare provided.

Other graph-theoretic problemthat were solved in parallel include findingbicon-
nected componentg[Hirschberg 1], [Hochschild 1], [Hochschild 2], and [Savage 2}), tri-
connectecomponentJa’Ja’]), strongly connectedomponent§Hochschild2], [K osaraju],
and [Levitt]), and weakly connected component§Chin]); single-sourceshortest paths
([Chandy], [Crane],[Deo 2], and[Mateti]); all-pairs longespaths([Hirschbergl]); topolog-
ical sorting ([Er], [Hirschberg1l], and [Kucera]); constructingspanningtreesand forests
([Bhatt], [Chin], [Dekell], and[Levitt]); contractingtrees([Leiserson]); determining the
radius, diameter, center, mediaaticulation points, and bridges ([Atallah], [Dekel 1],
[Doshi], and[Savage2]), computingmaximum gaing[Dekel 11); searchingand traversing
graphs ([Chang], [Kalra], [Kosaraju], [Reghbati], and [Wyllie]); testing planarity
([Hochschild2], and [Ja'Ja’]); computing matching§ Dekel 2], and[Hembold]); findingthe
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cyclic index ([Atallah]), fundamentalcycles ([Levitt] andSavage2]), cyclesof shortestiength
([Atallah]), and maximal setsof disjoint paths([Anderson]); computingflows in networks
([Chen 1], [Chen 2], [Goldberg], and[Shiloach 2]); and testingwhether agraphis bipartite
([Atallah]).

Thecellulararraymodelof parallelcomputationwas firstproposedn [Kautz] andthen
usedin [Levitt] for solving graphtheoretic problemdt consistsof a largenumberof simple
processors interconnectédform atwo-dimensional arrayTheconceptof a cellulararraywas
later rediscoveredand renamedsystolicarray in[Foster].

Thedeadendpathproblemandthe maximaketof disjoint pathsproblembelongto the
classof P-completeproblems. These problenasebelievednot to havefast parallelsolutions.
Furthermore,if a fast parallel algorithm is found for one of these problemsthen all the
problemsin the classareamenablédo fast parallelsolution ([Anderson] and[Cook]). Note
that, accordingto this theory,a parallelalgorithmis fast if it uses O(f) processors fosome
¢ = 0 and runsn O(logn) time forsomeconstantk > 0. The classof problemssolvedby such
fast algorithmsis nicknamedin theliteratureas N C ([Cook]).

Let = bea problemof sizen, wheren may bethe numbewf vertices ina graph,rowsin a
matrix, or elementsof a sequenceAn algorithmfor solving = is said to be polynomialif its
running timeis of O(rf) for someconstantk > 0. An algorithmis exponentiaf it runsin O(c")
for some constant > 2. The Hamilton cycle and traveling salesmamproblemsbelongto the
classof NP-completeproblems.A problem= in this classhasthe following characteristics:

| nosequentialalgorithm with polynomial running time is known for solving n and,
furthermorejt is not knownwhether suckan algorithm exists;

(i) all knownsequential algorithmfor solvingn haveexponentiatunningtime andit is not
known whetherthis is optimal;

if a solutionto a is given, itcanbe verified in polynomialtime; and

0
#)  if asequential polynomiagimealgorithmis foundfor solvingz, it canbe usedo solveall
NP-completeproblemsin polynomialtime.

A goodreferenceto NP-completeproblemsis [Garey]. Parallel algorithmgor NP-complete
problems help onlw little in mitigatingtheexponential growthn the runningtime.To have a
truly fast parallel algorithm that is basedon our current stateof knowledge,one needsan
exponentialnumberof processorsThis is prohibitive, to say the least,and we must await a
better understandingf the natureof NP-completeproblemsbeforeembarkingin thedesignof
parallel algorithmsfor large-probleminstances.Parallel algorithmsfor NP-completegraph
problemsaredescribedin [Mead] and[Mohan].
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Computational Geometry

11.1 INTRODUCTION

278

Computationalgeometryis a branchof computeisicence concerned withe studyof
efficient algorithmsfor problemsinvolving geometric objects. Examples such
problemsinclude:

1. Inclusion problems: locating a pointin a planarsubdivision,reporting which
points amonga given setarecontainedin a specifieddomain,andsoon.

2. Intersection problems: finding intersectionsf line segments, polygons, circles,
rectanglespolyhedra,half spacesand soon.

3. Proximity problems: determiningthe closespairamonga setof givenpoints or
amongtheverticesf a polygon;computing thesmallesdistancdrom onesetof
pointsto another;and soon.

4. Construction problems: identifying the convex hullof a polygon,obtainingthe
smallest boxhatincludesa setof points,andso on.

These problems arise naturallyot only in the obvious application areasichas
image analysis, pattern recognition, pattern classification, computer graphics,
computeraided design,and robotics, but alsin statistics,operationsresearchand
databaseaearch.

Thereis a wealth of sequentialand parallel algorithms for computational
geometrydeveloped mainly ovethe lastfifteen yearsThe overwhelmingmajority of
thesealgorithms addreswell-understoodproblemsin the Euclidean planethat s,
problemsnvolving points,lines, polygonsandcircles.Problemsn higher dimensions
arelargely unexploredand remainasthe majorchallenge for researcherstimefield.

In this chapterwe describea numberof parallel algorithmsfor fundamental
problemsn computationageometry With only oneexception, alburalgorithms are
for the two-dimensionakaseIn section11.2we begin by examining the problenof
howto determine whether a poifdlls insidea polygon.Our solutionis thenusedto
address the momgeneralproblemof locating a poinin a planarsubdivision. Section



Sec.11.2  An Inclusion Problem 279

113 deals withthe problenof finding out whether two polygons intersedh section
11.4 we show how to identify the closestpair amonga given set of pointsin d
dimensions, wheré > 1. Finally, sectionl1l5 isdevotedto the problemof computing
the convex hullof a finite setof pointsin the plane.

For eachproblem addressed this chaptera parallel algorithmis described
that runson aninterconnection-networIMD computerwherethe processorare
linked to form a meshof trees.This architectures particularlysuitedto exhibit the
parallelisminherentin geometric problems. Sing¢ke meshof treessolutionsusethe
same basic ideaswe present onlythe first of thesein detail and give high-level
descriptions ofthe remainingthree. Our solutionsare generally simpleand fast.
Perhapstheir only disadvantages the relatively largenumberof processors they
require. Thereforewe show in sectiorll5 thata morepowerful modelsuchas the
shared-memonsIMD computer, may b@eededto achievecost optimalityand a
sublinear runnindime while using onlya sublinear numbeuf processors.

11.2 AN INCLUSION PROBLEM

A graphis saidto be planarif it canbedrawn in theplanesothat notwo of its edges
intersectlf theedgesare drawrasstraightline segmentgheresultingdrawingof the
graphis called a planar subdivision.As shownin Fig. 111, a planarsubdivision
consistsof a collection of adjacentpolygons. These polygorezesaid to be simple,
meaninghatno two edgesf a polygon intersect, except a vertex.The problemwe

Figure 111  Point inside planar subdivision.
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addresdn this section ighe following: Given a planarsubdivisionand a pointp,
determinewhich polygon(if any) containg; otherwisereportthatp falls outside the
planarsubdivision.A situationin which this problemneedsto be solvedis pattern
recognition,where itis requiredto assigra given objectto oneof severaklassesFor
examplea robot may wish to determine whethean object itis facing isa chair, a
person, alog,or a plant.Each classs describedby a region in some spacandthe
points inside the region represent objects ihat class.Points are given by their
coordinate#n space, eacboordinatebeingthe valueof anobjectfeature.In orderto
classifya newobject,it sufficesto identify the region inwhich the point representing
theobjectfalls.In Fig.11.1thespacas two-dimensionabndtheregionsarepolygons.

In orderto solvethe point locatiorproblemstatedn the precedingye beginby
consideringthe more fundamentaduestion: Givera simple polygonQ with » > 3
edgesanda pointp, doesp fall inside Q?

11.2.1 Point in Polygon

The basic idea behindur first parallelalgorithmis illustrated in Figl1.2. Assume
thata vertical lineis drawnthroughpointp. Next, the intersection pointsetweerthis
line and theedgesf Q arefound. If the numbepf such intersectiopoints abovepis
odd, then p is inside Q; otherwise itis outside Q. This testcan be performed

Figure 11.2 Test for point inclusion
inside polygon.
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sequentiallyn O(n) stepdor a polygon withn edgesand thigss clearlyoptimalsince
Q(n) stepsareneededo readtheinput.

We can implement thiseston atreeconnectedsIMD computeras follows.
SinceQ has redgesthe tree consist$ nprocessorP,, P,, ..., P,. The processoase
numbered beginninigom the root and proceedinglevel by level,from left to right.
Thustherootis Py, itschildrenP, andP,, andso on. Each processor storesdgeof
Q givenby the Cartesian coordinatekits two endpoints. Initially theootreads the:
and y coordinatesof p, namely, (x,,y,), and broadcastthem to all the other
processorsiVhena processopP; receiveshe coordinatesf p, it determines whether

(i) avertical linethroughp(callit L,) intersects the edgé Q it storeg(callit e;) and
(i) the intersection poinik located above.

If these two conditions hold, the processor prodiécésas output. Otherwiseit
producesa 0. The processorsbutputs arenow added,andif the sum isodd,p is
declaredo beinsideQ. Thealgorithmis givenin whatfollows as procedur®@OINT
IN POLYGON. It is assumedhat each processorP; alreadycontainse;. Two
additional variablesa; and s; in P; servein computing thetotal number of
intersections above At the endof the procedurd®, produceananswerequalto 1 if
p is insideQ andequalto 0 otherwise.

procedure POINT IN POLYGON((x,, y,, answer)

Stepl: (1.1) P, readsx,, y,)
(1.2)if L, intersectg, abovep
thens, « 1
elses, « 0
end if
(L3) P, sendgx,, v, s,) to P, and(x,, y,, 0) to P;.

Step2: for i = log(n T 1)— 2 downto 1 do
for | = 2lostn+ 11=1-i gg o+ =i _ 1 do in parallel
(2.1) P, receivesx,, y,, s)from its parent
(2.2)if L, intersects; abovep
thens;« 1
elses; <0
end if
(2.3) P; sends(x,, y,, s; T s)to P,; and(x,, y,, 0) t0 Py,
end for
end for.

Step3: for j = 2! 1-1 tq glesn+1) _ 1 doin parallel
(3.1)P; receivedx,, y,, s)from its parent
(3.2)if L, intersects; abovep
thena; «s +1
elseq; s
end if
end for.
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Step4: fori=1tologn+ 1) — 1do

for | = Jloetn+ N=1-i ¢ Jleem+1)=i _ 1 qo in parallel
;¢ ay;+ Azj4
end for
end for.

Steps: if a, is odd
then answek— 1
elseanswek- 0
endif. O

Analysis.  Theprocedureonsistsf two stagesthedescenstage(stepsl-3),
where allthe intersectiortestsare performed,and the ascentstage (step4 and 5),
wherethe total numberof intersectionsaabovep is computed.It takes aconstant
numberof operationsto test whether a straightine and a straightline segment
intersect. Giverthat the tree has processorspoth the descentand ascent stages
take O(log n) time. Sincep(n) = n, c¢(n) = O(nlogn), which is not optimal.

Example11.1

Theedgesf the polygon in Figll.2 arestoredin atree-connected computeiith seven
processors, as shown in Fig.3. For theinput point p of Fig. 11.2, only processorP,,
P,, and P, producea 1 asoutput, andthe root declarep to beinsideQ. [J

Three pointsareworth noting:

1. Severalpoints p can be tested for inclusionn a polygon Q by pipelining
procedurePOINTIN POLYGON.Indeed, once grocessohasperformed its
test (and sertb its left child the partial totalf thenumberof intersectionabovep)
it is freeto receivethe next point. It is with this pipelining in mind that the
procedurewvas designedso thatpartial totals neverstayin a given processor

1 1(1.2)

\

Ps {@.1) Py le3)

PN

P4 6.7) P5 (5,6) Ps | (4,5) P, 13.4)

Figure 11.3 Testing point inclusiorusing procedurePOINT IN POLYGON.
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but areconstantlymovingeither downwaraer upward.The periodis therefore
constant.

2. Theprocedure caibe easily modifiedto handle thecasewherethere are more
(or fewer)processorthan polygonedges.

3. It is possibleo modify the proceduréo achieveoptimalcost. The ideds to use
n/logn processorgach storing log edgesof Q. It takesO(log(n/log n))time to
broadcast the coordinatekp to all processordEachprocessonow performs
the intersectiortestfor all logn edgesit storesand addsup the numbenf
intersections abovein O(log n)time. Thetotal numberof intersections above
is computed inO(log(n/logn)) time. The overall running time is O(logn) as
before.However the periodis no longerconstant.

11.2.2 Point in Planar Subdivision

We arenow readyto address the mogeneraproblemof locatinga pointin a planar
subdivisionOur parallel algorithnmuseshe meshd treesarchitecture (introduced
problem4.2 and first usedin section 9.2.2). Assumethat the planarsubdivision
consist®f mpolygonsgachwith at mostnedgesWe useanm x nmesh Eachof the
m rows, numberedL, ..., m is a binary treedf processors storinthe edgesof one
polygon, oneedgeper processorEachaof the ncolumnsnumbered, ..., », is alsoa
binary tree (althougim this contextwe shall onlymakeuseof thetreein columnl).

Theideaof thealgorithmis to feedthe coordinatesf the query poinp to the
root processorof every row tree. This canbe done usingthe tree connectiona
columnl. Procedurd?OINT IN POLYGONis now performedsimultaneousljy all
rows.The procedurés slightly modified so that

(i) whenit starts,the root processoin every rowalready containgx,, y,), and

(i) whenit terminates, the rogirocessoin row i produces the pait, i) asoutput
if pis insidetheassociated polygon; otherwiseprtoduced, i).

By usingthe tree connections columnl andthe logical or operationon the first
component®f the output pairs,either

(i) the(unique) polygorcontainingp can beidentified or
(i) thefactthat p is notinsideany of the polygonscan be established.

The algorithmis given inwhatfollows as procedurBOINT IN SUBDIVISION. The
processoin row i andcolumnj is denotedP(i, j) . Theoutputpairfor root processor
P(i, 1) is denoted (ah;), wheregq; is either0 or 1 andb; is a row number.
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procedure POINT IN SUBDIVISION (x,, y,, a;, b;)
Stepl: P(1,1) readsx,, y,)-
Step2: for i=log(m* 1)— 1 downto 1 do

for j = 2lestm+1-1-140 29" D7 — 1 doin parallel
P(j, 1) sendgx,, y,) to P(2j, 1) and P(2j *+ 1, 1)
end for
end for.

Step3: for i = 1to mdoin parallel
Processorg(i, 1) to P(i, n) executePOINT IN POLYGON

end for.
Step4: for i=1tologm* 1)— 1 do _
for j = 2lostm+ D=1-i g Jlogm+1)=i _ 1 0 in parallel
if ay; =1

then (a;, b;) < (ay;, b))
else ifay;y =1
then (a;, b)) < (azj+ 1, b2j+1)
end if
end if
end for

end for.

Step5:  P(1,1) producega,,b,) asoutput. [

Notethatwhenthe procedurgerminatesif a, = 1, then this meanthat thepolygon
numberedb, containsp. Otherwisea, = 0, in which casep is outsideof the planar
subdivision.

Example11.2
The subdivisionn Fig. 11.1requiresa7 x 6 meshd treesas shownn Fig. 11.4(where
the tree connectioraeomittedfor simplicity).Whenthe coordinatesf point pin Fig.
11.1aregivenasinputto the meshd treesyow 3 producesl, 3} while all otherrows
produceg(, i), i # 3. Thus(1, 3)is the mesh'soutput. [

Analysis.  Stepsland5runin constantime.Steps2 and 3 takeO(log m)and
O(log n)time, respectivelyStep4 alsorequires0(log m)time. Assuminghatm is O(n),
t(n) = O(log n). Sincep(n) = n?, the procedure'scostis c(n) = O(r?log n). This costis
not optimalgiventhata sequential algorithrthatapplies thed(n) polygon inclusion
testto eachof the m polygonsrunsin O(r?) time.

If k pointsp arequeuedor processing, theganbe pipelinedandthe procedure
would requireO(k * logn) time to answerall k queries.Finally, usingthe same
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INPUT/QUTPUT
— (1,2) (2,3) (3.4) (4,5) (5,6) (6,1)

(5.4) (4,6) (6,5)

(4.7) (7.8) (8,4) (9,6) (6.4)

(3,14) (14,7) (7,4) (4,3)

(7,14) (14,12) (12,8) (8,7)

(3,13) (13,12) (12,14) (14,3)

(3,10) (10,11) (11,12) (12,13) (13.3)

Figure 11.4 Testing point inclusionusing procedurePOINT IN SUBDIVISION.

approach aswith procedure POINT IN POLYGON, procedure POINT IN
SUBDIVISION canbemade tohave acostof O(n?).This is illustrated inthe next
section.

11.3 AN INTERSECTION PROBLEM

In many applicationdt is requiredto determinewhether a setf geometric objects
intersect. Thus, for example,

() in patternclassification it is necessaryo determinewhetherdifferentregions in
space representing different classes lmremonsubregions;
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(i) in integrated circuit design it is important to avoid crossingwires and
overlapping componentand

(iii) in computergraphicsit is requiredto remove hiddeninesand hidden surfaces
from two-dimensionalepresentationsf three-dimensionascenes.

In this sectionwe examineonesuch intersection problem.

Two polygonQ andR aresaidto intersectif anedgeof Q crossesnedgeof R.
Note thatthetwo polygons needotbesimple thatis, twoor moreedgesf Q (or two
or moreedgesf R) may cross. Figurgl.5illustrates two intersecting polygonst Q
andR betwo polygons, eaclgiven by a list of its edgeslt is requiredto determine
whether Q and R intersect.Our parallel solution to this problemis basedon a
straightforward approachHror eachedgeof Q we determine whethet crosses onef
the edgesof R. Assumethat Q and R havem and n edgesrespectivelygachbeing
givenby thecoordinate®f its two endpointsWe usea meshof treeswith m rowsand
nflog n columns. Eaclprocessor isoadedwith logn edgesof R sothat

(i) thesetof edgescontainedn a row is the setof edgesof R and
(i) the processorsn each columrcontain thesame subsetf logn edgesof R.

Loading theprocessorin eachcolumnis doneby pipelining the logh edgesassigned
to thatcolumnthrough itgootprocessor. Wheaprocessoreceivesanedgeijt stores
it in its own memoryandsendsa copy of it to eachof its two childrenusingthe tree
connectiongn that column. It therefore take®(log m)+ O(log n) time to load a
column.If all columnsareloadedsimultaneously, then this would albe the time
takento load theentiremesh. Inaddition,each processaeceiveanedgeof Q sothat

() thesetof edgescontainedin a columnis the setof edgesof Q and
(i) the processorsn eachrow contain thesameedgeof Q.

Figure 115 Two intersecting polygons
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Theedgeof Q arefedinto themeshpneedge per rowthroughtheroot processoin
eachrow. Whena processor ira given row receiveshe edge assignetb thatrow, it
storest in its own memoryandsendsa copyof it to eachof its twochildren, usinghe
treeconnectionsn that row. It takeslog(n/log n) stepsto load arow. If all rowsare
loadedsimultaneouslythenthis wouldalsobethetime takento loadtheentiremesh.

Now each processor tests whetlleeedgeof Q assignedo it crosse®neof the
log nedgesf R it also containdf thisis thecasejt producesa 1 asoutput;otherwise
it produces &. With all processorsperatingsimultaneously, thistep take®(log n)
time.

The outputsn each ronarecombinedevel by level,beginning from thdeaves
andall theway to therow's root processor. Thiss accomplishedyy requiringeach
processotocomputethelogicalor of three quantitiegshetwo inputsreceivedrom its
childrenandits own output.The processothensendshe resultof this operationto
its parent. After log(n/logn) stepsthe root processor in each row would have
computed thdogical or of all outputsin thatrow, which it retains. These processors
combinetheir resultsin the sameway usingthe treeconnectionsn column1. This
requiresanotherlog m steps.

Assumingthat m < n, the overall running time of the algorithmis

t(n) = O(log n).

Sincep(n) = O(r?/log n),thealgorithm'scost isO(r?). Theonly knownlower bound on
thenumberof stepsrequiredto solve thisproblemis thetrivial oneof Q(n) operations
performedwhile readingtheinput. Furthermoreit is not knownwhethera sequential
algorithm existswith a smallerthan quadraticrunning time. The algorithm's cost
optimality is thereforean open question.

11.4 A PROXIMITY PROBLEM

Proximity problems arisén many applicationsvhere physicalor mathematical
objectsarerepresente@s pointsin space. Examples includhe following:

(i) clustering: a numbeiof entitiesaregrouped togethef theyaresufficientlyclose
to one another;

(i) elassification: anewpattern tabe classified imssignedo theclassof its closest
(classified)neighbor;and
(iii) air-traffic control: thetwo airplaneghatarecloses@rethetwo mostin danger.

Onesuch proximity problemthat of finding theclosestpair amonga setof points,is
addressedh this section.

Let Sbea setof npointsin d-dimensional space, where eguintis givenby its
d coordinategx,, X,, ..., x,). Thedistancebetween twagoints (X,,x,, ..., xz) and(x},
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x5, ..., xy) Of Sis definedas

d 1/q
(Z abs(x; — Xi-)") ,
i=1

whereq is a positive integer. The valugf g depends orthe application. Thugy =2
correspondso theusual Euclidean distancEor agiveng, it is requiredto determine
the closestpair of pointsin S.

A parallelsolutionto this problemcanbe modeled aftethe algorithmin the
previoussection. Weusea meshof trees withn/logn columnsand nrows. Each
processor holdghe coordinatesf logn points. All the processorsn a column hold
thesamdogn points.Then pointsheld by a row of processorareequalto thesetS.
In addition, the coordinates the ith pointof S, callit p;, arefed to the processors
theith row. A processor irthe ithrow computeghe distancédetweerp; andeachof
thelog n pointsit was first assignedt thenreportsthe closespair andthedistance
separatingthem. By usingthe row treesandthen thetreein column1, the overall
closesipair of pointsarefinally determinedThe algorithm rung O(log n) time.Since
p(n) = n?logn, o(n) = O(M). It is not known whethetthe algorithm is optimal with
arbitrary d and/orq for the same reasongivenin the previous section.

11.5 A CONSTRUCTION PROBLEM

Given asetS= {p,, p,, ..., p} of pointsin the plane,the convexhull of S,denoted
CH(S), is thesmallest convex polygathatincludes allthe pointsof S. A setof points
is shownin Fig. 11.6(a); its convex hull is illustratedn Fig. 11.6(b). Note that the
verticesof CH(S) arepointsof S. Thuseverypoint of Sis eithera vertexof CH(S) or
liesinsideCH(S). Thefollowinganalogyis useful Assumehatthe pointsof Sarenails
drivenhalfwayinto a wooden boardA rubberbandis now stretche@round theetof

(@) (b)

Figure 116 Setof points in plane andits convexhull.
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nailsandthenreleasedWhen the bandgettles, ithasthe shapeof a polygon: Those
nails touchingthe bandatthecornersof that polygonarethe verticesof the convex

hull.
Applicationsof convex hullsabound.They include:

(i) statisticsle.g., whenestimatinghemeanof a setof points,theconvex hullof the
set allowsa robustestimateto be obtainedsincethe verticesof the hull may
represenbutliersthatcan be ignored);

(i) picture processing(e.g., the concavitiesin a digitized pictureare found by
constructingthe convexhull);

(iii) pattern recognition(e.g., the convex hulbf a visual patternservesasa feature
describingthe shapef the pattern);

(iv) classification (e.g., theconvex hullof a setof objects delineatetheclassto which
these objects belong);

(v) computer graphicdge.g., clustersof pointsaredisplayed using their convex hull);

and
(vi) geometricproblems[e.g., thefarthest two pointsof a setS areverticesof CH(S)].

In this sectionwe are concerned with developing parallelgorithmsfor the
problemof identifyingthe verticesof CH(S). We begin byderivinga lower boundon
the numberof steps requiredo solvethe problem. Thids followed bya brief outline
of a sequential algorithnwhoserunning time matches thdower bound and is
thereforeoptimal. Twoparallel algorithmsare then presentedpne for the meshof
treesandthe otherfor the EREW SMSIMD computer.

11.5.1 Lower Bound

A powerful technique for proving lowdroundson the numberof steps requiredo
solve computationalproblemsis that of problem reduction. Let A and B be two
computationalproblems.A lower boundis known for B; it is requiredto prove a
lower boundfor A. If we canshowthatan algorithm forsolving A—along with a
transformationon probleminstances— could be usedto constructan algorithm to
solveB, thenthelower boundon B alsoappliesto A. Thisisillustratedin Fig.11.7.

We now use problem reductiorto derive a lower bound on computing the
convex hull. Letproblems Aand B bedefined

A =find the convex hullCH(S) of a setS of n pointsin the plane;

B = sorta sequencef n numbersn nondecreasingrder.

Note thatproblem A requiresus to find the convex hullof S and not merely its
verticesMorespecifically,analgorithmto solveA mustreturn apolygon,thatis,alist
of vertices inthe order inwhich they appearon the perimeterof CH(S).

Let CONVEX HULL be an algorithm forsolving A. We also knowfrom
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ALGORITHM FOR A

SOLVES B

LOWER BOUND FOR B

Figure 11.7 Method of problem reduc-
APPLIES TO A tion for proving lower bounds.

examplel.10that a lower boundon the numberof stepsrequiredto solveB in the
worst casés Q(nlogn). Now, saythattheinputto Bis thesequenc&X = {x,,x,,...,
X,y In order for X to becomean input to CONVEX HULL, the following
transformations used.First, the element®f X aremapped, eacin constanttime,
into thesemiopen interval[0, 2xn) usinga oneto-one functionf. Thus,fori =1,2,...,
n, 8; = f(x;) representan angle.For every6; a planar poinis createdwhosepolar
coordinates arél, 8,). The resulting sebf points

S={(1,6),(1,6,),....(1,6,)}

hasall its member®n thecircumferencef a circle of unit radiusand CH(S) includes
all the pointof S,asshownin Fig. 11.8I1f CONVEX HULL isappliedto S,its output

Figure 118 Deriving lower bound on convexhull computation.
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would bealist of themembersf S sorted on th&, thatis,in angular order. A sorted
sequenceX can now beobtained in lineatime usingthe inversetransformation
x; =f ~1(8,). Sincesorting n numbers requir@é: logn)stepsn theworst casene are
forced to concludthat thesamdowerbound applieto computing theonvexhull of

n points.

11.5.2 Sequential Solution

Our purpose irthis section igo showthat the R(nlog n) lower bound justerivedis
tight. To this purposewe briefly sketcha sequential algorithm for computing the
convex hullof a setof n pointsThealgorithm runs irD(nlog n) time andis therefore
optimal. It is based orthe algorithmdesigntechniqueof divide and conquer.The
algorithmis givenin whatfollows as procedur8EQUENTIAL CONVEX HULL.
Theprocedure takes S (p,, p,, .- -, P.} @sinput andreturns dist CH(S) containing
the verticesof the convexhull of S.

procedure SEQUENTIAL CONVEX HULL (S,CH(S))

if Scontainslessthan four points
then CH(S) « S
else(1) {Divide)
Divide S arbitrarily into two subsetsS; and S, ofapproximatelyequal size
(2) (Conquer)
(2.1)SEQUENTIAL CONVEX HULL (§,, CH(S,))
(2.2)SEQUENTIAL CONVEX HULL (S,, CH(S,))
(3) {Merge}
Merge CH(S,) and CH(S,) into one convex polygonto obtain CH(S)
endif.

Themostimportant stejin thealgorithmis the mergeoperation. Herge have
two convexpolygonsCH(S,) and CH(S,) that areto be combinednto oneconvex
polygonCH(S). An example isllustratedin Fig.11.9.In thiscasethe twopolygons
can be mergedin threesteps:

1. find an uppertangenia, b) anda lower tangenf{c, d);
2. deletepoints eandf of CH(S,) andg of CH(S,); and
3. returnCH(S) as thdist (i, a, b, h, d, ¢).

In generalif CH(S;) and CH(S,) contain O(n) verticesin all, then CH(S) can be
computedin O(n) time.

We now analyzethe runningtime t(n) of procedur6SEQUENTIALCONVEX
HULL. Eachof the conquersteps2.1 and2.2is recursivethus requiring(n/2) time.
Stepsl and 3 arelinear. Therefore,

t(n) = 2t(n/2) + cn
wherec is a constantlt follows that #(n) = O(nlog n), which is optimal.
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a b

d

Figure119 Mergingtwo convex polygonsnto one.
11.5.3 Mesh of Trees Solution

AssumethatasetS = {p, p», ..., p,} Of pointsin theplaneis given, where eachoint
is representedby its Cartesiarcoordinatesthat is, p; = (x;, ;). Our first parallel
algorithmfor computingCH(S) is designedo runona meshof treesSIMD computer.
In order to avoid clutteringour presentationwith "hairy" details, we make the
following two simplifying assumptions.

(i) notwo pointshavethe samex ory coordinatesand
(i) nothreepointsfall on the same straightine.

Oncewe have described thapproach upomwhich our algorithmis based, itwill
becomeobvious howto modify it to deal with situations where the preceding
assumptionslo not hold. Webeginby explaining three ideathatarecentral toour
solution.

1. Identifying Extreme Points.  Assumethatthe extremepoints,thatis,
the points with maximum x coordinate, maximum y coordinate, minimum X
coordinate, ananinimumy coordinatéan S, havebeendetermined ashownin Fig.
11.10.Call thesepoints XMAX, YMAX, XMIN, and YMIN, respectively.

Three factsaareobvious:

() Theextreme pointsare verticesof CH(S);

(i) any points falling inside the quadrilateraformed by the extreme points is
definitely not a vertexof CH(S); and
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REGION 3 YMAX REGION 2
\

XMAX

XMIN

°1
YMIN \

REGION 4 REGION 1

Figure 11.10 Extreme pointsd planar set.

(i) the problenof identifyingCH(S) hasbeenreducedofindingaconvexpolygonal
path joining two extremepointsin eachof the regionsl, 2, 3, and4; CH(S) is
obtainedby linking thesefour paths.

2. ldentifying Hull Edges. A segmen(p;, p;) is an edgeof CH(S) if and
only ff all then — 2 remaining point®f S fall on the sameideof aninfinite straight
line drawn througlp; andp;. This propertyisillustratedin Fig. 11.11, whereg(a,b)isa
convexhull edgewhile (c,d) and(ef) arenot. Note that this allowsusto conclude
that both a and b arevertices ofCH(S).

3. Identifying the Smallest Angle. Let p; andp; beconsecutive vertices
of CH(S) and assumehat p; is takenasthe originof coordinates. Then, amoradl
pointsof S, p; formsthe smallestinglewith p; with respecto the (eithempositiveor
negative)x axis.Thisis illustratedin Fig. 11.12.

We are now readyto presentour algorithm. Assumethat a meshof treesis
available consistingf n rows anch columnsof processorsThe processan rowi and
columnj is denotedP(i) For i=1,2,...,n, P(i,) contains the coordinates
(%;, y;). Thus,

(i) all the processois acolumncontainthe coordinatesf the same pointf Sand
(i) the coordinates contained & row form the set S={(x,, y1), (X2, ¥2)...,
(Xns Ya)}-




Figure 11.11 Property of convex hull
edges.

Figure 11.12 Propertyof consecutive
convexhull vertices.
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Thealgorithm consistsf thefollowing stages.

(ii)

(v)

Stage 1

The processorin rows 1, 2, 3, and 4 computeXMAX, YMAX, XMIN, and
YMIN and store their coordinatesn P(l, 1), P(2, 1), P(3, 1), and P(4, 1),
respectively.

Using the tree connections, filstcolumnl andthenin row 1, the coordinates
of the four extreme pointsremade knowrto all processorg row 1.

Stage 2

The four processois row 1 correspondingo theextreme points produ@elas
output[indicating these pointareverticesof CH(S)].

All processorm row 1 correspondingo pointsinsidethe quadrilateraformed
by the extreme points produeed [indicating these pointare not verticesof
CH(S) andshould thereforde removedfrom further consideration].

Eachof the remaining processaPl, j) in row 1 identifiesthe region(l, 2, 3, or
4) in which point p; falls and communicates this informatiaio all processors
P(i,j) in columnj.

XMAX is assignedo regionl, YMAX to region2, XMIN to region 3, and
YMIN to region4.

Stage 3

If processoP(l, i) correspondingo point p; of S produced neitheax 1 nor a0 in stage
2, then thefollowing stepsareexecutedby the processoris row i

(i)

The pointp; (in the same region gsg) is found suchthat (p;, p;) forms the
smallestanglewith respecto

(@ the positivex axisif p; is in regionsl or 2 or

(b) the negative: axisfif p; isin regions3 or 4.

If all remaining pointén the same regioasp; andp;) fall onthe sameaideof an
infinite straightline throughp; andp;, thenp; is a vertexof CH(S).

Stage 4

If p, was identifiedasa vertexof CH(S) in stage3, thenP(l,i) produces las
output;otherwise it producea 0.

An arbitrarypoint inthe planeis chosennside thequadrilateralvhosecorners
arethe extreme points. This poifwhichneednot bea point of S) isdesignated
as an origin for polar coordinates.The polar angles formedby all points
identified asverticesof CH(S) arecomputed.
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(i) Theanglescomputedn (i) aresortedin increasingorderusing themeshof trees
(seeproblem4.2).This givesthe convex hull vertices listad counterclockwise
order, exactly inthe sequence in which thegppear alonghe boundary of
CH(S).

Analysis. Each of the four stages require(logn) operations. Thus
t(n) = O(log n).Sincep(n) = n?, the algorithm'scostis O(r?log n),whichis not optimal.
As in previous sectionshe costcan be reducedo O(r?) by usingn rows of n/logn
processors eachhis costis still not optimal in view of the O(nlogn) sequential
algorithmdescribedin section11.5.2.

11.5.4 Optimal Solution

In this sectionwe describean optimal parallel algorithm for computingthe convex
hull. The algorithm is designedto run on an EREW SM SIMD computerwith
N = n' "= processors < z < 1. As before, eachpoint p, of S={p,, ps, ..., pa} IS
given byits Cartesian coordinatés;, y;), and we continueto assume for clarityof
presentatiorthat no two pointshavethe same or y coordinatesand thatno three
pointsfall onastraightline. A high-leveldescriptiorof thealgorithmisfirst presented.
Let XMIN and XMAX denote,as before, the pointswith minimum and
maximum X coordinatesespectivelyAs Fig. 11.13illustrates,CH(S) consistsof two
parts:anupperconvex polygonapathfrom XMIN to XMAX (solid lines)anda lower
onefrom XMAX to XMIN (brokenlines). Given thesevo polygonalpathstheycan
beconcatenatedbo yield CH(S). Thealgorithmis givenin whatfollows asprocedure
EREW CONVEXHULL. It takes the pointsf S asnput andreturns dist CH(S) of
the verticesof CH(S) in the order inwhich theyappearon the convex hullof S.

XMAX
XMIN

Figure 11.13 Upper and lower convex polygonal paths.
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procedure EREW CONVEX HULL (S,CH(S))

Stepl: (1.1)xmin « index of XMIN in §
(1.2) Xmax« index of XMAX in S.

Step2: UP(S) « list of vertices on the upper convex polygonalpath from Pimin 10 Prmax-
Step3: LP(S) « list of verticeson the lower convex polygonalpath from pymax 10 Pemin-

Step4: (4.1) LP(S) « list LP(S) With p,p.x and pymin removed
(4.2) CH(S) « list UP(S) followed by list LP(S). [

This proceduresdescribeds rathervagueand requiresa good deabf refinement.
We can dispose immediatetp stepsl and 4. Stepl can be implementedusing
procedure PARALLEL SELECTwhich, as we know from chapter2, usesn!~*

processors and ruisO(n®) time. Therearetwo operationsn step4: deleting theirst

andlast elementsf LP(S) andlinking the remaining onewith UP(S). Both canbe
performed inconstanttime by a single processor. Thifeavesus with steps2 and 3.

Clearly,any algorithm for step2 can be easily modifiedto carry out step 3. We

therefore concentraten refining step?2.

Finding the Upper Hull. An algorithmfor constructing the uppe&onvex
polygonal path (uppgrath for short)canbeobtainedby makinguseof thefollowing
property:lf averticalline isdrawnsomewhere betwee.;, and p....x SOthatit does
not go through aconvexhull vertex,then thisline crossexactly one edgeadf the
upper pathThealgorithm firstplacesa vertical lineL dividing Sinto two setsS;., and
S.igne Of @approximately the sansize.The uniquesdgeof the uppepathintersectind
is now determinedasshownin Fig. 11.14. This edge is callea bridge (from Sy, to
S.ignd)- The algorithmis then appliedecursivelyto S.e, and S,;g,- It is interestingto
note herethat like procedureSEQUENTIAL CONVEX HULL this algorithmis
basedon the divideand-conquer principle for algorithm design. Howeverwhile
procedureSEQUENTIAL CONVEX HULL dividesconquersandthenmergesthis
algorithm divides (into Sy, and S, merges (byfinding the bridge), and then
conquers(by recursingdn Sieg, AN Syignt)-

Ideally,in a parallel implementationf thisidea,the tworecursivesteps should
beexecuted simultaneoustjinceeachof the two subproblem$,., and S, has the
samestructureasthe original problens. Unfortunately, thiss impossiblesincethe
number of available processons not sufficient to provide a proper recursive
executionof the algorithm. To seethis, notethat eachof S, and S, contains
approximately/2 pointsand thusequires(n/2)* ~* processorsThisis largerthanthe
n'~#/2 processorthatwould beassignedo eachof 8¢, andS,., if the tworecursive
stepswereto be executedsimultaneously. Thereforese resort insteado a solution
similarto theoneused inthecaseof EREWSORTin chapterd. Letk = 24171, First,
2k — 1 vertical lined.,, L,, ..., L,,_, arefoundthatdivideSinto 2k subsets;,i = 1,
2,..., 2k of sizen/2k each.These subsetresuchthat

S =S;UuS;u---uS, and S =8, US;U---USy.




ComputationalGeometry Chap.11

Figure 1114 Bridge.

In the nextstepedgea,, b;) of the uppermpath thacrosses vertical ling;, i = 1,
2,...,2k — 1,isobtained. (Herbotha; andb; areelementof S; we usea andbinstead
of p to avoid multiplesubscripts.)The algorithm is now applied recursivelsgndin
parallelto §,, S,, ..., S, using(n* ~?)/k processors per subsé&thesame ishendone
for Sgi1s Sks25---5 S,,. Thealgorithmis given inwhatfollows asprocedurdJPPER
HULL. The procedurgakesthesetSandtwo pointsp,and p, asinput.It produces
the uppemathfrom p, to p, as outputlnitially, it is called fromprocedure EREW
CONVEX HULL with p, = pmin @NA P, = Pypnax-

procedure UPPERHULL (S, p;, p,)

if |8} < 2k
then find the uppempathfrom p, to p, usingSEQUENTIAL CONVEX HULL
else(1) find 2k— 1 vertical linesL,, L,,. .., L,;—, thatdivide S into Sy, S,,...,S5%
(2)for i =1to 2k- 1do
find edgda, b;) of the uppemathintersecting lind.;

end for
(3) {Construct upperpathfor S;.¢}
(3.1)if p, =14,

then p, is produced asutput
elssUPPERHULL (S,,p,,a,)
end if
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(3.2)for j =2to k doin parallel
if b_y=a;
then b;_, is produced asutput
elseif a;_, # q;
then UPPERHULL (S}, b;_,, a;)
end if
end if
end for
(4){Constructupperpathfor §,;.u}
(4.1)for j =k + 1 to 2k — 1 do in parallel
if b,y =a
then b;_, is produced asutput
elseif a;_, # a;
then UPPERHULL (S, b;_4, a,)
end if
end if
end for
(4.2)if byy—1 = pp
then b,;— , is producedasoutput
elseUPPER HULL(S bax—1, P.)
end if
endif. J

Stepl canbeimplementedisingprocedure PARALLEL SELECT. SteSand
4 arerecursivelt remaingo showhowstep2is performedThefollowing procedure
BRIDGE(S,A) takesasetSof n pointsand arealnumberA as input and returns two
pointsa; and b; where(a;, b;) is the uniqueedgeof the uppermathintersecting the
vertical line L; whoseequationis x = A.

procedure BRIDGE (S, A)

Stepl: The pointsof Sarepairedup intocoupleg(p,, p,) suchthat x, < x,. The ordered
pairsdefineln/2] straightlines whoseslopesare {sy, sz, ..., Sis2)}-

Step2: Find themedian Kof theset{s, ,s;,..., 82}

Step3: Find astraightline Q of slopeK thatcontainsat leastone point of S but hasno
point of Sabove it.

Step4: if Q contains two pointsf S,oneon eachsideof L;
then returntheseas(a,,b,)
elseif Q containsno points of S
then for every straight lineéhrough(p,, p,) with slope largethanor equal toK
S+S_{p.}
elseif Q containsno pointsof S,
thenfor everystraightline through(p,, p,) with slopelessthanor equalto

K
S8 _{p.}
end if
end if
end if.

Steps: BRIDGE (S, A). [
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We now describe howhis procedurés implemented in paralleindanalyze its
runningtime, whichwe denoteby B(n). Step! is performed in paralleby assigning
different subsetsof S of size i to the n' % processors, eactf which createq »*/2 ]
pairsof points(p,, p,) andcomputes thelopesof the straightlines they formStepl
thus requiresO(rr) time. Step2 can be implemented usingrocedure PARALLEL
SELECT in O(rP) time. Step 3is executedby finding the (at mosttwo) points
maximizingthe quantityy; — Kx;. This quantitycanbe obtainedfor all valuesofj by
having each processaomputeit for the pointsin its assigned subseaff S. The
maximumof thesequantitiess found usingprocedurdARALLEL SELECT.Hence
step3 also runsn O(r¥) time. Finally,in step4, determiningwhetherQ containsthe
requirededgecanbe doneby one processoin constantime. Otherwise, the valusf
K is broadcastto all n'™* processorsin Oflogn' %) time using procedure
BROADCAST. EachprocessocompareK to the|n?/2] slopesit has computedn
step1 and updatesS accordingly;this requiresO(n?) time. Step 4thereforerunsin
O(rr) time. Sinceone-quarterof the pointsarediscarded irstep4, the complexityof
step5 is B(3n/4). Thus, for someonstantc,,

B(n) = ¢;n* + B(3n/4)

whosesolutionis B(n) = O(rT).

Analysis.  Wearenow ina positionto analyzeprocedure EREW.ONVEX
HULL. As mentioned earlierstepsl and 4 runin O(rf) and O(1) time, respectively.
Leth, andh, bethe numbenf edgesf the upperandlower convex polygongbaths,
respectivelyWe denote the runningimesof steps2 and3 by Fy(n, h) andF.(n, h;),
respectivelyThus,the runningtime of procedureEREW CONVEXHULL is given
by

Un) = c,i* + Fy(n, h) T Fyn, h) T,

for two constantg, andc;. From ourdiscussionof proceduretUPPERHULL, we
have

Fy(n, hy) = cyn* + max {max [Fu(S;l, h)1 + max  [Fy(S;l, hj)]}
B+ ho=hy (1<i<k k+1<j<2j

where h,h,, andh; arethe numberof edgeson the upper patlassociated witls,.;,,
S.ene> @Nd §;, respectivelyandc, is a constantTherefore

Fy(n, hy) = O(n*log hy),
and similarly
Fi(n, h;) = O(n*logh,).

It follows that «(n) = O(rtlog h), where h= h, + h,. Thusthe procedure'sunning
time not only adapts tdhe numbeof available processorbutis alsosensitiveto h,
the numberof edgeson the convex hull.In the worst casepf course,h= n, and



Sec.11.5 A ConstructionProblem 301

t(n) = O(rflogn). Sincep(n) = n' ~%, the procedure hasastof
¢(n) = O(nlogn),

whichis optimalin view of theQ(nlogn) lower boundderived insectionl1.5.1. Since
n* > log nfor all z andsufficiently largen, optimality is achievedwhen N < n/logn.

Example 11.3

Assumehatfour processorsreavailableon anEREW SMSIMD computerWe apply
procedureEREW CONVEX HULL to thesetof pointsin Fig.11.13.Sincen = 16 and
N = 4,N = n' ~* yieldsx = 0.5. Furthermorek = 2""*1=1 = 2. In Stepl, Pxmin AN Pymax
aredeterminedln step2, procedurdJPPERHULL is invokedto find the upperpath.

ProcedureUPPER HULLbeginshy placing2k — 1 (i.e., three) verticalinesL,,
L,, and L, dividing thesetinto four subsetss,, §,, S5, andS,, as shown in Figl1.15.

The bridge crossing each vertical lilenow computedby procedure BRIDGE.
This is shownin Fig. 11.16.

Since pymin # @, ProcedureUPPERHULL is called recursivelyo obtain the
upperpathfrom p... to a,.Giventhat|S,| < 4, the pathis found sequentiallyand the
recursion terminates). Similarly, sinée = a,, thereis no needto recurse with §,.
Continuingin thisfashion,b, is foundequalto a,,and theupperpathfrom b; to pymay iS

®
[ pxmax

Pymin ® ®

s, S, S, S,

Figure 1115 Dividing givenplanarsetinto four subsets.
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® D
[ ] xmax

Figure 11.16 Finding three bridges.

obtainedsequentially.This yields the upper pathfrom p, ;. 10 p,max depictedin Fig.
11.13.

In step3, thelower convexpolygonalpathis found in the sameay,andthe two
paths ardinked to producethe convex hullasshown in Fig11.13.

11.6 PROBLEMS

Describe formallya (constantime) sequentialalgorithm for determining whethea
straightline segmen{given by the coordinatef its endpointsanda vertical straight
line (through agiven point)intersect.

ProcedurePOINT IN POLYGON ignoresthe following degenerate situations:

() theverticalline through pointp passeghroughverticesof polygonQ,

(i) thevertical linethroughp coincides with edgedf Q (i.e., Q hasverticaledges)and
(i) p coincideswith a vertexof Q [this isa special casef (ii)].
Suggest hovthe procedurecan be modifiedto handle these situations.
A planarsubdivision withn polygonsof O(n) edgeseachis given. Show that once
preprocessingteprequiring O(K10gn) timeis performed, the locationf an arbitrary
datapointin thesubdivisioncanbedetermined ir0(log n) time. Adaptthis algorithmto
run on a parallel computer.
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114 Does procedurePOINT IN SUBDIVISION extend to subdivisionsof spaces in
dimensions highethan 2? What aboutthe algorithmin problem11.3?

115 Describe formallya (constant-time) sequential algorithm for determining whether two
straight-line segmentgivenby the coordinatesf their endpoints) cross.

116 Giveaformalstatementf the parallel algorithm in sectidrl.3for determining whether
two polygons intersect.

117 Modify thealgorithmin problem11.6soit produce®nepairof crossing edgeds casethe
two input polygons intersect.

118 Modify thealgorithm in probleni1.6soit producesll pairsof crossing edges case the
two input polygons interseciVhatis the running timeof your algorithm?

119 Two simplepolygonsof n edgessacharesaidto intersectf either
(i) oneof the two contains the otheor
(i) anedgeof onecrosses an edg# the other.
Showthatit is possibleo determine sequentially whethgvo simple polygons intersect
in O(nlog n) time.

1110 Derivea parallel algorithmbasedon the approachin problem11.9.

1111 Give aformal statemenof the parallel algorithmin section11.4for determining the
closest painof a set.

1112 Thealgorithm in problemi1.11 usegn?logn)processorsShowthatthis number caive
reducedo n(n— 1)/2logn without any increase in the algorithm's runniimge.

1113 Showthat if the Euclidean distancés usedthen theclosestpair canbe determined
sequentiallyin O(nlogn) time.

1114 Derivea parallel algorithmbasedon the approachin problem11.13.

1115 In section11.5.2we statedwithout proof thattwo convex polygonwith a totalof O(n)
verticescanbemerged sequentialipto oneconvexpolygonin O(n) time. Show howhis
canbedone.

1116 Propose garallel implementatiomf procedureSEQUENTIAL CONVEX HULL.

1117 Give a formal statementf the parallel algorithnin section11.5.3for determining the
convex hullof a setof planar points.

1118 Show how to modify the algorithm in problem11.17to handle thefollowing special
cases:

(i) two points havehe samex ory coordinates and
(i) threeor morepointsfall on the samestraightline.

1119 Showhow to modify the algorithm in probleni1.17to handle thecases wherthereare
fewerthanfour extreme pointghatis, whentwo or more extreme points coinciéeg.,
XMAX = YMAX).

1120 Asstated irsectionl1.5.3,the algorithmfor computing theconvexhull relies heavilyon
the ability to measureangles.Show howto implementthe algorithm sothat noangle
computationis necessary.

1121 The meshof trees architecturavas usedto solve all problems in this chapte©ne
characteristiof this architecturds thatthe edgesof the trees (linking theows and the
columns)grow in length as they move further fromthe root. This has two potential

disadvantages:
(i) Thearchitectureis neither regulanor modularin the senseof section1.3.4.2).
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(i) If the propagationimefor adatumalonga wireis takento belinearly proportional
to the length of that wire, thenour runningtime analysegwhich assumeconstant
propagationtime) no longer hold.(For a similar discussiorseethe conclusiorof
section5.3.2))

Suggesbtherarchitectures fosolving the problemsin sectionsl1.2-11.5thatenjoy the

efficiency of the mesh oftreesbut do not shareits disadvantages.

Given a set$ of pointsin the planedesign a parallehlgorithmfor computingCH(S)
basedon thefollowing propertyof convexhull vertices:A point P; of S belongso CH(S)
if p; doesnotfall insidethetriangle(p;, px» p) formedby anythree pointsof S.
Given a set Sof pointsin the plane,design a parallealgorithmfor computingCH(S)
basedon thefollowing propertyof convexhull edgesA segmentp;, p;) is a convex hull
edgef all theremainingn — 2 pointsfall in the samef the twohalf planes definedby the
infinite straightline throughp; and p;.

Describein detail how thelinking of UP(S) and LP(S) to obtain CH(S) is performedin
step4 of procedureEREW CONVEX HULL.

Describen detailhowthe 2k — 1 vertical linesL,, L,,..., L., - thatdivideSinto S, S,,
..+, S, areobtained in stefd of procedureUPPERHULL.

Describe formallynow procedurdJPPERHULL producests output.Specifically,show
how UP(S) is formed.

Modify procedurd&JPPER HULLtoincludethefollowing refinementOncea bridge(a;,
b)) is found, all pointsfalling betweenthe twovertical linesthrougha; andb; can be
discarded from further considerati@s potential uppehull vertices.

Derive aCREWSM SIMD algorithmfor computing theonvex hullof a setof n points
in the planein O(log n) time usingn processors.

Can you designan EREW SMSIMD algorithm with thesame propertiesas the
algorithmin problem11.28?

Design aparallelalgorithmfor computing theconvex hullof a setof pointsin a three
dimensionalspace.

Two setsof pointsin the planearesaidto be linearlyseparabléf a straightline can be
foundsuchthatthetwo setsareon different sidesof theline. Design aparallelalgorithm
for testing linear separability.

Given a set Sof n points,design a paralleklgorithm for computinga Euclidean
minimum spanningtree of § (i.e, @ minimum spanningtree,as defined inchapter10,
linking the pointsof S with rectilinear edgesuch that the weight of an edgeis the
Euclidean distancbetween itendpoints).

Given a set§ of 2n pointsin the plane, design garallel algorithmfor computinga
Euclidean minimuraweight perfect matching of S (i.e., a minimumweight perfect
matching,asdefinedin chapterl0, whoseedgesarestraightline segments linking pairs
of pointsof § andthe weight of anedgeis the Euclideandistancebetweerits endpoints).
A simple polygornQ and twopointss andd insideQ aregiven.Theinterior shortest path
problemis to determinetheshortesipathfrom s to d thatliescompletely insid&®. Givea
parallel algorithmfor solvingthis problem.

In problem3.16 we defined aparallel architecturealled the pyramid,whichis a binary
tree withthe processorat eachlevelconnectedo form a linear array.We mayreferto
this as a onedimensionalpyramid and extendthe conceptto higher dimensionsFor
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11.36

X X X X e

Figure 11.17 Two-dimensional pyramid.

examplea two-dimensionalpyramid consist®f $n — § processors distributedmong
1+ log,n levels,wheren is apowerof 4. All processoratthe saméevelareconnected to
form a mesh.There are n processorat level 0 (alsocalled the base) arranged in an
n'2 x n'/2 mesh.Thereis only one processoat level log,n (alsocalled the apex).In
generalatleveli, 0 < i < log,n, themeshconsistf n/4’ processorsA processoat level

i, in addition to being connectedto its four neighborsat the samelevel, also has
connectiongo

(i) four childrenatleveli — 1 providedi = 1 and

(i) one parenttlevel i+ 1, providedi < (logsn) — 1.

A two-dimensional pyramid fa = 16 is shownin Fig. 11.17.As describedn example
1.7,a picturecanbeviewedasa two-dimensionarrayof pixels. Forexampleeachpixel
maybegivenavalue representinignecolor of a corresponding (small)area in the picture.
Thepositionof a pixel is givenby its coordinate§, j), wherei andj arerow and column
numbersrespectivelyA set Sof pixelsis saidto be convexf CH(S) does not contain any
pixel not belongindo S. Figurel11.18shows two setsf pixels (identifiedby an x ), theset
in Fig. 11.18(a) is convexwhile the one inFig. 11.18(b) is not. Designa parallel algorithm
for the two-dimensional pyramido determine whethea setof pixelsis convex.

This problemis aboutgenerabolygons,thatis, polygonstwo or moreof whose edges
maycross We referto theseaspolygondor short. This class includes simple polygons as
a subclass.

(i) Give a definitionof the interior of a polygon.

(i) Designa testfor pointinclusion ina polygon.

o o e e o o o
[} ] e X X X L
. [ ] e X o X X
N4 . e X e X X
X e X e o o

o o = = = = e Figure 11.18 Two setsdf pixels.
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i Design a testor polygon inclusionin a polygon.

{iv) Design a tesfor polygon intersection(of which inclusionis a special case).
()  Are thereefficient parallel versionsf (ii)—(iv)?

(viy Are there applicationsvherenonsimple polygons arise?

11.7 BIBLIOGRAPHICAL REMARKS

Good introductionsto sequentialalgorithmsfor computationalgeometryare provided in
[Lee], [Mehlhorn], and[Preparata]. Several parall@lgorithmsfor thefour problemclasses
discussed in thishapterhave beeproposedThey include

(i) algorithmsfor inclusion problemsin [Atallah 2], [Boxer], and[Chazelle];

) algorithmsfor intersection problemdn [Aggarwal], [Atallah 2], [Chazelle], [Miller 5],
and[Shih];

(iit) algorithmsfor proximity problemsin [Aggarwal], [Atallah 1], [Boxer], [Chazelle],
[Dehne 2], [Dyer], [Miller 1], [Miller 31, and[Miller 5]; and

(v algorithmsfor construction problems, [Aggarwal], [Akl 13, [Akl 2], [Akl 3], [Atallah
2], [Boxer], [Chang], [Chazelle], [Chow 1], [Chow 2], [Dadoun], [Dehne 1],
[ElGindy], [Miller 173, [Miller 2], [Miller 33, [Miller 5], and[Nath].

A branchof computerscienceknown as pattern recognitionstudieshow computers can
bemadeto recognizerisual patternsit covers awide rangeof concerns from the processiaig
digital picturesto theanalysisof patternsgthatleads eventuallyo their classificatioriTherole
computationalgeometrycanplayin patternrecognitionis recognized in [Toussaint]. Parallel
architecturesnd algorithmsfor patternrecognitionaredescribedn [Dehne 2], [Dehne 3],
[Holt], [Ibrahim], [Kung 1], [Kung 2], [Li], [Miller 2], [Miller 3], [Miller 4], [Preston],
[Reeves], [Sankar], [Siegel 1], [Siegel 2], [Siegel 3], [Sklansky], and[Snyder].
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Traversing Combinatorial
Spaces

12.1 INTRODUCTION

Many combinatorialproblemscan be solvedby generatingand searchinga special
graphknownasa statespacegraph.This methodaptly called statspace traversal,
differsfrom the searching algorithmdiscussed irthapter5 in thatthe datastructure
searcheds not a list but rathera graph. Furthermore statespace traversadiffers
from thegraphsearchechnique®f chapterlOin thatthe graphs generatedvhileit is
beingsearchedTherearetwo reasongor not generating atatespacegraphin full
andthensearchingt. First, astatespaceis typically very largeand there may nobe
enoughmemoryto storeit. Secondassumingwve canafford it, generating dull state
space woulde wastefu(bothin termsof spaceandtime),asonly a smallsubgraph is
usually neededo obtaina solutionto the problem.

There arethreetypesof nodes ina statespacegraph:

1. theorigin (or start)node(s) representing thanitial conditionsof the problemto
be solved;

2. the goal(orfinal) node(s) representinghe desiredstateof the problem;and

3. intermediatenodesrepresentingstatesof the problem arrivedat by applying
some transformatiomo the origin.

Each edgen the graphis a transitionthat transformsone stateof the problemto
another.A solutionto the problemis givenby a pathfrom anorigin to a goal. The
processesf generatingandsearching the statgpacegraph argoverned byroblem-
dependentules.

Example 12.1

A setof integersS = {s, s, ..., s,} IS givenalongwith anintegerB. It is requiredto
determine whethea subsetS' of S existssuchthat

Y s;=B.

SieS’
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This problem, known as the subsetsum problem,can be solvedby traversinga
statespace graphThe origin represents the empsget. Intermediate nodes represent
subsetof S. A goal noderepresenta subset thesum of whoseelementsequalsB.

Forconcretenesket S= {15, 7, 19, 3, 6} andB = 16.The statespacegraph thats
actually traversedor this instanceof the subset sum probleism shownin Fig. 12.1.
Intermediate nodethat cannotpossibly leadto a goal nodeare markedwith an x.
Thereis only onegoal node, markedith a G. [

Our purposein this chaptetlis to show howa statespacecan be traversedin
parallel. We chooseone particular problemfor illustration, namely, state spaces

X

X

Figure 12.1 State spacefor instanceaf subsetsum problem.
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generatec&ndsearchedy programsthat play games with clear rulesadgoals,that
is, gamesd strategy.In particular,we areconcerned wittgamesthat

1. areplayedon a boardon which piecesare placedand moved;
2. are played by exactly two players;

3. arezeresumgamesjn thesensehat oneplayer's gairequals thetherplayer's
loss—the outcomefor a playeris either awin, a loss,or a draw;

4. involve no elementof chance;

5. are perfect-information games,n the sensethat at any point duringthe game

each player knows everything thése¢o know aboutthe currentstatusof both
playersand no detail is hidden.

Examplesof gamessatisfying thes@ropertiesarecheckers, chesandgo. Examplesof
gamesthat do not satisfy one or more of thesepropertiesare backgammon(which
violatesthe fourth property) andooker (which may violate all propertiedn the
remaindenof thischaptemwe usethetermgameto referto a gameof strategysatisfying
thesefive propertiesMost computer programthat play gamegjenerateand search
statespaceghat havethe characteristiof being trees. We shaiéferto theseasgame
trees.

In section12.2 a brief introductionis providedto a sequential algorithnfior
traversinggametreesandtheassociatederminology.The basic principlesisedin the
designof a parallelimplementatiorof this algorithm are given in sectionl2.3.The
parallelalgorithmitself is describedn section12.4.In section12.5various aspectdsf
the algorithmareanalyzed.

12.2 SEQUENTIAL TREE TRAVERSAL
Assumethatwe want to progranma computerto play a gameThe computers given

(i) arepresentationf the boardand pieces;
(i) a descriptionof the initial configuration,that is, the locationsof the various
pieceson the boardwhenthe gamebegins;
(iii) a procedurdor generatingall legal moves froma given position of the game;
(iv) analgorithmfor selectingone of the (possiblymany)availablemoves;

(v) a methodfor making the selected move fronthe current positionthat is, a
methodfor updatinga given boardconfiguration;and

(vi) a way of recognizinga winning, losing,or drawing position.

All of theseingredientsof a gameplaying programareusuallystraightforward,
with theexceptionof (iv). It is the move selectioalgorithm thatin general makes the
difference betweea program thaplayswell andonethat playspoorly. Forexample,
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a programthatselects evergneofits movesatrandom cannagpossibly performwell
in a consistentway. The better game-playingprogramsutilize sophisticated tech-
niquesfor choosing theimoves.One such technique is basexh generatingand
searchinga game treeanexampleof which is shown in Figl2.2. Thefigure illustrates
thegame tree generated ftire gameof tic-tac-toe from someconfiguration.

In agame treenodescorrespondo board positionsandbranchescorrespondo
moves.Theroot noderepresentshe boardposition fromwhich the program(whose
turnit is to play)is requiredto make amove.A nodeis at ply (or depth)k f it isata
distanceof k branchedrom theroot. A nodeat ply k, which hasbranches leaving it
andentering nodest ply k * 1, is calleda nonterminal node; otherwis¢he nodeis
terminal. A nonterminal nodet ply k is connectecy branchego its offspring at ply
k + 1. Thusthe offspringof the rootrepresent positions reachby moves fromthe
initial board;offspringof these represemositionsreachedoy theopponent's replies,
offspringof these represent positions reaclgdepliesto therepliesandsoon. The
numberof branchedeavinga nonterminal nodes the fan-out of that node.

A completegame tree represents all possible plafythe game. Eaclpathfrom
the root to a terminal node correspond$o a complete game witlthe root
representinghe initial configurationand eachterminal noderepresentingan end-

x| O
ROOT
PLY O <lolo NODE
x
/ BRANCH
¥ NON-
PLY 1 x 1010 x{0 x]0 TERMINAL
x|lolo x|ofo x | O[O NODE
X x| O Of x
x| 0] O x| OO x 10 x| Ol x x| O x | Of x
PLY 2 ol [x]olo x|olo| [x]|ofo x|olo] [x]o]o
x [ x x X x[{x{O x| O X 1 x X
X WINS X WINS
x|O|O TERM'gSé x| O} % x|O|O x| O} x
PLY 3 x| oo x| oo x|olo| [x]|olo
Ol x|{x O|lx|o O] x|x O1x|O
O WINS DRAW O WINS DRAW

Figure 12.2 Game tree for gameof tic-tac-toe.
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gameconfiguration thatis,awin for playerl,awin for player2, ora draw.t hasbeen
estimatedhata complete gamieeeof checkers, for examplepntains approximately
10*° nonterminalnodes. Assuminthata programis capableof generatingl0® such
nodesper secondit would still requirein the vicinity of 10** centuriesin orderto
generate thevhole treeTreesfor chessandgo would requireeven longer timeso
generatdn full.

Theobservation madi the previousparagraphs generallytrue,evenstarting
from a positionother thantheinitial configuration.A tree whoseoot representa
position near theniddleof achess game, for example, would happroximatelyl07*
terminal nodes representingl endgame configurations. Insteadgameplaying
programssearchan incomplete tree. The depth of such atree is limited and, in
addition, it is oftenthe casethat notall paths arexplored.In anincomplete tree,
terminal nodesare thoseappearingat some predefinedply k or lessand do not
necessarilyepresent positiorfer whichthegameends.An evaluationfunction is used
to assigna scoreto eachof the positionsrepresentedy terminalnodes. This scoris
an estimateof the goodnessof the positionfrom the program's viewpoinand is
obtainedby computingandthen combining a numbef parameters-or mostboard
gamesgenter controland mobility of certainpiecesareexamplef suchparameters.

An algorithm, knownasthe alpha-betaalgorithm, is then usedto move these
scores baclup the tree.In doing so, thealpha-beta algorithmmay also eliminate
some nodesf the game tree withowdssigning score® them,asexplainedin what
follows. Whenall the offspring of the root have been assigndzhckup scoresthe
program choosesthe move that appeardo be best (in light of this incomplete
information).

Oncethis moveis made andhe opponent haseplied, theprogramgenerates
andsearches aew tree from thecurrent positiorto determine itsiext move Note
that game trees, likaall statespacesare generatedwhile they are searchedas
mentionedin the beginningof this chapter. Aso-calleddepth-first searchis usually
followed to traverse gameeesit startsby generatinga completepathfrom theroot
to theleftmost terminal nodesearchthenresumes fronthe latestionterminal node
on the pathwhose offspring havaot all been generatedr eliminatedby the alpha—
betaalgorithm. Search continuém this left-to-right mannerjuntil all nodes—up to
somedepthk— have beerither generatedr eliminated.lt remaingo describe how
the alphabetaalgorithm works.

The Alpha —Beta Algorithm.  The alpha betaalgorithm performsa dual
role:

(i) moving scores uphe tree from theterminal nodesnd,in doingso,
(i) eliminatingpartsof the treeby determining thathey neecdot be generated.

In backing up scorefsom terminalnodes, theminimax principle is invoked:

() Nodesat evenply (correspondingo positionsfrom which the programis to
selecta move)attemptto maximize the program's gairwhile
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(i) nodesat odd ply (correspondingto positions fromwhich the program's
opponents to selecta move)attemptto minimizethe program's gain.

Initially, every nonterminal node generatél assignedan initial alpha-beta
scoreof —oo (+ o) if the nodeis at even(odd) ply. As mentioned earliergvery
terminal node generated assigneda static score obtained from an evaluation
function.A temporaryalpha-betascoreis assignedo a nonterminal nodevhile its
offspringarebeingexploredlf the nodes ateven(odd)ply, then its temporary score
is equalto the maximum (minimundf the final scoreshat havesofar beenassigned
to its offspring. Final scoresaredefinedasfollows:

1. A staticscoreassignedo a terminal nodés final and

2. thefinal scoreof a nonterminal node the scoret receives whemrachof its
offspringhas eitheibeenassignea final scoreor beeneliminated(asexplained
in the following).

The proces®f backingup scores fronterminal nodess illustratedin Fig.12.3.The
figure showghe portionof a game tre¢hathas alreadyeengenerated. Squasnd

PLY 0 16

PLY 1 2

PLY 2 3 6

PLY 3 4 8

PLY4 g | 7 6| 5 71 6 9| 6 0] 9

Figure 123 Backing up scoresfrom terminal nodes.
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circlenodes represent positioinem whichthefirst andsecond playerareto make a
move, respectivelyThe numberbeside eaclnode indicateshe orderin which the
nodewasgeneratedy thealgorithm.Also shown insideéhe nodesare temporarand
final scoresStaticscoresare obtainedising somevaluationfunction. Assuminghat
thenodesat plies1, 2, and 3 haveno further offspring,all scoresat pliesl, 2, 3, and4

arefinal. The score associated witthe nonterminal nodat ply 0 is temporary,
assuminghat further offspringof this nodeneedto be generatecand assignedinal

scores.

Thescoresarestoredin a scoretable:Entry i of this tableholds the score faa
nodeunder consideratioat ply i. Figurel2.4illustrates the contents the score table
asthetree in Fig. 12.3s being traversed.

By its nature, thalpha-betaalgorithm makesit unnecessaryo obtain scores
for all nodesn thegametree inorderto assigra final scoreto theroot. In fact, whole
subtrees canbe removedfrom further consideratioby meanof so-calledcutoffs. To
illustrate this pointconsider thewo portionsof game treeshownin Fig. 12.5.1n
both treessomeof the nodeshavereceiveda final score(andarelabeled withthat
score), whereathe remaininghodes (labeled with letter).are still waiting for a final
scoreto be assignetb them.Fromthe preceding discussion, the final scartheroot
nodein Fig. 12.5(a) is obtainedfrom

u =max{5,v), wherev=min{4,...}.

Clearlyu = 5regardles®f thevalueof v. It followsthatthe remaining offspringf the

ENTRY 0 — — e
ENTRY 1 teo +oo +oo
ENTRY 2 —o° —o —oo
ENTRY 3 oo 7
ENTRY 4 —° 7 5
(@) INITIALLY (b) AFTER NODE 5 (c) AFTER NODE 6
IS SCORED IS SCORED
—oo —oo 6
+oo +oo 6
5 5 6
5 6 6
6 6 9
(d) AFTER NODE 7 (e) AFTER NODE 9 (fy AFTER NODE 10
IS SCORED IS SCORED IS SCORED

Figure 12.4 Contentsof scoretablewhile treein Fig. 12.3is traversed.
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(a) ®
Figure 125 Cutoffs createdby alpha-beta algorithm.

nodelabeledv neednot be explored anyfurther. We say that a shallow cutoff has
occurred.A similar reasoningappliesto the tree inFig. 12.5(b), wherethe valueof u
canbeobtainedregardlessf theexact valuef y. Againit follows thatthe remaining
offspringof the nodelabeledy canbeignored: This is calleé deepcutoff

Whena final score is eventually assignagtheroot, the search terminateBy
definition, thescorewasbackedup during thesearchfrom oneof theroot's offspring
to the rootThusthe brancheading fromtheroot tothatoffspringcorrespondso the
move choserby the alpha-beta algorithm.Note that,upon terminationof the
traversalthe algorithmin fact determineshe principal continuation, thatis, the best
sequenceof movesfound for both playersto follow basedon searchinga tree of
limited depth.

The precedingconcepts constitut¢he foundationupon which our parallel
algorithm is constructed.In the following sectionwe show howan interesting
property of the sequentialalpha-beta algorithmis usedprofitably in the parallel
version.

12.3 BASIC DESIGN PRINCIPLES

In this sectionwe describethe main ideas behind

(i) the parallelalgorithm,
(ii) themodelof computationto be used,
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(iii) the objectivesmotivating thedesign,and
(iv) the methods adoptetb achieve these objectives.

12.3.1 The Minimal Alpha -Beta Tree

A game treds saidto beuniform if all of its nonterminalnodes have the samember
of offspringandall of its terminal nodesireat the samedistancerom theroot.Since
the numberof offspring isequalfor all nonterminalnodes, its referredto as thefan-
out of thetree.Similarly, the distancef terminal nodeso therootiscalled thedepthof
the tree.Theuniform treeof Fig. 12.6,for example, haa fan-out of 3anda depthof 2.

A game trees perfectly ordered if the best move for each player froamy
positionis alwaysprovidedby theleftmost branchleaving thenoderepresentinghat
position.In such atreeit is guaranteedhat only a subsetof the nodes need& be
generatedn orderto determinehe principal continuationConsiderfor examplethe
uniform treein Fig. 12.7,whichhasa fanoutf equalto 3 anda depthd also equato 3.

In this tree, the terminal nodeshown witha score (ananly these terminal
nodes) musbeexaminedby the alpha-betaalgorithmto reacha decisionaboutthe
best move forthe player at the root. Thetree shownin bold linesand called the
minimal tree is the one actually generatdyy the algorithm.The remaining nodes
andbranchegdrawnwith thin lines)are cutoff (i.e., theyare notgenerated)Notethat
for this tree

() thescoresshown fornonterminal nodesarefinal and

(i) the principakontinuations givenby thesequencef brancheseading from the
root to the terminal noddabeled30.

Figure12.6 Uniform tree.
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30

30 20 10

30 40 50 n 10

OIOICIOIOL®. @) (9 (D) 19) (5) (o

Figure 12.7 Perfectly ordered gametree.

In general, fora perfectlyordereduniform treethe numbeof terminalnodes
gecerate@andassigned scoreby the alphabeta algorithmis equalto

M(f, d) = 142 4 i _ 1,

ThusM(f, d) represents bbwer bound on the numbef nodes scoretly thealpha-
beta algorithm foa uniform treethatis not necessarily perfectlgrdered. Thigact
representshe basisof our parallel implementatioof the alphabeta algorithm:
Assumingthatthe tredo betraverseds perfectlyordered, those nod#dsathaveto be
scoredare visitedfirst in parallel. Onceall cutoffshavetaken place,the remaining
subtrees areagainsearchedn parallel.

12.3.2 Model of Computation

The algorithms designedo runonanEREWSM MIMD computewith a number
of processorgperating asynchronously.@xocessocan initiate anotheprocessor,
senda messageo anotherprocessorpr wait for a message fromanotherprocessor.
Apart from theseinteractions,all of which take place through sharednemory,
processorproceedindependentlyAs usual,the MIMD algorithmis viewedas a

collection of processesA processs createdfor eachnode generatedits job is to

traversehetree rootedat thatnode.The number oprocessorss independentf the

numberof processes.
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12.3.3 Objectives and Methods
The algorithmis designed withtwo objectivesn mind:

1. to minimize the runningtime of the searctand

2. to perform as manygutoffsaspossible, thereby minimizing the cadtthe search
(total numberof operations).

In orderto achieve these goal,distinctionis madeamongthe offspringof a node.
Theleftmost offspringof a nodeis calledthe left offspring. Thesubtree containingthe
left offspring is calledheleft subtree, and theprocesghattraverses thisubtree is the
left processAll otheroffspringof a node arealledright offspring andare containeéh

right subtrees thataresearchedy right processesThisisillustratedin Fig.12.8,where
L andR indicateleft and right offspring, respectivelyNote that the root is labeled
with an L.

A high-leveldescriptionof the algorithm consistsof two stages.

Stage!l: Thetree is traversed recursiveby

(i) traversingrecursivelythe left subtree of theroot and
(i) traversing thdeft subtree only of each right offspringf the root.

This stageassigns

(i) afinal scoreto everyleft offspringand

(i) atemporaryscoretoeveryright offspringwhichis thefinal scoreof its left
offspring).

Stage2: If thetemporaryscoreof a nodecannotcreate ecutoff, then theright
subtrees of this nodearetraversedoneat a time until theyall havebeeneither
visited or cut off.

The preceding descriptioris now refined by explaining the mechanismof
processreation.We mentionecearlierthata processs associatedvith everynode
generated. Théree traversabnd processcreation proceedasfollows. The process
associatedvith a nodez spawnsa left processo traversethe left subtree of z. This
processis associatedwith the left offspring of z. In turn it spawnsleft and right
processeto searchall of theleft offspring'ssubtrees. Thisontinuesuntil a final score
is assignedto the left offspring of z and backed upasa temporaryscore,to z.
Concurrenthyto thetraversabf theleft subtree of z, a temporaryalueis obtainedfor
eachof the rightoffspringof z. These scorearethen comparetb thefinal scoreof the
left offspringand cutoffsare madewhereappropriate.

The temporargcore fora right offspringw is obtained agollows. The process
associatedwith w spawns aprocessto traverse itdeft subtree. This new process
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L R R L R L R R

Figure 12.8 Distinction betweeteft and right offspringof node.

1.1 1.2 1.3 2.1 2.2 2.3 3.1 3.2 3.3

Figure 12.9 Process creatioduring tree traversal.

traverses thsubtree, backsupa scordo w, and terminatedf. aftera cutoff checkthe
traversabf the rightsubtree rootedat w is to continue, then arocesss generatedo
traverse th@extsubtree of w. This procedure continues until either shbtree rooted
at w is exhaustivelytraversed or theearchis cut off.
Theforegoingdescriptiorisillustratedin Fig. 12.9. Herethe process associated
with theroot generateprocesses$, 2, and 3. Procesd beinga left process generates
processetl, 1.2, and1.3to traversell of thesubtrees of theleft offspringof theroot.
Processe® and3areright processesnd therefore generataly processe® search
the left subtrees of the right offspring of the root, namely,processe®.1 and 3.1,
respectivelyThisconcludes stagk Only if necessanfpneor both)processe®.2 and
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3.2followed by (oneor both) processe2.3and 3.3 are createdh stage2. Note that
aftergeneratingotherprocesses processuspendgself andwaits for theseo back
up a value.

It is clearthat by applying this method those nodimat must be examinedby
thealpha-betaalgorithm will be visited first. This ensureghat needlessvork is not
donein stagel of thealgorithm.Also, a cutoff checkis performedbeforeprocesseare
generatedn stage? to searchsubtrees that may becut off.

As mentionedearlier, game treemretypically very large,andit is reasonabld¢o
assumehattherewill be moreprocessesreatedthanthereareprocessors available
onthe MIMD computer.However let usassumdor thesakeof argumentthat there
are more processorghan processest may be possible inthis caseto reducethe
runningtime of the treetraversaly generatingorocesseto traversethesubtrees of a
right offspring in parallel usingheidle processorsThis bruteforce approachs not
used sincé conflicts withthe otheraim of our design, namely, minimizing the cast
thesearch.The costof any treetraversal consistainly in the costf updatingthe
boardin movingfrom parentto offspringandin the costof assigninga temporary or
final value to a node. Therefore, evethough ouralgorithm may leave some
processorsidle in this hypothetical situationthe overall costin operationsis
minimized by not traversingsubtrees that may not haveto be traversed.

Process Priority.  Weconcludehis sectiorby describing how processase
assignedprioritieswhen deciding which iso be executedhy an available processor.
As alreadyexplainedeft subtrees aresearched exhaustiveby the parallelalgorithm,
while initially only a singletemporaryvalueis obtainedfrom eachright subtree. In
order to accomplish thisleft processeshould be given higher priority than right
processes. Also, sincecores mustbe obtainedfrom terminal nodes, processes
associatedavith the deepest nodés thetreeshouldbegiven preferenceAny formula

44

14 24 34

11 12 13 21 22 23 31 32 33

Figure 12.10 Assigning priorities to processes.
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for labeling nodeshatassignsll offspringahigherpriority than their parerdandleft
offspringa higherpriority thantheir right siblings cabe usedA processhen adopts
the priorityof the nodeawith whichit is associated. Orexampleof sucha formulafor
uniformtreedollows. It assignsa priority to anewly generated node as a function of
the priority of its parent:
priority(offspring) = priority(parent) — (f + 1 — i) x 10%d-py- 1

where

f =fan-out of the tree,

d = depthof the tree,
i = offspring's position among itsiblingsin a left-to-right order,1 <i < £
ply = ply of parent,
andais suchthat 10°~! < f < 10% The priorityof the root is given by
d
priority(root) = Y (f + 1) x 10%4~9,
=t

Note thatthesmallertheintegerreturnedby this formula,the higher theriority. An
exampleof this priority assignmenis shownin Fig. 12.10.

12.4 THE ALGORITHM

This sectionprovides a formal descriptianf the parallelalpha-beta algorithm as
implementedbnan EREW SMMIMD computerWe beginby definingthree aspects
of the implementation.

12.4.1 Procedures and Processes

An MIMD algorithmis a collection of proceduresnd processesSyntactically,a
processs the samasa procedure. Furthermorgotha proceduranda procesgan
call other procedureand create otherprocessesWhere the two differ is in the
semantics.In the parallel alpha-beta algorithm, we shall distinguish between
processeand procedures thefollowing way:

(i) Whena procedures calledcontrolis transferred fronthecallingcontext to the
procedure.

(i) When a process isnvoked, it is initiated to run asynchronouslyand the
invoking context continuesxecution.

12.4.2 Semaphores

Semaphoresare used by the algorithmfor processcommunicationand syn
chronization. Here a semaphore consitsinteger valuend a queuef processes.
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When asemaphorés declared, itis initialized to havea value0 anda null queue.
There are two operatiorslowed on semaphores, denotdyy U and V.

1. OperationU examines the integer value:
(i) Ifitisgreatetthanzero, itdecrementg by 1,andthe processloingthe U
operationproceeds.
(i) If thevalueis zero, the procesdoing theU operationsuspenddéself and
entersthe queue.

2. OperationV examineshe queue:
(i) If it is nonempty,it lets thefirst waiting procesgsontinue.
(i) If no processesrewaiting, the integer valuds incrementedby 1.
Both U and V areindivisible operations.

12.4.3 Score Tables

In the parallel alpha-betaalgorithm, manypartsof the tree are traversedsimulta
neouslyTherefore, aingle globakcore tableannotbe usedasin the sequential case.
Insteadanindividualscoretableis assignedo each nodevhena processs generated
to searchthesubtree rootedat thatnode.This tableis initialized to the valuesn the
scoretableof the node'sparent.

We arenow readyto statethe parallelalpha-betaalgorithm.The algorithm s
given in what follows as procedure MIMD ALPHA BETA together with the
proceduregndprocesses usesSomeof the proceduregreentirely gamedependent
and thereforeare not fully specified.

procedure MIMD ALPHA BETA (Board,Depth, Principal Continuation)

{This procedureusesthreevariables
Board:a descriptionaf the boardconfigurationfrom whicha moveis to be made,
Depth: thedepth towhich the treeis to be traversed,
Root Table:theroot's score table;
and threesemaphores
RootTableFree, RootHandledand LeftOffspringDone. }

Stepl: (1.1) Read Boarcand Depth
(1.2) Initialize RootTable
(1.3) V(RootTableFree).

Step2: (Createa procesdo beginthe search)
HANDLE (Board,true, true, false,0, RootTable,RootHandled,
LeftOffspringDone).

Step3: {Has the rootbeen assigned final score?)
U (RootHandled).

Step4: Output the Principal Continuation. [J
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process HANDLE (Board, MyTurn, Left, ParentLeft, Ply, ParentTable, Done,
LeftSiblingDone)

{This processausesthe following variables
MyTurn: true if ply is evenfalse otherwise,
Left: true if the processs aleft processfalse otherwise,
ParentLeftitrue if the parenprocesss a left processfalse otherwise,
Ply: the ply number,
ParentTablethe parent's score table,
MyTable: the score table created automaticaliyien this processvas invoked, and
initialized to the parent's core table;
andthree semaphores
Done, LeftSiblingDonegnd MyTableFree.}

Stepl: {If thisis aterminal node, score it; otherwise, generat®fitspring}
(1.1) v(MyTableFree)
(1.2) if Ply = Depth
then SCORE(Board,MyTable)
elsesGENERATE(Board)
end if.

Step2: {Updateparent's score table}
UPDATE (ParentTable).

Step3: if Left and ParentLeft
then V (LeftSiblingDone)
end if.

Step4: V(Done). [

procedure SCORE(Board, Table)

{This procedure evaluatdbe given boardconfiguration (Board) associatedth a
terminal nodeandputs the resulting static score in tiigenscore table (Table). The
evaluation functioris game dependemndis left unspecified.) [

procedure GENERATE (Board)

{This procedure searchasubtree rootedata nonterminal noddt callsprocedure
GENERATE MOVES to producea list of moves fromthe currentposition.The

movesarestored inanarray Moves whoséth locationis denoted Movef]. The
number of movesis kept in the variable NumberMoveffspringDone and
LeftOffspringDone are semaphores. ProcedfePLY is thenusedto apply eaclof

the generated moves to thigen Board thereby producingoardconfigurationgor

its offspring. Variable NewBoard is usedto storeeachnew configuration. The
variableCutoff is assignedhe valuetrue if a cutoff is to occur,false otherwise.}

Stepl: GENERATE MOVES (Board,Moves, NumberMoves).

Step2 {If theroot of the subtree to be searcheds a left node, then process
HANDLE isinvoked oncdor each offspringThe processesthus created
run concurrently and procedureGENERATE waits until they all
terminate}
if Left
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then (2.1) for | = 1 to NurnberMovesio
(i) APPLY (Board,Moves[l], NewBoard)
(i) HANDLE (NewBoardnot MyTurn,1= 1, Left, Ply +1, MyTable,
OffspringDoneLeftOffspringDone)
end for
(2.2) for I = 1 to NurnberMovesio
U (OffspringDone)
end for
{If the rootof the subtree to be searcheds a right node, then iteffspringare
searchedh sequencéy callingprocestHANDLE for oneof them,waiting for it
to completeand performinga cutoff checkbeforehandling thenext offspring)
else(2.3) Cutoff « false
(24) 11
(2.5) while (! € NurnberMovesnd not Cutoff) do
(iy APPLY (Board,Moves[!], NewBoard)
(i) HANDLE (NewBoardnot MyTurn, 1= 1, Left, Ply +1, MyTable,
OffspringDoneLeftOffspringDone)
(i) U (OffspringDone)
(iv) {Has theleftmost sibling receiveda final score?}
U (LeftSiblingDone)
(V) V(LeftSiblingDone)
(vi) if (Plyis odd)and (offspring'sscorex parent'sscore)
then Cutoff « true
elseif (Ply is even)and (offspring'sscore> parent'sscore)
then Cutoff « true
endif
end if
(vii) lel+1
end while
endif. [

procedure UPDATE (ParentTable)

{This procedurewaitsuntil the parent's score tatiddree.Then,i the score calculated for the
currentnode improves on the parent's scdrés copiedinto the parent's score tablEhe
semaphoreParentTableFre& used.This semaphorés created and initialized simulta-
neouslywith variable ParentTable.)

Stepl: U (ParentTableFree).
Step2: Copy valuef applicable.
Step3: V(ParentTableFree).[]

procedure GENERATE MOVES (Board,Moves,NurnberMoves)

(This procedure produces all thegal movesfrom a position given by variable
Board, stores thenn array Moves, and sets variable NumberMoveso their
number. The proceduis game dependent arisltherefordeft unspecified.}
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proceduréAPPLY (Board,Moves,NewBoard)

{This procedurehanges theurrentpositiongiven by variableBoard by making
the move receivedin variable Moves. Theresultis a new board configuration
NewBoard. Theprocedurés gamedependent and therefordeft unspecified.) O

12.5 ANALYSIS AND EXAMPLES

Asit is thecase withmostMIMD algorithms, the runningmeof procedureviiMD
ALPHA BETA is bestanalyzedempirically. In this sectionwe examinetwo other
aspectof the procedure'sperformance.

1. Onedf thedesign objectivestatedn section12.3.3is to increase the number of
cutoffsas much apossible How does the parallel implementatiperform in
this respectomparedwith the sequentialersion?

2. What amounif sharedmemoryis neededoy the algorithm?

In answering these two questiomg also present some examptbatillustrate the
behaviorof procedureMIMD ALPHA BETA.

12.5.1 Parallel Cutoffs

In orderto answerthe first questiornye shall invoke the distinction madie section
12.2 betweershallowanddeepcutoffs.In thefollowing discussionve use' sequential
search and " parallel searchto refer to the sequential alpkdeta algorithmand
procedureMIMD ALPHA BETA, respectively.

Shallow Cutoffs

1. All shallow cutoffs that would occur in a sequential search dtee the
(temporary) score backeadp to a node from itdeft offspring are also causedby
procedureMIMD ALPHA BETA. Thisis because a{temporaryscoresobtainedfor
the rightoffspring of the nodeare comparedto the score backed upom its left
offspringfor a cutoff check beforghe rightsubtree traversal continue#in example
illustrating this situationis shownin Fig. 12.11. During stage 1of the parallel
algorithm,

(i) theleft subtree of the root is searche@xhaustivelyresultingin the root being
assignedtemporarily) the final scoref its left offspring(i.e., 8) and

(i) the two rightsubtrees arepartially searched resulting temporaryscoref 3
and 5being assignedo the first and secondright offspring of the root,
respectively.
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8 MAXIMIZING

MINIMIZING

Figure 12.11 Shallow cutoff detectedby both sequential searchnd procedure
MIMD ALPHA BETA.

At the beginningof stage 2 itis determinedthat the circled sectionsf the two right
subtrees are cutoff in exactly thesameway asin sequential traversal.

A right subtree that is exhaustively searcheduring stage2 without cutoff
compares itéinal scoreto thetemporaryscoreof the parentandchanges the parent's
scoreif necessaryConsequently, angutoff thatwould have occurreéh otherright
subtrees dueto thescore originally backedp tothe parentfrom itsleft offspringwill
also occumwith the new scorebackedup to the parenfrom a right offspring.

2. Someshallow cutoffshatwould occur ina sequential searctan be missed
by procedure MIMD ALPHA BETA due tothe way in which processesre
generated. In the exampbé Fig. 12.12,a sequential search wouddit off the circled
portion of the treeParallelsearchmisseghecutoff sincea processs createdo search
that subtree beforethe rightsubtree of the root completes its searcdnd updateshe
root's scordo 7.

3. Somecutoffsthat aremissedin a sequential searahay occurin procedure
MIMD ALPHA BETA dueto the way in which processesare generatedA right
subtree searchthat terminates earlyand causesa changeén the parent's score may
causecutoffsin otherright subtrees thatwould not occurin a sequential search. This
situationis illustratedin Fig. 12.13,whereboth right offspringof the root compare
their initial scoresnf 6 and7, respectivelyto thefinal scoreof theleft offspring,thatis,
5. Neitherright subtree searchs cut off, so processearegeneratedo continuethat
search. But sincthe second right offspringf the root hasnofurther offspringof its
own to beexaminedits scoreof 7 is final, and becaus& > 5, thatscoreis backed up
to theroot. Now, whentheterminalnodelabeled8 has been scoreahdthe procesat
thefirst right offspringof the rootperformsa cutoff checkbefore proceedinghistime
acutoff occurs.The portionof the treethatis cut off isshowncircled in Fig.12.13;this
portionis not cut off during a sequentialearch.
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5 MAXIMIZING

5 7 6 MINIMIZING

Figure 12.12 Shallow cutoff missedby procedure MIMD ALPHA BETA.

5
5 6 7
5 6 8 7
Figure 12.13 Shallow cutoff missed in
sequential search and discoveredby pro-
cedureMIMD ALPHA BETA.
Deep Cutoffs.  In orderfor deepcutoffs to occurat a node, scorekom

searchesf other partof thetreemustbeavailableln a sequential search tlseores
ateachply areknownto everynode andarestoredin a singleglobal score table. In
procedureMIMD ALPHA BETA thisis impossibleasstatedn the previous section.
We nowshowbriefly why thisis thecase Assumethata singleglobal score tablevas
used.In Fig. 12.14(a) nodesl and 2 arescored simultaneously. Suppdbsat node2
receivests score firstasshownin Fig. 12.14(c). This meanshatthe rightoffspring of
therootis backedupthe scor® at ply 1 andthentheleft offspringis backed up the
scoreb (overwriting the score tablealueof 9 at ply 1). Nowwhennode3is scored, the
value8 will notberecordedn the tableatply 1 (sinceB > 6 andweareminimizingat
ply 1).Therefore, thevalueof 8 will not be backedupto therootas itwould bein the
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PLY O
my m,
PLY 1
ma m4 m5
PLY 2 6 9 8
1 2 3
@
PLY O —co —oo 6 6
PLY 1 +oo 9 6 6
PLY 2 —o0 9 6 8
(b) INITIALLY (c) AFTER NODE (d) AFTER NODE (e) AFTER NODE
2 IS SCORED 1 IS SCORED 3 IS SCORED

Figure 12.14 Using singlescore tablen parallelsearcHeadsto incorrect results.

sequentialsearch.As a result,the best sequencef moves fromthe root,namely,
(m, m), is not returned; insteaf@n,, m,) is returned.

Weconcludefrom thediscussiorthathavinga single scordableisimpossible in
parallel searchas it would leadto incorrect results. The alternative adoptecby
procedureMIMD ALPHA BETA is to assignto eachnodecreated its own score
table; this, howevemeanghattheinformationnecessarfor a deegutoff to occuris
not availablein generalasshownin thefollowing example.

Example 12.2

Figurel2.15llustratesa deepcutoff occurringin asequential searchhecircledportion
is cut off dueto the scoref theroot'sleft subtree beingavailable in the score tabiehile
the root's right subtree is searched.

This deepcutoff cannotoccurin procedureMIMD ALPHA BETA, as shownin
Fig.12.16:Each nodef the rightsubtree hasascore table initializetb the score tablef
its parentand notcontaining the scoref the root's left offspring.

O
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8
8 PLY 0 8 8
PLY 1 8 8
PLY 2 8 8
PLY 3 8 8
8
PLY 4 8 0
(b) INITIALLY (c) AFTER NODE  (d) AFTER NODE
1 1S SCORED 2 IS SCORED
8
8 0
1 2

Figure 12.15 Deepcutoff in sequentialsearch.

12.5.2 Storage Requirements

This sectionpresentsan analysisof the storage requiremerdf procedureviiMD
ALPHA BETA. We begin by derivingan upper bound on thamountof storage
neededy the procedure under the assumptioat aninfinite numberof processors
is available.A morerealisticestimateof the storage requirememssthen derivedy
fixing the numbenf processorsisedduring thesearch.

Unlimited Processors.  Recallthat the procedurenakesa crucial dist
inction betweerthe leftmost offspringof a nodeand the remainingoffspring of that
node.Duringstagel, knowledgeaboutthe behaviorof the sequentialersionis used
to exploreseverabpathsin parallel. Duringeachiteration of stage?, severabkubtrees
aresearchedn parallel,eachsubtree, however, beingearched sequentiallyhis is
illustratedin Figs.12.17 and 12.18.

In Fig. 12.17 a uniform tree is showwhosedepthandfan-outare both equal to
3. The path&xploredn parallel during stageareindicatedby boldlines.Callingthe
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Figure 12.17 Subtrees traversedduringstagel andfirst iterationof stage2.

Figure 12.18 Subtrees traversedduring secondteration of stage2.

333
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roota left node, it is cleathatleft offspring andtheir rightoffspring aregivenpriority
by the procedure Nodesexploredduring stage ill thereforebe known as primary
nodes,thatis, nodesat which a processs createdduring stagel to do the search.
Formally:

1. Therootis a primaryleft offspring,

2. a primaryleft offspringat ply k is the left offspring of a primary(left or right)
offspringat ply k — 1, and

3. a primaryright offspringat ply k is a rightoffspringof a primaryleft offspringat
ply k — 1.

Following stagel, the temporaryscore backedp at nodel is compared with
theonesat nodes?2 and3; if theformerissmaller, therthe unexploredoortionsof the
subtrees rootedat 2 and 3 neednot be consideredat all. Otherwisepneor both of
these twoportions,shown circled in Figl2.17,are searched simultaneously (each
sequentiallyduring thefirst iteration of stage2.

Whenthe subtrees rootedat nodes2 and 3 havebeenfully searchedthefinal
score backedp atnodel iscomparedvith the temporargcoresat nodesA and5 for
a cutoff. If the former is larger, thecutoff checkis successfubnd the unexplored
subtrees of 4 and5 neednot be considered. Otherwiseneor both of the subtrees
showncircledin Fig. 12.18aresearched simultaneously (each sequentially) duhieg
seconditeration of stage2, andsoon.

To studythestoragerequirement®f the procedurewe note thafor everynode
being exploredduring thesearchat leastone storagéocation is neededo hold the
temporaryscoreof that node.When an explored nodeis discardedfrom further
considerationits storagelocationsare reallocatedto anotherunexplorednodethat
theproceduralecides to examine. Therefoireprderto determinehow muchstorage
is neededit is necessaryo derivethe maximum numberof nodes simultaneously
explored at any time during the search. Thisnumberis preciselythe numberof
primary nodes(during stage Wherethe maximum degreef parallelismoccurs).

Tosee thisnotethatanytree searched sequentiadlyringstage? is rootedat a
nodethatwasprimary, thatis, exploredduringstagel. This subtree is isomorphicto
theleftmost subtree rootedatthe sam@rimarynode.Theleftmost subtree hasatleast
asmany primarynodesasa subtree searchedn stage2. Therefore, the numbeof
nodessearchedn parallelduring stage 2 cannekceedhe numbenof primary nodes.

This latter numbeis now derived (keeping in minthat aninfinite numberof
processorss availableandthereforeno boundexistson the numberof processe be
created)Let

L(k) = numberof primary left offspringat ply k
and

R(k) = numberof primary right offspringat ply k.
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In Fig. 12.16,L(3) = 5 and R(3)= 6. From our definition of primary nodeg follows

thatfor a uniform treewith fan-out f we have
Lky=Lk-1)*TRk-1, k>
R(k) = Lk — 1) x (f = 1), k>
L0)=1 and R(0)=0.

Fora uniformtreeof depthd, thetotal numberof primarynodeds thereforegiven by

1,
1

’

S = k;) [L(k) + R(k)],

andthe storage requiremerdisthe algorithmareclearly of O(S).
Solvingthe preceding recurrencee get

1
L{k) = TR T [A+xp = (1 —x)f+1]

and
- kK (1 _ y)\ _
RK) =~ [(1+ 0 — (1 =x}] x (f = )
where
x=[1Fd(f - )"~
Limited Processors. It is alreadyclear that our assumption about the

availability of an unlimited numberaf processors canow be somewhatelaxed.
Indeed, thenaximumnumberof processorshe algorithmwill everneedto searcha
uniform treeof depth dwill be

P(f, d) = L(d) + R(d).

In Fig. 12.16,P(f, d) = 11. Eventhough P(f, d) establishesan upper boundn the
numberof processorthatwill everbe neededby the algorithmto searcha uniform
tree, it is still a very large numberof order %2, as one shoulthave expectedn
practice however,only a smallnumberof processors iavailable andve areled to
reconsider oudefinition of primarynodesThe actual numbeaf primarynodessin
fact determinedoy the numbeof processors availablé. N processorsire usedto
search auniformtreeof fan-out f, then the actual numbef primary nodest level k
is equalto

min{L(k) T R(k), N},
andthetotal numberaf primary nodesor a treeof depth dis givenby the function

S(N) = f min{L(k) T R(k), N}.

k=0
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Under theseconditions the storageequirementsof the algorithm are clearly of
O(s(N)). Note thatS = s(P(f,d)),and thatfor N < f'we have

s(N)=1+ Nd.
12.6 PROBLEMS

121 Thestatespacegraphin Fig.12.1containstwenty-three nodesGraphsfor othervalues
of B may contain moreor less nodesin the worst case?" nodesmay haveto be
generatedo solvethe subset sum problem, wheras the numberof elementsf S. A
sequential algorithrfor traversing sucla statespacegraphrequires exponential time in
n in theworstcase Derivea parallel algorithm for the subset sum problem. Wie
runningtime of your algorithm?

122 Provetheequality
M(f, d) = fld/ﬂ + fldlll -1

of section12.3.1.

123 Discussthe following straightforward approachtio implementing thealpha-beta
algorithmin parallel:A processs createdor eachoffspringof the root whosepurposes
to searchthat offspring'ssubtree usingthe alphabetaalgorithm.If enough processors
areavailable thenall processearecarriedout simultaneously.

124 In procedureMIMD ALPHA BETA, anindividual score tabl& assignedo eachnode
when a processs generatedo searchthe subtree containing thatnode. This tablés
initializedto thevalues inthescoretableof the node'sparent As aresult, the information
necessarjor a deepcutoff to occuris not availablein generalln practice howevera
nodeis not given a complete score tableut ratherjust a small table containing the
scoredor thetwo previouspliesandthe nodeitself. This meanshatthe complete score
tablefor a node isctuallydistributed throughouthe tree along the paffom theroot
to thenode.With this structureit would be possibleto obtain deepcutoffs as follows.
Supposeéhat during asearchof the tree in Fig.12.16the following sequenceccurs:

(@) thesearchof theleft subtree of the root begins,
(b) thesearchof theright subtree begins,and
(c) thesearchof theleft subtree completes, backingp a temporaryscoreto the root.

At this pointsearching along sompathsin the right subtree could be cut off, the
information indicatinghis beingavailablein the score tablef the rootnode. However,
in orderto effect this deepcutoff, the information mustbe propagated dowthe right
subtree. ExtendprocedureMIMD ALPHA BETA to dealwith this circumstance.

125 The alphabeta algorithmowesits nameto the fact that atany pointduring the tree
searchthefinal valueof theroot lies betweentwo valuesthat arecontinually updated.
These two valueare arbitrarily called alphaand beta.Consequently, the probleof
finding the principal continuationcan beviewedas the problerof locating theroot of a
monotonicfunction over some interval. This leatdsthe following alternative parallel
implementationof the alpha-beta algorithm. Thanterval (— co, + o) is dividedinto a
numberof disjoint subintervalsA processs createdor each subintervaivhosepurpose
is to searchthe game tredor the solution over its associated subintervil.enough
processorsreavailable, then each process dmassignedo a processorand hence all
processes cabe carried out independentlyand in parallel. Describe this algorithm
formally.
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126 Discusghe meritsof eachof thefollowing approacheso speedup game tree search:
() Computingthe terminalnodeevaluation functiorin parallel.
(i) Storingthe scoresf some terminal nodes mspeciahashtable to avoid havingo
recompute them should these positions reoccur.
(i) Storingmovesthatcreatedtutoffsin aspecial tablef anyof thesemovesoccursata
later stagef the gameit is givenpriority by the search algorithraverothermoves
from the same node.

127 Can you think of other models of parallel computation,besidesthe SM MIMD
computer, that can be used profitably to implement thealpha-beta algorithm in
parallel?For example, how caa tree of processorde usedto searcha gametree?

128 Assumehatasequential algorithm can traveesgame treeipto a depthd. Arguefor or

against eaclof the following statements:

() A parallel algorithm allowshat treeto be traversed i shorteramountof time.

(i) A parallel algorithm allowsa treeof depthlargerthand to betraversed in the same
amountof time.

129 The subset sum problerof examplel2.1 isa representativef the classof decision
problems,whereit is requiredto determine whethea solution satisfyinga numberof
constraintgexists. Another example the traveling salesman problerof problem 10.50.
Decision problems can sometimestbhened intooptimization problems.The optimiza-
tion versionof the traveling salesman problesalls for finding the Hamilton cycle of
smallest weightin a given weightedyraph.Propose garallel algorithmfor solving this
problembasedon the branch-andound approacfproblem1.13).

1210 Suggestother problemsthat can be solved throughstate-space traversahd design
parallel algorithms for their solution.

12.7 BIBLIOGRAPHICAL REMARKS

State-space traverdadsbeen usedo solvedecisionrandoptimization problems. Both kinds
problems arisén a branchof computerscienceknown asartificial intelligence (Al). Thisis a
field of study concernedavith programming computerto performtasksnormally requiring
humanintelligence Sinceour understandingf theessencef intelligences at best vagueAl
is largely definedby the kind of problems researcheasd practitioners inthatfield chooseto
work on. Examplesf such problems include making computers understatdrallanguages,
prove mathematical theorenmay gamesof strategy solve puzzlesandlearn from previous
experiencg([Shapiro]). Parallel algorithmsfor AI problemsare described in[Deering],
[Feldman], [Fennell], [Forgy], [Miura], [Reddy], [Rumelhart], [Stanfill], [Uhr], [Ullman],
and[Wah 11.

Programmingomputerdo play games wasneof the earliesareasf Al. Asit did in the
past, this activity continugedayto attractresearchers fax numberof reasonsThefirst and
most obviousf thesas thatthe abilityto play complex gamesppearso bethe provincef the
humanintellect.lt is therefore challengintp write programghat match or surpasthe skills
humanshavein planning, reasoninggnd choosingamongseveraloptionsin orderto reach
their goal. Another motivatiorfor this researchis that thetechniques developedhile
programmingcomputergo play gamesnay beusedto solveothercomplexproblemsn real
life, for whichgames servasmodels Finally, games provide researcherdlinin particularand
computerscientistsin general witomedium for testing their theories various topics ranging
from knowledge representatiamd theprocessf learningto searching algorithms and parallel
processing?rocedurdMIMD ALPHA BETA isfrom [Akl 1]. A numberof parallel algorithms
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for traversing game treesongwith their empirical analysearedescribed irfAkl 1], [Akl 2],
[Baudet], [Finkel 1], [Finkel 2], [Fishburn], [Marsland 1], [Marsland 2], and[Stockman].

Various parallel implementatioref the branckhandbound approacko solving optim#
zation problemsand analysesof the propertiesof these implementations cave found in
[Imai], [Kindervater], [Kumar], [Lai], [Li 17, [Li 2], [Li 3], [Mohan], [Quinn], [Wah2],
[Wah 3], and[Wah 4].
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13

Decision and Optimization

13.1 INTRODUCTION

In the previouschapterwe saw how statspacetraversaltechniquesan be usedto
solvevariousdecisionandoptimizationproblemsRecallthata decision problenasks
whether a solution satisfying someconstraintsexists. Also, given an objective
function,an optimization problentallsfor finding an optimal solution,thatis, one
that maximizesor minimizestheobjective functionOur purposén thischaptetis to
presenbtherwaysto approachsuchproblems.For illustration we usethe problems
of job sequencing with deadlinemdthe knapsackroblem.Our parallelsolutionsto
theseproblemsrely on theability to efficiently sort a sequencandcomputeits prefix
sums.Thefirst of theseoperationsvas covered in detail iohapter4. We devote a
large part of this chapter to a thorough study of the second operation first
encounteredn chapter2.

In section13.2it is shownhow a numberof different models carbe usedto
compute theprefix sumsof a sequenceA decisionproblem(job sequencing with
deadlines)and an optimization problem (the knapsackproblem)are addressed in
section13.3.

13.2 COMPUTING PREFIX SUMS

A sequence®f n numbersX = {x,, X,,...,X,_}, wheren = 1, is given. We assume
throughoutthis chapterthatn is a powerof 2;in caseit is not, then thesequencean
be paddedwith elementsequalto zeroin orderto bring itssize to a power of 2.
It is required to compute all n initial sums S={sq, sy,..., 8,1}, Where
s;i=xo T x, T--+x,fori=01,...,n— 1 These sumsre often referredto as
the prefix sumsof X. Indeed,if the elementsof X are thoughtof asforming a
stringw = x4x, ... x,_ 1, then eacls, is thesumof thoseelements formin@ prefix of
lengthi.

31
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Sequentiallythe nprefix sumscan be computedin O(n) time by thefollowing
procedure.

procedure SEQUENTIALSUMS (X, S)
Stept: 5o« xo.
Step2: fori=1ton—1do

S; = Si—1 +xi

endfor. [

This runningtime isoptimal sinceQ){n) stepsare needed simplyo readtheinput,
By contrastwhen several processoaseavailable, eaclcapableof performing

the addition operationf is possibleto obtain the sequences = {so,5,...,8,—}

significantly fasterProcedure PARALLELSUMS shows howthisis done.

procedure PARALLEL SUMS(X, S)

Stepl: for i=0ton — 1doin parallel
S; — X;
end for.

Step2 for j=0to (logn) — 1do
for i =2/ton — 1 doin parallel
Si e Si-24 + S;
end for
endfor. [0

This procedureisesa schemeknown agecursive doublingln chapter2 we sawhow
this schemecan be implementeddn a sharedmemorySIMD computer. Procedure
ALLSUMS of section2.5.2requires rprocessor®,, Py, ..., P,_,. Initially, P, holds
x;; whentheprocedure terminateB; holdss;. The procedure rung O(log n)time for
a costof O(nlog n). This costis not optimal in view of the O(n) sequentialoperations
sufficientto compute theprefix sums.

13.2.1 A Specialized Network

Thefirst questionthatcomesto mind is: Do we really need the powef theshared
memory modeto implement procedurBARALLEL SUMS?A partialanswetto this
guestionis providedin section2.8.There itis suggestethatrecursivedoubling carbe
implementedon a specialpurpose networkf processorsasillustratedin Fig. 13.1for

n = 8. Hereeachsquarerepresents grocessorTherearel * log n rows,each withn
processorsthatis, n + nlog n processors in all. Assunibat the processors in each
row arenumberedrom 0 to n— 1 andthat the rowsarenumbered fron? to logn.
Processoi in row j + 1 receivesnput from

(i) processoi in row j, and
(i) processoi — 27in row j, if i = 27,
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Figure 131 Recursivedoubling implementedby speciatpurpose network.

Eachprocessois capableof computing thesumof its two inputsandof sending the
resultto the next row of processorsising the connections indicated. Arocessor
receivingonly one inputsimply passeshat inputto the nextrow. The elementsf X
enter the networkrom one end (onelement per processognd the outputsare
receivedat the otherend.All prefixsums are computed @(log n)time. This running
timeis the best possiblén view of the Q(log n) lower boundderivedin section?7.3.2.
The network'sost isO(nlog?n).In otherwords,a modelof computationveakerthan
the sharedmemoryis capableof achievingthe samerunning time as procedure
ALLSUMS usinga larger numbeof processors.

13.2.2 Using the Unshuffle Connection

It is possibleto reducethe numberof processorsn the networkto O(z) while
preservinghe O(log n) runningtime. Theidea, hintedat in problemz2.2,is to usea
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Yo Yy Qz Qa Q4 Qs Ye

Figure 132 Unshuffle connection foromputingprefix sums.

parallelcomputerwith onerow of processorgandhaveit simulate the network of Fig.
13.1. All processoroperatesynchronously.At eachstep,the resultsof the com
putationare fed back to the processorasinput. Dependingon the valueof a mask
variable computedlocally, a processomay produceas outputthe sumdf its two
inputs(if mask= 1) or simply propagate onef them unchange@f mask= 0). Sucha
schemaeis illustratedin Fig. 13.2,againfor n = 8.

There aretwo kindsof nodes in Figl3.2:

(i) thesquarenodesrepresent processof, Py, ..., P,—, capableof computing
the mask variableand the addition operation and

(i) thecirclenodesepresenterysimple processoisapablesf producing amutput
two copiesof their input; we denote the contentf these processoty y,, y;,

sy yn—l’

The squarrocessors send thaiutputsto the circle processorsa a perfectunshuffle
interconnection(Thelatteris obtainedby reversing therientationof thearrowsin a
perfectshufflemapping,asexplained in problen2.2.)Initially, y; = x;fori =0,1,...,
n — 1. During eachiteration P; receivesy; and y; _, as input,exceptfor P,, which
receivey, only. Now P; computedhe valueof maskto determinevhetherto produce
y; T y,_, ory,; asoutput.Referringto Fig. 13.2,mask= 1 duringthefirst iterationfor
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all P;, exceptP,, for which mask= 0. Once theP; producetheir outputs, thenew
valuesof the y; are adollows:

Yo = Xo
yi=xy +Xx;
Y2 =X3+ X4
Y3 =Xs + X¢
Y4 = Xo + X
, =X+ X3
Y6 = X4 + X5
Y7 = X6 t X7.
During thesecondteration,mask= 1 for all P; except whereis a multiple of 4 and
the new valuesof the y; are
Yo = Xo
Vi=X;+Xx3+Xx3+ x4
Y2 =Xg + X;
VY3 = X3 + X3 + X4 + X
Ya=Xo+ X; + X,
Vs =X3 + X4+ X5 + Xg
Yo = Xo + X1 + X5 + X3
Y, :x4+x, +x6+x,.

During the thirdandfinal iteration,mask= 0 for thoseP; wherei is a multiple of 2
andmask= 1 for therest. Following theomputationby the P;, y, = s, for all i. All
prefix sumsarethereforecomputedn O(log n) time usingd(n) processors foa costof
O(nlog n), which isnot optimal.

It shouldbe notedthat the parallelcomputer justescribed is clearly weaker
thanonewith a sharednemory.The comparisorwith the network of section13.2.1,
however, isnoredifficult:

1. On the one handthe present modeiay be consideredweaker since the
interconnectiont uses imnot asspecializedastheonein Fig. 13.1.

2. Ontheotherhand,it may beconsideredtronger asit comprisesnorepowerful
processors, havingp compute thenask variable locallat eachiterationand
behaveaccordingto its value.
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13.2.3 Prefix Sums on a Tree

We now describea parallelalgorithm for computing theprefix sumsthat combines
the advantageef thosein the previous two sectionswithout their disadvantages.
First, the algorithmis designedto run on a (binary)tree of processorsoperating
synchronouslyA treeis not only lessspecializedhanthe networkin section13.2.1,
butin additionis a simplerinterconnectionthan the perfect unshuffleSecondthe
algorithminvolvesno maskcomputation andence requiresery simple processors.
Let theinputsxg, X,, ...,X,—, reside in then leaf processor®,, P,,..., P,_ of
a binary treegneinputto aleaf.When thealgorithm terminates, is requiredthat P;
hold s;. During thealgorithm,theroot,intermediateandleaf processorarerequired
to perform very simpleperations.Theseare described for each processor type.

Root Processor

(1) if an inputis receivedfrom theleft child
then sendit to theright child
end if.

(2) if aninput is receivedfrom the right child
then discardit
endif. O

Intermediate Processor

(1) if aninputis receivedirom theleft andright children
then (i) sendthe sumof thetwo inputsto the parent
(ii) sendtheleft input totheright child
end if.
(2) if an inputis receivedfrom the parent
then sendit to theleft andright children
endif. O

Leaf ProcessolP;

(1) 8¢ x;.

(2) sendthe valueof x; to the parent.

(3) if an inputis receivedfrom the parent
thenadd it to s;
endif. O

Note thatthe root and intermediateprocessorsare triggeredto action when they
receiveaninput.Similarly, afterhavingassignec; to s; andsents; toits parenta leaf
processois alsotriggeredto action by aninput receivedfrom its parent.After the
rightmostleafprocessor hasceivedog n inputs, thevaluesof sg, s,,...,s,_; are the
prefix sumsof xg, X,, .+ .y Xy— .
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Example 13.1
Thealgorithmis illustrated inFig. 13.3for theinput sequencX = {1, 2,3,4}. [

Analysis.  The numberof stepsrequiredby the algorithmis the distance
betweertheleftmost and rightmosleaves, whiclis 2log n. Thust(n) = O(log n). Since
p(n) = 2n — 1, ¢(n) = O(nlog n). Thiscostis not optimallt is notdifficult, howeverto
obtaina costoptimal algorithmby increasinghe capabilitiesf theleaf processors.

Let a processotreewith N leavesPy, P,,..., Py_; beavailablewheren> N.
We assume for simplicitythat n is a multipledf N, although the algorithm can
easily be adapted to work for all values of n. Given the input sequence
X = {x¢,%1,...,X,-1}, leaf processorP; initially contains the elementsx;q,x)

N+ 1r - e e n “"’”)+( - ;- Theroot andintermediatgprocessors behave exacily
before Whereaﬂeleaves novexecutahe stepgivenin thenext procedurdn what
follows, »; denotes the numbef 1 bitsin the binary representatiownf i, thatis,

Uo - O
v; = 1 + Vimoqatess,
andm = n/N.

Leaf ProcessowP;

(1) Computeall prefix SUMSOf Xim, Xim+15-- - » Xim+m-1, StOrethe resultsin s,
Sim+ 13-+ 3 Sim+m—17 andsends;,...— tothe parent processor.

(2) Seta temporary sum; to zero.

(3) if aninputis receivedfrom theparent
thenaddit to r;

end if.

(4) if r, is the sumof exactlyy; inputsreceivedfrom the parent
thenaddr; to eachof Sipm; Sim+1.-.+ ) Simtm—1
endif. [

In orderto understand the termination condition4, notethat v; is preciselythe
numberof rootsof subtrees to theleft of P; thatwill sendinput to P;.

Analysis.  The number aflatathat araequiredby thealgorithmtotravel up
and down the treds independentf the numbernf elementsstoredin eachleaf
processorlt follows that the runningiime of the algorithmis the sumof

1 thetime requiredby leaf P; t0 COMPULES;p; Sim+ 15 - - -5 Sim+m— 3 @andthensend
Sim+m-1 tO its parent[ie., O(n/N) time] since all leavegxecutethis step
simultaneously;

2 the time requiredby the rightmost leaf Py_, to receiveits final input [i.e.,
O(log N) time]; and

3. thetimerequiredby the rightmosleaf Py -, (the lastprocessoto terminate) to
addry_, to eachof the sums it containg.e., O(n/N) time].
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Figure 13.3 Computing prefix sumson tree of processors.

Thus t(n) = 0(/N) T 0(log N). Since p(n) = 2N — 1, ¢(n) = O(n T N log N). It fol-
lows that the algorithm is cost optimal if NlogN = O(n). For example,
N = O(n/log n) will suffice to achieve cost optimality.

It shouldbe notedherethat the algorithm's cosbptimality is dueprimarily to
the fact that the time taken by computationswithin the leavesdominatesthe time
requiredby the processordo communicatemongthemselvesThis wasachievedoy
partitioning the prefix sum problem into disjoint subproblemghat require onlya
small amountof communication.As a result, the model's limitedcommunication
ability (subtreesireconnectednly throughtheir roots)is overcome.
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13.2.4 Prefix Sums on a Mesh

We conclude thissection by showing how the prefix sumsof a sequencecan be
computedon a meshconnectedarray of processorsOur motivation to study a
parallel algorithmto solvethe problem orthis model isdueto two reasons:

1. As shownin theconclusionof section5.3.2, whenthe time takenby a signalto
travel alonga wire is proportionalto the length of that wire, the meshis
preferableto the tree forsolvinga numberof problems. These problenase
characterizetly thefact thattheir solutiontimeis proportionalto the distance
() from root to leafin the treeand(ii) from top row to bottomrow in themesh.
The problemof computing theprefix sumsof an input sequence isne such
problem.

2 Asindicated insection4.8,a meshwith n processorsansort a sequencef n
inputsfasterthan atreewith n leavesregardlessf any assumptionsve make
aboutthesignalpropagationtime along thewires.Thisis particularlyrelevant
since sorting is an important componentof our solution to the problems
describedn the next section.

For easeof presentatiomye assumen whatfollows that n is a perfectsquare
andlet m = n'/2. The prefix sumsof X = {x, X{,..., X, 1} canbecomputedon an
m X m meshconnectedomputer afllows. Letthen processorB,, P,,..., P,_; be
arranged in rowmajor order. InitiallyP; containsx;. Whenthe algorithm terminates,
P, containss;. The algorithm consistf threesteps.n thefirst step,with all rows
operatingin parallel, theprefix sumsfor the elementsn eachrow are computed
sequentially:Each processadds to its contents the conteatsts left neighbor.In
thesecondstep, therefixsumsof the contents the rightmost column are computed.
Finally, againwith all rows operatingin parallel, the contentsof the rightmost
processoin row k — 1 areadded to thosef all the processoré row k (exceptthe
rightmost). The algorithnis givenin what follows as procedurdlESH PREFIX
SUMS. In it we denote the contents$ the processomn row k andcolumnj by w,;,
where0 <k<m-—land0<j<m—1

procedure MESH PREFIX SUMS (X, S)

Stepl: for k =0tom — 1 doin parallel
forj=1tom—1do
Uty + Uy g
endfor
end for.

Step2: for k=1tom - 1do
Upm—1 < Um—1 + Up—1.m—1
end for.
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Step3: for k=1tom — 1 doin parallel
for j =m — 2 downto 0 do
Upj < Uy + Uy 1 m—1
end for
endfor. [

Note thatin step3, u,_; .- IS propagated alongow k from the processon
columnm — 1tothatin column0, eachprocessoadding ittoits contents angbassing

it to its left neighbor.
Analysis.  Each step requires O(m) time. Therefore,t(n) = O(n'/?). Since
p(n) = n, ¢(n) = O(n*?), which is not optimal.

Example 13.2
Let n = 16.The behavioof procedurd¢lESH PREFIXSUMSis illustratedin Fig. 13.4.
In thefigure,4; =x; * x;., +...tx. O
Now assumehatan N2 x N2 meshof processorss available, wher& < n.

To compute theprefix sumsof X = {xq,x;,...,X,-1}, €ach processor initially
receivesn/N elements fromX and computestheir prefix sums.ProcedureMESH

X0 Gl 2| % Xo | Aot | Aoz | Pos
g} %5 | % | X7 Xg | Ass | Ass | Aar
Xg | %o | %10 | *y Xg | Aag | Ag 10| A1t
X2 | X3 | %14 | %5 X2 |Arz1a Ar2,14 Ar2s

(@ INITIALLY (b) AFTER STEP 1
Xo | Aot | Aoz | Ao Xo | Aot | Aoz | Aos
X 1 Aus | Ass | Aoy Acs | Aos | Pos | Aoz
Xg | Agg | Ag1o| Aot Age | Aoo | Aoto| Aot
X12 |A12,13| Arz.14] Aoits Aotz | Po.1a [ Aota | Pots
(¢c) AFTER STEP 2 (d) AFTER STEP 3

Figure134 Computingprefix sumsusingprocedureMESH PREFIXSUMS.
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PREFIX SUMScan now be modified, inthe samewvay asthe tree algorithnin the
previous section, sihatwhenit terminates, each processontain:/N prefixsums
of X. The modifiedprocedure has a runnitiigne of O(n/N) t O(N/?) and a cosof
O(n) T O(N*3). This costis optimalwhenN = 0(n?3).

13.3 APPLICATIONS

In this sectiorwe showhow anefficientalgorithmfor computing theprefix sumsof a
sequence cabe usedo solve decisiomnd optimizatiorproblems.Two problemsre
choserfor illustration: adecisionproblem,namely job sequencingith deadlinesand
anoptimization problempamely,the knapsackproblem.For each of these problems
we give an algorithmthatruns ona treeconnected parallel computéy.crucialstep

in both algorithmss thecomputatiorof the prefix sumsof asequencasdescribedn
section13.2.3.We conclude this sectiohy showingthat despite theisimplicity the
tree solutiongo the two optimization problemare notas efficient as theirmesh
counterparts.

13.3.1 Job Sequencing with Deadlines

A setof njobsd = {jo, j1,--+1Js-1 IS Qivento be processednasingle machineThe
machine can execute one jata time, andvhenit is assigned job,it must complete
it beforethe nextjob can be processedwith each joly; is associated

() a processindgimet; and
(i) adeadlined; by which it mustbe completed.

A schedulas a permutatiorof the jobs inJ thatdetermines the ordeif their
executionA schedulds saidto be feasible if each jobfinishesby its deadlineThe
questionis: Given n jobjg, j1s - - - »jn—1}s With processing timef, ,,. .., -} and
deadlines{dy, d,,...,d,_}, does afeasible schedule exist? turns out that this
question catbeanswered in theffirmativeif andonly if any schedulesherethe jobs
areexecuted imondecreasingrder of deadliness feasible.Thereforeto solvethe
problem, itsufficesto arrangethe jobs inorderof nondecreasing deadlines atadt
whether thig/ieldsa feasiblescheduleln casdt doeswe know thattheanswerto the
questionis yes, otherwise the answeas no. Sequentially, this algorithm requires
O(nlog n) time to sortthe jobs and then O(n) time to testwhethereach job carbe
completedby its deadline.

We arenow readyto presenpur parallel algorithnfor solving thesequencing
problembasednthe precedingidedhealgorithmruns oma treeconnected parallel
computerwith leaf processor®,, Pi...., P,_,. We assumdor notationalsimplicity
thatin the original statememf the problem, the jolarealready arrangenh orderof
nondecreasing deadlin@s;other words,

dogdlg"'gdn_l.
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Initially, leaf processorP; containst; and d;. The algorithm is given as procedure
TREE SEQUENCING.

procedure TREE SEQUENCING(J, answer)
Stepl: Computesy, Syq,...,s,-,, theprefix sumsof t,, t,,...,t, ;.

Step2:. (i) leaf processorP;

if s; <d;
then send"yes' to parent
else send"no" to parent
end if

(i) intermediate processor
if inputsfrom both childrerare"yes'
then send"yes' to parent
else send"na" to parent
end if

(iii) root processor
if inputsfrom both childrerare"yes'
then answer— "feasiblescheduleexists'
else answer—""no feasible schedule
end if. [

Example 13.3

Let n = 4 with {1, t;, t,, t3} = {1, 3, 3,4)and {d,, d, d,, d3} ={3,5,7,9).Thus
{50,51,52,53} = {1,4,7, 11}. Wehaves, < do, s; < d,ands, < d,; howevers, > d; and
a feasible scheduldoes noexistfor this problem. ]

Analysis.  Both steps! and 2 require O(log n) operations.However,the
runningtime of the algorithms dominatedby the time takento initially sortthejobs
in theleaves inorderof nondecreasing deadlines. This tiimknown from sectiord.8
to be Q(n).

13.3.2 The Knapsack Problem

Wearegivena knapsackhatcancarry amaximumweightof Wandasetof n objects
A=q(a, a,,... ,d,—1} Whoserespectiveweights are {wq, w;,...,w,-,}. Associated
with each object ia profit, thesetof profits beingdenotedoy {p,, p1>...,Pu-1 - If We
place intheknapsack a fractiog, of the object whosaveightis w;, where0 < z; < 1,
then aprofit of z;p; is gained.Our purposeis to fill the knapsackwith objects(or
fractionsthereof)suchthat

(i) the totalweightof the selectedobjects doesiot exceedW and
(i) the totalprofit gainedis as large as possible.
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Formally, given 2n + 1 positivenumbersw,, wy,..., w,_, W, Po> Pisvvs Pue, it IS
requiredto maximizethe quantity
n-1
Q= Z Z; X pi
i=0
subjectto the two conditions
1.0<z;<1foralliand
2 Yoz x ws W
An optimal solutionis a sequenc& = {z,, z,,...,2,-{} that maximizesQ while

satisfyingconditionsl and?2. Suchasolutionis obtainedf the objectareexamined in
nonincreasingorder of the ratios p;/w;. If an object whoseturn hascometo be
consideredits in the remainingportion of the knapsack, then the objécincluded;
otherwiseonly a fraction of the objectis placed inthe knapsack. Sequentially, this
requiresO(nlog n) timeto sortthe profitsandweightsand therO(n) time to examine
all the object®neat a time.

Our parallel algorithmfor finding the optimal sequende,, z,, ..., z,-,} uses
thisapproachlt runs on areeconnected parallel compute#th leaf processor®,,
P,,...,P,_,.Weassuméor notationakimplicity thatin the original statemerf the
problem, the objectare already sortedn order of nonincreasing profit taveight
ratios,in other words,

Po/Wo Z P1/W( = -+ 2 Ppo1/Wa—1.

Initially, leaf processorP; containsw;, p;, and W. The algorithmis givenin what
follows as procedureTREE KNAPSACK. When the procedure terminates, the
solution{z,, z4,...,2,-,} resides inthe leaveslLet s_, = 2W

procedure TREE KNAPSACK (A, W, Z)

Stepl: (1.1) Computesy, sys...,5,-, the prefix sumsd we, w,, ... s Wt
(2.2)for i = 1ton— 1doin parallel
P; computes; _ 4
end for.

Step2: for i =0ton — 1doin parallel
if s;<W
thenz; « 1
elseifs;> Wand s;_; < W
then z; — (W — s;_1)/w;
elsez;« 0
end if
end if
endfor. O
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Note thatthe total profit Q may becomputedat the root asfollows:

(i) Eachleaf processo®; computes
profit, « z; X p;

and sendsprofit, to its parent.

(i) Eachintermediateprocessoaddsthetwo inputsreceivedrom its childrenand
sends theesultto its parent.

(i) Theroot addsthe two inputsreceivedfrom its children; thids Q.

Example 13.4
Let n =4 with {w,, w;, w,, w3} = {5,9, 2,4}, {Po, P1> P2, P3} = {100, 135,26, 20}, and
W =15.Thus {s, 51, 52, 53} =1{5, 14, 16,20). Sinceso < W ands, < W, z,=2z,=1. Also
s, > Wandthereforez, = (15— 14)/2 = 0.5. Finally, s; > W and hencez; =0. [

Analysis. Steps1 and 2 require O(logn) and O(1) steps, respectively.
However, theunningtime of thealgorithmis dominatedby the timetaken tanitially
sort the profits and weightsin the leaves irorderof their nonincreasing ratios. This
time is known from section4.8 to be Q(n).

13.3.3Mesh Solutions

As we saw inthe previouswo sectionsthe treesolutionsrequireat leastQ(n) time ff
the inputsequenceare notproperly sortedOur purposehereis to briefly showthat
in thesecircumstances meshconnected parall@omputeris a moreattractivemodel
for solving these decisioand optimization problems.

Assumethat the inputsto thejob sequencingand knapsackproblemsare not
sorted initially, as required by proceduresTREE SEQUENCING and TREE
KNAPSACK, respectivelylf ann!/2 x n!/2 meshconnecteccomputeris available,
then

(i) aninput sequence witlm elementscanbesortedon the meshn O(n'/?) time as
indicatedin section4.8 and

(if) eachof thetwo procedureSTREE SEQUENCINGand TREE KNAPSACK
canbe easily modifiedo run on the mesh in0(n'/?) time.

It follows that the overall runningtime requiredto solve eactof the job sequencing
andknapsack problemis

tn) = O(n'/2).

Thisis significantly fastetthanthe time that would be requiredby the corresponding
tree algorithmsSincep(n) = n, it follows that c(n) = 0(n*?). Thiscostis not optimal
in view of the O(nlogn) running time sufficient to solve these two problems
sequentially.
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Assumenow that an N*/2 x N'/2 meshis available,whereN < log°n. We know
from section4.8that a meshwith this many processors casort an n-elementsequence
with optimal costO(nlogn). Since logn < n?3 for sufficiently large n, we also have
from section13.2.4hat the prefix sumsof an n-elementsequence came computedon
this N*/2 x N'/2 mesh with an optimal cost of O(n). Thesetwo operations, namely,
sorting and computing the prefix sums, dominateall others in solving the job
sequencingand knapsackproblems.It follows that thesetwo problemscan be solved
optimally on a mesh of processors.

13.4 PROBLEMS

13.1 Arethe"circle" processorin Fig. 13.2really needed?

132 Do the computerdlescribedn sectionsl3.2and 13.3 belongto the SIMD or MIMD
class?

133 Stateformally the modified procedure MESHPREFIX SUMS describecht the endof
section13.2.4and whosecost is optimal.

134 Anumbers, andtwo sequences numberga,,a,, ...,a,} and{b,, b,,...,b,} aregiven.
It is requiredto compute the sequen¢e, s,, ..., s,} from the recurrence
s;=a;s—y + b, i=12...,n

Sequentially, this cabe donein O(n) time. Showhow procedure PARALLELSUMS
can be modified to producethe desired sequence il(logn) time on an n-processor
parallel computerDefine your modelof computation.

135 Repeat probleni3.4for thefollowing computations:
(@ si=si—1 X 4
(b) s; =min(s;-,, a)

() s, = max(s;_y, a)

@ s;i=ais;-, -:-bisi—z

e) si=(asi-1 T b)cisi—, T d;
(b ol

136 Lets, and{a,, a,,...,a,) belogical variablegaking thevaluetrue or false. Repeat
problem13.4for thefollowing computations:
(a) s =s5;-4 and a;

(©) si=si-450ra
(C) si =si— XOF a;

137 Provethat a feasibleschedule existé and only if any schedulavherethe jobsare
executedn nondecreasingrderof deadliness feasible.

13.8 Modify procedureTREE SEQUENCINGfor thecasewhereN = logn processorare
availableto performboth thenitial sorting asvell asstepsl and2. Analyzethe resulting
procedureanddiscussts cost optimality.

139 Considerthefollowing variantof thejob sequencingvith deadlines problemith each
jobj;isassociated a profi = 0. Profit p; is earnedf andonly if job j; iscompleted by its
deadlinelt isrequiredto find a subsebf thejobs satisfying théollowing two conditions:
(@) all jobs inthesubset carpe processeédnd completedoy their deadlinesind
@iD) thesumof the profits earneds as large apossible.
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Assumingthat ¢, = 1 for all i, describea parallel algorithmfor finding an optimal
solution.

13.10 Provethat an optimal solution to the knapsack problens obtainedi the objectsare
examined in nonincreasimyderof the profitto-weight ratios.

13.11 Repeat problemi3.8for procedureTREE KNAPSACK.

13.12 In a variantof the knapsackproblem,the condition thaD < z; < 1 is replacedwith
z; = 1 orz; =0, thatis, theith object is either included in the knapsacknotincluded.
Derive a parallelalgorithmfor this variant known athe 0-1 knapsack problem.

13.13 Considerthe problemof maximizingthe function of n variables

h(xy, Xgs ooos X)) = 3, GilX)s
i=1

whereg,;(0) = 0 andg;(x;) = 0 subjectto the conditions

@ i ,x;=xand

(i) x; =0 foralli.

Onemethodfor solving this problenis dynamic programming.In it the sequencg(x),
fo(x), ..., f,(x) is constructedrom

Silx) = max [g;(x;) + fi-1(x — x))],
O0<x;€x
wherefy(x) = 0. Thesequence,(x), x,(x), ..., x,(x) isobtainedn thisway,wherex;(x) is
the value that maximizedg;(x,) ¥ fi_,(x — x,). Computationally,x;{x) is found by
probingtherang€0, x] atequal subintervals. Deriparallelversionof this algorithm.

13.5 BIBLIOGRAPHICAL REMARKS

As mentionedin chapter2, the problemof computingin parallelthe prefix sumsof a sequence
hasreceivedconsiderablattentiondueto its many applications. The parallel computefFig.
13.2wasproposedn [Stone]. Otheralgorithms fora variety of modelsandtheir applications
are described in[Akl 1], [Akl 2], [Dekel], [Fich], [Goldberg], [Koggel]l, [Kogge 2],
[Kruskal 17, [Kruskal 2], [Ladner], [Meijer 1], [Reif], [Schwartz], and[Wagner]. The tree-
basedalgorithmof section13.2.3is from [Meijer 2].

All these algorithms exploithe associativityof the addition operationin order to
compute theprefix sums. It is shown in [Kogge?] that given two sequencesf inputs
{a,,a,,...,a,_,} and {by,b;,...,b,_,), a recursivedoubling algorithm can be used to
compute,in logarithmic parallel timeputputs{s,, s,,...,s,-} of theform

So =bg
5; = f(bi, glag, 5 ) 1<ig<n-1
Here f and g arefunctionsthat haveto satisfy the following restrictions:
1. f is associativethatis, f(x, f(y,z))= f(f(x, y),2);

2. g distributesover f; thatis, g(x, f(y, z))= f(g(x, y),g(x, z))and
3. gis semiassociativéhatis, thereexistsa function h suchthat g(x, g(y, z))= g(h(x, y),z).
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For examplejf f is additionand g is multiplication,the algorithm computes the firstder
recurrences

So = b,
S;=ai5;-4 + b, 1<ig<n—1.

If a, = 1foralli, thes;’s thus computedrethe prefixsumsof {b,, by, ...,b,_,}. Theresultsin
sectionl3.2imply thatall recurrencewvith functionsf andgasdescribed in the preceding can
alsobecomputedin O(log n)time onan n-leaftreeand O(n'/?) time on ann'/2 x n'/2 meshln
particular, any binary associatigperationsuch as multiplication, computirtge maximum,
computing theminimum,and, or, xor, and soon, can replace additiom these algorithms.
Severalbtherexamplesre provided in[Stone].

The needto compute the;’s for various functiong” andg arises in many applications.
Two such applications are describe{Meijer 2], on whichsection13.3is partly basedOther
applicationsare mentioned infFich], [Kogge 1], [Kogge 2], [Kruskal 1], [Ladner], [Reif],
and[Stone]. They include the evaluatiors polynomials, generaHorner expressionsand
general arithmetic formulagjesolutionof linear recurrences;carry look-ahead adder circuits;
transforming sequential circuitsto combinatorial circuitsthe constructionof fast Fourier
transform circuitsranking and packing problems; scheduling problerasid a numberof
graph-theoretic problems suakfinding spannindorests, connected components, biconnected
componentsand minimumweight spanningtrees.Also of interestis the related work on
computingthe logicalor of n bits ([Cook]), generalarithmeticexpressiong[Brent] and
[Winograd]), linear recurrencéfyafil]), andrationalexpressiongdKung]).

Decisionandoptimization problems are treated in [Horowitlawler], and[Papadi-
mitriou]. Most decision problems sudsthe traveling salesmaproblem(problem10.50)and
the subsetsum problem (examplel2.1) are NP-complete.Their optimization counterparts
(problemsl2.9and13.12)aresaidto be NP-hard We mentionedn section10.8thatall known
sequential algorithmg$or these problemsun in exponentialtime, and all known parallel
algorithms have exponential cosee,for example [Karnin], [Kindervater][Mead], and
[Mohan]. However, becausétheir many applications, solutiotsthese problemareneeded
in practice.Fastapproximation algorithmare thereforeusedin these casess illustratedin
probleml.14andin [Horowitz] and[Papadimitriou]. Theraremany kindsof approximation
algorithms. For example, an approximation algorithm may provide a solutioat is
guaranteedo be very closeto the optimal solution. Alternatively, the solution méag
guaranteedto be optimal with a certain probabilityOr the solution may combine the
preceding two propertieshat is, contain at most a certairamountof error with a known
probability. Paralleapproximatioralgorithmsaredescribed iffiCole], [Felten], and[Peters].
Parallel implementationsof dynamic programmingare proposed in [Gilmore] and
[Kindervater].
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14

The Bit Complexity
of Parallel Computations

14.1 INTRODUCTION

The theoreticalmodels of computation commonlysedto designand analyze
algorithms, whether sequentiat parallel, are usually basedon two important
assumptions.

1. Thefirst of these assumptionsthatthesizeof thesmallestaddressable unii
memory,or word, is fixed. On a binary computerfor examplegachword has
lengthb bits for someconstanth.

2. Thesecondassumptioris thatthe entire words availableat once.Again for a
binary computer, this meatisatall b bits areaccessiblevhen needed.

As a resultof these two assumptional] fundamentabperations orpairsof words,
suchas comparison, additionand multiplication, take a constant amountf time
on conventionalmodelsof computation.All previous chapters make assumpti@ns
and 2.

The most obvious reason (anddeed a good one)or including these
assumptiondn the theoretical models that they area faithful reflectionof reality.
Existing digital computerfiavea fixed-sizeword, andall digits of a word can be
reached simultaneously. This not to say that thereare no situationswhere the
preceding twaassumptionglo not hold. For many applicationsywe may want to
make thesizeof a word variable,and/orthe digits forming avord maynot all be
availableat the samédime. In these casethe theoreticainodelsneedto be modified
to countdigit operationswhile in practice softwares usedto enhance the existing
fixed-size hardware. Thenet effect—in both theoryand practice—is that the time
requiredby operationon pairsof wordsis nolongera constanbut rathera function
that growsat least linearlywith the word size.

Thepurposeof this concluding chaptas to describe a numbeif architectures
that are specifically designedto handle those situationehere the conventional

361
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assumptionsl o not hold, thatis, where

1 the wordsizeis variableand/or
2. the digits forming a word arriveerially,thatis, onedigit everytime unit.

Although the conceptpresented henceforthre applicableto all datatypesand
numbering systems,we shall assumefor concretenesghat the data areintegers
expressedas strings of bits, and we shall take operation®n bits as the basic
operations.

Thefollowing problemsareconsidered:

1. addingn b-bit integers;

2. multiplying two b-bit integers;

3. computing theprefix sumsof a sequencef n b-bit integers;

4. multiplying two n x n matricesof b-bit integers;

5 determiningthe kth smallestof a sequencef n b-bit integersand
6. sortingn b-bit integersinto nondecreasing order.

Thesolutionsto theseproblemsareall basedn the concepof " on-thefly " useof the
input andintermediatebits. To be specific,for eachproblemwe describea special-
purposearchitecturepr network,thatprocesses bi@stheyarriveat the interface with
the outsidevorld. Theconceptis alsoapplied withinthe networkthrough pipelining
until theoutputis produced. Thissillustratedin Fig. 14.1.The networksareobtained
by interconnecting &ollectionof simple deviceknown asgates.A gatereceiveswo
bits asinput, computes functionof thesetwo bits, and produces aingle bit as
output. Thisoutput may beone of anothergate'stwo inputs.In analyzing these
networks,we usethe following measures:

1. Number of processorased: Thisis equalto the numberof gatesusedto build
the network.

2. Solutiontime: Thisis thetime requiredby a networkto producedts output, that
is, thetime elapsed from theoment thdirst input bit enters the networto the
momentthe lastoutput bit leavesthe network.The unit of time usedin our
analysisis the time requiredby a gateto produce itsoutput.

3. Cost: Thisis the producbf the previouswo measures.

From the preceding descriptiont is clear that we view thesenetworks agarallel
algorithms. Thesalgorithmsreceivetheir input wordsin parallel, each word being
presentedne bit every time unif(i.e., bit serially),hence the titlef this chapter.

Theremainderof this chapteris organizedasfollows. We beginin section14.2
by describinga basicnetwork that servesasa building block for mostsubsequent
networks. Eaclof thefollowing sectionss devotedto oneof the probleméstedin the
preceding.
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INPUT WORD 1 1100101 ——— —— 10101 OUTPUT WORD 1
INPUT WORD 2 1001001 ——f — 00010 OUTPUT WORD 2
NETWORK
INPUT WORD n 1000101 ———y — 11010 OUTPUT WORD m

Figure 14.1 Network for processing variablesize input words arriving bit serially.

14.2 ADDING TWO INTEGERS

Assumehatwe wantto addtwo b-bit integersx andy whosebinary representations
are

x(b— 1) x(b—2)...x(00) and yb - 1) y(b - 2)...0),
respectivelyThe addition canbe performedby a network knowrasa serialadder
(SA). This network consistsf a numberof gatesthat performon pairsaf bits the

operationsand,or,andxor definedasfollows (thefirst two of theseoperations on bits
were definedn chapters and10):

0 and0 =0, 0and1=0, 1and0 =0, landl=1,
OQor0=0, Qorl=1 - lor0=1, lorl=1,
0 xor 0 =0, Oxorl=1, 1xor0=1, 1xor1=0.

The behaviorof the serial adder networks explainedwith the helpof Fig. 14.2.
Integers xandy arefed into the networkbit serially, least significanbit first.
Denoting thebitsavailableattimei atinputsu, v, and cand outputs andr by «;, v;,
¢, 8;, andr,, respectivelywe have

u; = x() fori=0,
v; = y() fori =0,
§; = (U;_y XOF v;_,) XOr ¢;_, fori>1,
r, = (u_yando, ;) or(u_, orv,_,)andec;_;) foriz= 1,
G =T foriz=1,
¢ =0.

The networkof Fig. 14.2 therefore behavesas required: The sumof x andy is
produced one bt a time at outputs, startingwith the least significanbit at time
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y ——

! SA

Figure 14.2 Serialadder.

—_———

] SA —

Figure 14.3 An SA-box.

i = 1. The network hasthe following properties:

=

. It canbe built usinga constant numbesf gates.

Eachgatehasa fixed fan-out, thatis, thenumberof othergatesto whichit needs
to sendan outputsignalis a constant.

. Theintegersx andy can be arbitrarily large.
Thebitsof x andy arriveserially,andthe sunof x andy is producedbit serially.
The sumis producedin O(b) time.

. Given that the runningtime is O(b) and the numberof processorss O(1), the
network's costs O(b). This costis optimal since€(b) operations ar@meededo
receivetheinput.

N

(2062 IF V]

Forsimplicity, weshallrepresentheserialadderof Fig. 14.2asshownin Fig. 14.3(i.e.,
weomitinputc andoutputr andthefeedback lineonnecting themgndrefertoit as
an SA-box.

14.3 ADDING n INTEGERS

Supposenow that we want tocomputethe sumof n b-bit integersa,, a,,...,a,_;.
Two solutionsto this problemare described. Bothsolutions assumethat b is a
variableand thateachof theintegers arrives bit serially.

14.3.1 Addition Tree

Thesum canbe computedusinga treeof SA-boxes withn/2 leaves (and log levels),
asshownin Fig. 14.4for n = 8.

We call this network theaddition tree. Startingat time i = 0, each onedf the
integergo beaddedsfed onebit every time unit, least significant bit firgtto thew or
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v input of a leaf. Thesumof the nintegerds producedon the s outputof the root,
beginningwith theleast significanbit at time i = log n. Sinceeachof the n integers
has bbits, thetime requiredby theadditiontreeto compute the suns a function of
both nandb andis given by

t(n, b) = O(log n) + O(b).

Also, since thdree consistsef n— 1 SA-boxesgachwith a fixed numberof gatesthe
numberof processors, alsafunctionof n andb, is given by

p(n, b) = O(n).
Finally, thetree'scostis
¢(n, b)= O(n log n+ nb).

For b = logn, this costis optimal sincef)(nb) operations ar@meededo receivethe
input.

The foregoing analysi theadditiontree assumehlatthetimeit takesa bit to
propagatalongawire fromoneSA-boxto thenextis constantlf, ontheother hand,
the propagationiimeis assumedo beanincreasing functiownf the lengthof the wire,
then theprecedingexpression describing the additibme, namelyO(log n) + O(b), is
nolongervalid. Indeedaspointedoutin the conclusiowf sectiorb.3.2,in any planar
circuit layout of the addition tree, theedges inconsecutivdevels and hencethe
propagatiortime for a signalgrowin length exponentiallyvith thelevel number.n
thiscasea more regulastructurds preferred wheraireshaveconstantength. Such
a structuras providedby the meshconnection.

a,
a, SA

SA
a
a, ——f SA

SA I—— SUM

a,
a — SA

SA
3
a | SA

Figure 14.4 Addition tree.
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14.3.2 Addition Mesh

An additionmeshconsistingof SA-boxes is illustrated ifig. 14.5for addingtwenty-
six b-bit integers bit seriallyThe startingtime for each SAox, thatis, thetimei at
whichthebox begins computing, is indicatbelowthebox inthefigure.Note thatall
wires have the same length regardles$ the size of the mesh,and therefore the
propagationtime from one SA-boxto the nextis constant. Itis easyto seethatin
general

t(n, b) = O(n''?) + O(b),
pln, b) = O(n),
c(n, b)= O(n*? + nb).

For b > n!/2, this cost isoptimal in view of the Q(nb) lower boundderivedin the
previous sectiorf-urthermore, theeriodof the network(i.e., thetimeseparating the
lastoutputbit of one inpussequencand thdirst outputbit of thefollowing sequence)
is constantTherefore theaddition meshrepresents definite improvement ovethe
additiontree assuminghat thepropagationtime of a signalis anincreasing function
of the distancetraveled.

14.4 MULTIPLYING TWO INTEGERS

We now turn to the problem of multiplying twob-bit integers
X=x(b—-1)x(b—2)...x(0) and y=yb— 1) yb — 2)...y(0).

By the definition of multiplication, the productis obtainedasfollows:

xb—1) xb—-2) --- ... ... x(2) x(1) x(0)

X

yo—-1) yb-2) -~ - o 2 y1) y0)

Zoz  Zo1 Zoo
+

Zy2 Zix Zyo 0

+

232  Z21  Zy 0 0
. D+

Zp-1,1 Zp-1,0 0 0 0 0

w(3) w(2) w(l) w(0)
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wherez;; = y(i) X x(j). In otherwordsx x y = Y i ari, wherer; is a binary number
given by

ri= 2 Ziy Zi0 0...0 fori=0,1,...,b— 1
Note thatr; hasexactlyi zerosto the rightof z;,.

Sincethe product isexpressedsthe sumof a collectionof binary integersye
canuseour addition tree or additionmeshto performthe multiplication.

14.4.1 Multiplication Tree

We begin by consideringthe networkin Fig. 14.6. For input integers arriving bit
serially at a and g, the network behavesasfollows:

h;=a; or f;,
di=h_,andg_,,
€ =di-1,
Ji=hi-y.

This meanghatbit d attimei is theresultof computingtheand of two bits(handg)
availableattimei — 1. Oneof thesetwo bits (bit g) propagates dow(ase )while the
other(bit h) cyclesback(asf). Theor of aandf is nowcomputedto produce anew
value forh. If inputais 0 atall times, except foa single time unit where is 1,then the
left-hand sideof the network servedo capturethatl bit and maintainit asinput to
theright-handsideaslongasneededFor simplicity, we representhe network of Fig.
14.6 asshownin Fig. 147 andreferto it asthe A-box.
A multiplicationtree for computingx X y consistsof an array of A-boxesA,,

———— @

- —_————

@

Figure 146 Specialpurposenetworkfor capturing tbit input.
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P —

— A —
T
]
1
I
}
|
+ Figure 14.7 An A-box.
A,,...,A,_, followed by an addition tree withb/2 leaves.This is illustrated inFig.
14.8 for b= 8.

Initially, all inputsaresetto zero. Integek is nowfedinto theginputof thetop
A-box, one bit per time unitithus, bit x(i) is madeavailableto box A, at time i.
Similarly, integeryisfed into theainputsof all A-boxesonebit perboxsuchthat y(i)
is madeavailableto 4; at timei. Thefirst bit of the productemerges fronthe root
after 1 + logb time units. Therefordpr the multiplication treewe have

t(b) = O(log b + b) = O(b),
p() = O(b),
c(b) = 0(b?).

14.4.2 Multiplication Mesh

Giventhatthetwo integersx andy to bemultiplied arrive bit serially,we must ensure
(aswe did for thetree)thatthestringsr;, whose sungivesthe productareproperly
formedandfedinto themeshatcorrecttimes.Let usreexamingheadditionmeshln
Fig. 145 SA-boxes withthe samestartingtimefall on thesame diagonalWe cansay
that ondiagonalj, thenumbergo beaddedhaveto befedinto thenetworkat timej.
Now recallthat

ri=-""Zj Zy Zip 0--- 0.

If ;is theinputto anSA-boxondiagonal, thenbit z;, must arriveattimei + j (since
r; hasi zerosto the rightof z;,). In Fig. 14.9, the pair of indices(i, m)belowthe SA-
boxesareinterpretedasfollows: bit z;, of r; must arriveat SA-box(i, m)on diagonal;
attimem=i T|.

We are now readyto describethe multiplication mesh.It usesthe A-box
presented irthe previous sectioaswell asa delay networkshownin Fig. 14.10. This
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1 2 3 4
7/’ //
Ve
7/ Ve
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0,1 24 J/ 38 9,13 10,15
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Ve Ve
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1.3 47 s 812 11,16
s/
7/ Ve
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58 7.1 7 1217 17,23
/
/s
SA SA SA SA SA
6,10 13,18 s 1822 18,25
7/
s/ s/
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1419 15,21 19,26 2028
Figure 149 Transforming addition meshinto multiplication mesh.
a —mmmee- 0 S—

Figure 14.10 A D-box.

network,which we call a D-box, has theollowing behavior:

gi=0a;—,,

3n

thatis, the outputat timei is equalto the inputat timei — 1. A D-box may be built
usinganandgate (oran or gate)both of whoseinputs equal théit to be delayed.
A multiplication mesh forb= 21 is shownin Fig. 14.11.1t consistsof the
additionmeshof Fig. 14.5augmenteavith A- andD-boxes.Thebitsof x arefed,least
significant bitfirst, into the top left corner.They circulatearoundthe meshin a
snakelike fashion along the dasHieés.Bit y(i) of y, on the other hands givenas
inputto theA-boxassociatewvith SA-box(i, m) attimem — 1 [i.e., whenx(0) reaches
thatbox]. Forthe networkof Fig. 14.11, botht(b) andp(b) are O(b). This meanghat
the multiplicatiormeshhasexactlythe same requirements as the multiplicatien
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under theeonstanivire delayassumptionThemultiplication meslis, of course, faster
whenthesignalpropagatiortime along awire growsasa function of thewire length.

Weconclude thisectionby pointingout thatthe assumption madethe outset
regardingthe numbeof bits of x is really unnecessary b-bit multiplication treeor
meshwill operatecorrectlyfor anx with any bit sizeprovidedy hasb bits. Thusjf x
hasl bits, then

t(b, ) =0(b)+ O0() and p(b, ) = O(b)

for both multipliers.

14.5 COMPUTING PREFIX SUMS

Given a sequenceA ={a,, a,,...,4q,-,} Of n b-bit integersiit is requiredto com-
pute the prefix sums sy, s1,...,5.—1,» Wheres;=a, +a, ... ta,. Solutionsto
this problemwere describeth chapter® and13,assuminghatbisaconstant andll
b bits of eachintegera; areavailable simultaneously. Wew showhow a collection
of SA-boxescanbe usedo obtainall sumswhentheintegersa,, a,,...,a,., havea
variablesizeandarrivebit serially.Two solutionsaredescribedThefirst usesvariable
fan-out gates;the secondusesgates whoséan-outis constant.Both solutionsare
recursive innature.

14.5.1 Variable Fan -out

Thefirst solutionis illustratedin Fig. 14.12for n= 8.

In generala networkfor n = 2™ consistsof two networkgor n = 2™~ followed
by n/2 D-boxesandn/2 SA-boxesWhenn = 2, one Dbox andone SA-box suffice.
Let usdefinethedepthd(n) of a networkwith inputs as théongestpathfrom inputto
output. For the networkin Fig.14.12,

d(2) =1,
d(n) = d(n/2) + 1,
thatis, d(n) = log n. Therefore the time requiremenof the networkin Fig. 14.12is
t(n, b) = O(log n) + O(b).
The numberof processoraised is
p(n, b) = 2p(n/2, b) + O(n)
= O(n log n).

Thefan-out of thegatesusedis 1 * n/2. This canbe seen from Figl4.12,wherethe
valueof s; hasto besentto one D-box andfour SA-boxes.
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RECURSIVE
& — L [}

SOLUTION

ag RECURSIVE ——@__, S5

SOLUTION

Figure 14.12 Computing prefix sums onnetwork with variable fan-out.

14.5.2 Constant Fan -out

Thesecondsolutionis illustratedin Fig. 14.13for n= 8.

As mentioned irexample7.2 andsection13.2.2,the perfectshuffle connection
(andits inverse,the perfect unshufflenay be regardedasa mappingfrom a set of
processorso itself or from asetof processorso anothersetof processorsThelatter
of theseconnectionsis usedto construct the networkn Fig. 14.13.As with the
networkin Fig. 14.12,

d(n) = log n,
t(n, b) = O(log n) + O(b),
p(n, b)= O(nlog n).
It is clearfrom Fig. 14.13thatthe gate faroutis 2.

14.6 MATRIX MULTIPLICATION

It is requiredto computethe productof two n X n matricesf b-bit integers. We begin
by showing howthe networks of the previous sectiongan be used for the
computatiorof theinnerproductof two vectorsof integers A matrix multiplier is then
viewedasa collectionof networksfor innerproduct computation.
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Figure 14.13 Computing prefix sums onnetwork with constant fanout.

Let u =(ug, U,, ..., t4,_4) @andv = (vq, v,, ..., v,_) be two vectorsof b-bit
integersvhoseinner productthatis,

uol)o + ulvl + e+ u,,_lli,,-l,

is to becomputed. The productsy;v;, fori =0, 1,...,n — 1, can be computedn
parallelusingn multiplicationtrees.This require€(b) time and O(nb) processors.
Thesen productsarenowfed into an addition treavith »/2 leavesto obtain thdinal
sum.Thissecondstage runs i®(log n) T O(b) time on O(n) processorConsequently,
the inner product require€(logn) T O(b) time and O(nb) processorsThe inner
product networkis illustrated in Fig. 14.14, where the small trianglesrepresent
multiplication treesand the large triangken addition tree.

The producof twon x n matrices consistsf n innervectorproductgeach row
of thefirst matrixis multiplied by each colummof thesecond)Supposéhatwe havea
multiplier for vectorsthat multiplies two vectorsn g time unitsusingp processors.
Thenn? copiesof this multiplier canbe usedto multiply twon x n matricesin time
unitsusingn?p processordn generalp® copieswhere0 < « < 2, will do thejob in
n?~%g time units and usen®p processors.

Our vectormultiplier of Fig. 14.14 has

q = O(log n) + O(b),
p = O(nb).
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UOVO + U1V1 + + U“_1Vn_1

Y
Figure 14.14 Inner-product network.

Thusn® copiesof this multiplier will computethe matrix productin time
t(n, b)= O(n* *log n + b))

usingp(n, b)= O(n! **b) processors.

14.7 SELECTION

Given arandomly orderedequenceA ={a,, a,, ..., a,) of n b-bit integersand an
integerk, wherel < k < n,it is requiredto determinghe kth smallest elemerdf A. In
chapter2 wecalledthistheselectionproblemandpresentedh parallelalgorithmfor its
solutionthat runson the EREW SM SIMD model, namelyprocedure PARALLEL
SELECT.Assumingthateachinteger fitsin aword of fixed sizeb, the procedureuses
nl—x processors, where< x < 1, andrunsin O(n*)time,whencountingoperations
onwords. Wherbit operationsarecounted, the procedurequiresO(bn*)time fora
costof O(bn). This costis optimal in view of the Q(bn) operationgequired tosimply
read thenput.

We now describean algorithm for the selection problem withthe following
properties:

1. Thealgorithm operatesn b-bit integers wheré is a variable,and the bitsof
eachword arriveoneevery time unit.

2. It runsonatreeconnected parall@omputerwhich issignificantly weakethan
the SM SIMD model.

3. It matches theperformanceof procedure PARALLELSELECT while being
conceptuallymuch simpler.

We beginby describing asimple versiorof the algorithmwhosecostis notoptimal. It
is basednthefollowing observationlf asetM consistingof them largest membensf
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A canbefound, then either

(i) the kth smallest is includedn M, in which casewe discardfrom further
consideration thosgement®f A thatarenotin M, thusreducingthelengthof
thesequencédy n — m, or

(i) the kthsmallests notin M, in whichcasehemelementsf M areremoved from
A

In order to determinkl, welook atthemaost significanbit of theelementsf A. If the
binary representatioof elementg; of A, wherel <i < n,is

ab—1) ab—2)...a/0),

theng; isin M if ¢,(b — 1)= 1; otherwiseg; is notin M [ie., wheng;(b — 1)=0]. ff
this process isepeatedby consideringuccessivits andrejectinga portion of the
original sequenceachtime, thekth smallestwill be left. (Ofcourse more than one
integermay beleft if all the elementsof A arenot distinct.)

For easeof presentatiorywe assumehat n, the sizeof the inputsequence, ia
powerof 2. The algorithm runsnatreeconnectechetworkaof simpleprocessoraith
nleavesP,, P,, ..., P,. Leaf processot; can

—~

i) receivethe bits of g; serially, most significartit first, from somenput medium;
i) sendthe bitsof g; to its parentserially;
(i) sendits own indexi to its parentjf requestedand

(iv) switchitself " off' if told to do so.

—~

Initially, all leaf processorare™on." Oncea leaf hasbeenswitchedoff, it is excluded
from the remaindeof the algorithm'&xecutionit stops reading inpwtndno longer
sendsor receives messagés andfrom its parent.

Eachof the n — 2 intermediate processors can

(i) relaymessagesf fixed sizefrom its two childrento its parentand vice versa;
(i) behaveasan SA-box;and
(iii) comparetwo Of(log n)-bit values.

Finally, the root processorcan

(i) sendandreceive messages fixed sizeto andfrom its two children;
(i) comparetwo O(log n)-bit values;

(i) behaveasan SA-box; and

(iv) storeand updatethreeO(log n)-bit values.

The algorithmis givenin what follows as procedure TREE SELECTION.
When the procedure terminates, tiedex of the kth smallest elementf A is
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containedin the root.If several elements &f qualify for beingthe kthsmallest, the
onewith the smallest index is selected.

procedure TREE SELECTIONA, k)

Stepl: {Initialization)
(1.1) The root processor reads and k
(1.2) 1< n {lis thelengthof the sequence remaining)
(1.3) g~ k{the gth smallest elemeris to be selected)
(1.4) finished+ false.

Step2:  while not finisheddo
(2.1)for i =1to n doin parallel
P; reads the nexbit of a;
end for
(2.2) The sums of the n bits just reads computedby the intermediateand root
processors actingsan additiontree
23)ifl—q—-5s=0
then {gth notin M}
) lel—s
(i) theintermediateprocessors relato all leavesthe root's message:
if latestbit read wadl
then switch “off”
end if
elseifl —g—s=—1lands=1
then {qth elementfound)
(i) theintermediate processors relayall leavesthe root'smessage:
if latest bit readvasl
then send indexo root
end if
(i) theintermediate processors relaythe root the index of the leaf
containingthe gth smallest element
(iii) finished« true
else {gth in M)
() g—q—(-5)
(i) les
(i) the intermediat@rocessorselayto all leavesthe root's message:
if latestbit readwas0
then switch " off
end if
end if
end if
24 if1=1
then (i) theintermediate processorslay to all leavestheroot's message:
if still "on"
then send indexo root
end if
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(i) the intermediate processors relag the root the index of
the only remaining integer
(iii) finished « true
end if
(2.5) if (there areno moreinput bits)and (not finished)
then (i) the intermediate processaeday to all leavesthe root's message:
if still "on"
thensend indexo root
end if
(ii) the intermediate processorday to the root the index of the
smallestnumberedeaf thatis still "on"
(iii) finished«true
end if
end while. O

Note thatnonedf the processofsoot,intermediate, oteaf)is requiredat any
stageof the algorithm'sxecutionto storeall b bitsof aninput integer. Thereforehe
network's storage requiremeatrgindependentf b.

Example 14.1

Assumethat we want to find the fourthsmallest value i{10, 15, 12, 1, 3,7, 6, 13).
Initially, I = 8 andqg = 4. During thefirst iteration of step2, the most significanbit of
each input integds read by oneleaf, asshown inFig. 14.15(a). The sumof thesebits,
s = 4,iscomputedattheroot.Sincel — q — s = 0, leaf processorP,, P,, P,,andP; are
switchedoff, and! = 4.

During the second iteration, the secomdbst significantbits are readoy the
processorthat arestill on. Thisis shown inFig. 14.15(b), wherethe processothatwere
switchedoff aremarkedwith an x . Sinces = 2,1 — q — s = — 2,andprocessorg#, and
P areswitchedoff. Now I = 2 andq = 2.

In'thethird iteration thesumof the thirdmost significant bits, reaoy P, andP,,
iss = 2.Sincel — q— s = —2 and both input bitsverel, no processois switchedofl.
Again,I=2andq= 2.

In thefourth(and last) iteratiors, = 1 and! — g — s = —1: Theindexof processor
P is sentto the root, signifyingthat the fourthsmallest valuén the inputsequencés

7. 0O

Analysis.  Stepl takesconstantime. Thereareat mostbiterationsof step2.
Duringeach iteration the susof n bitsreadby theleavesanbeobtainedby the root
in O(log n) time by letting then — 2intermediate nodeendrootsimulateanaddition
treewith n one-bit numberssinput. Unlike theroot of the additiontree howeverthe
root processor here retains thmgn bits of the sum. Thus thetime requiredis
O(blogn Sincethe numbeof processoris 2n — 1,thealgorithm's cost i©(bn logn)
which is not optimal.

An algorithmwith optimalcostcanbeobtainedasfollows. LetN bea powerof
2suchthatN logn < n,andassumehat2N — 1 processorareavailableto selecthe
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kth smallest element. These processoearrangedn a treewith N leavesThe leaf
processorarerequiredto be morepowerfulthanthe onesisedby procedureT REE
SELECTION: They shouldbe able to compute the sunof n/N bits. Eachleaf
processoisin chargé of n/N element®f the sequenck. Thesen/N integers arrive
on n/N input mediathat the leaf examines sequentiallfthe parallel algorithm
consistof biterations.Forj=b — 1,b— 2,...,0, iterationj consistsf threestages.

() Everyleaf processofinds the sumof thejth bits of (at mosty/N integers.

(i) These sumareaddedby the remaining processoadtherootindicatesvhich
elements musbediscarded.

(iii) Everyleaf processol' marks' the discarded inputs.

Stages(i) and (iii) require O(n/N) operations.Thereare O(log n) operations
involved in stagéi) togo upanddown thetree.Thetime periterationis O(n/N), for a
total runningtime of

t(n) = O(bn/N).

Sincep(n} = 2N — 1, we have

c(n) = O(bn),
andthisis optimal.
14.8 SORTING
Givena sequencef n b-bit integersA ={a,, a,, ..., a,), it is requiredto sortA in

nondecreasing ordeWwe assumehatb is a variableand thatthe bits of each integer
arrive oneeverytime unit. The sequence cabe sorted by adaptingthe odd-even
sortingnetwork of Fig. 4.1. The adaptedetwork has two features:

1. Each integeg, is fed into the networkmostsignificant bit first.

2. Bit comparators replace thveord comparatorin Fig. 4.1. A bit comparator
hasthe same function asword comparatorlt comparegwo integers, producing the
smalleron the top outputline and the largeron the bottomoutputline. The only
differenceis that bit comparatorgperform their task bitserially. A bit comparator
receiveswo bitsasinput andproduceswo bits asoutputin thefollowing way. As
long as the twdnput bits are equal,they are producedon the two output lines
unchangedAs soonasthe two input bits differ,

() theo bit, andall subsequent bitsf thatintegerareproduced asutputon the
top outputline of the comparator and

(i) thel bit, and all subsequertits of thatintegerareproduced asutputon the
bottom outputline of thecomparator.
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As the odd-evennetwork consistsof O(log?n) stagesthe modified network requires
t(n, b) = O(log’n) T O(b)
time and
p(n, b) = O(n log?n)

processors.

14.9 PROBLEMS

141 Letx andy betwo b-bitintegerswhereb is a variable Designa network for computing
X =y

142 Afull adderfor bits isa devicethat takes three bitas input andeturns their sum a&s
two-bit binary numberA collectionof full adders (arrangesideby side)cantakethree
b-bit integers, y, andz asinput and returntwo binary integera andv as outpusuch
thatx 'y *+ z = u+ v.Assumehatb isa constanandall bitsof x,y, andz areavailable
atonce. Eachiull adderreceivesone bit from eachof x, y, andz andreturnsonebit of
eachof wandv.Thusu andvcanbeobtained fronx, y, andz in constantime.Let uscall
this devicea (3,2)-adder. Show that anetwork of (3, 2)-adders reduceshe problemof
addingn numbergto the problemof addingtwo numbersAnalyzethe running time,
numberof processorsgnd complexityof this network.

143 Discuss the cost optimalityf the networkslescribedn section14.4.

144 Letx andy betwo b-bitintegerswhereb is a powerof 2. A divide-and-conqueralgorithm
canbeusedto multiply x andy. Wefirst split eachof x andy into two equalpartsof 4/2
bits eachand write

x=ux 2% 4y,
y=wx2% 4z
Now x x y is computed from
@w)2b + (uz + vw)2%? 4 vz,

wheretheproductsuw,uz,vw,andvzare obtainedby thesame algorithnmecursivelyLet
g(b) be the numberof bit operationsrequired tocomputex x y by the preceding
algorithm. Since the algorithminvolvesfour multiplicationsof two (b/2)-bit integers,
threeadditionsof integerswith at most2b bits,andtwo shifts (multiplicationsy 2% and
2°/2), we have

gy =1,
q(b) = 4q(b/2) + cb,

for someconstantc. It follows that g(b) = O(K?).

(a) Canthealgorithmbeimplemented in parallel2an itbeusedin asettingwherep isa
variableand the bitsof x andy arrive serially?

(b) Consider now théollowing modificationto the algorithm. Theuantityuz + vw is
obtained from (Ut v)w * z) — uv — vz. Only three multiplicationsof (b/2)-bit
integers are now required, four additionstwo subtractions,and two shifts.
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Consequently,
q=1,
q(b) = 34(b/2) + cb,

forsomeconstant. It followsthatg(b) = O(b'#2*) = O(b*3%). Repeapart(a) for this
new version.

Letx andy beb-bit integersDesigna networkto computehequotientandremaindeiof
x divided by y.

Which of thetwo networks described in sectidd.5for computingthe prefixsumsof a
sequenceelieson the commutativityof the addition operatiorthatis,a®* b=b+a?

Thenetworksof sectionl4.5havea costof O(nlog?s + bnlog n). This cosis clearly not
optimal sincea single SAbox cancomputeall prefix sumsin O(bn) time. Can acost-
optimal solutionbe obtainedfor the bit-serialversionof the prefix sums problem?

Thenetworksof sectionl4.5produceas oneof their outputs thesumof their ninputs.
Comparethis methodof computingthe sumof nintegerso theonedescribed in section
14.3.

Repeat probleni3.4 for the bit-serialcase.

Repeat problem3.5 for the bit-serialcase.

Repeat problemi3.6for the bit-serialcase.

Discusghe costof the matrix multiplier of section14.6.
Describe formallythe algorithm givenat the end of section14.7.

Adapt procedure TREE SELECTION to run on an n'? x n'/? mesh-connected
computerandanalyzeits running time.

Canthecostof thealgorithm derived irl4.14be made optimal?

Considera linear array of processor®,, P,, ..., P, and the following algorithm for
sorting asequencef n b-bit integersthatarrive oneat a time at P,. At everystep, the
contentf the entirearrayof processorareshiftedto theright makingroomin P, for a
newinputitem. Thisis followedby a comparisorexchangd=or all oddi, theitems inP;
and P;,, arecompared,with the smaller goingo P; and the largerto P;,. After n
repetitionsof thesewo stepsinputis completeandoutputcanstart. Thecontentsf the
array areshiftedleft producingasoutputfrom P, the currentsmallest elemerin the
array.This is followed by a comparisorexchangeAfter n repetitionsof the preceding
two stepoutputis complete. When several sequersmexjueued for sorting, thisorter
hasperiod2n.Theperiod carbereducedo nby allowingboth P, andP, to handle input
and outputWhile P, is producingoutput, P, canreceiveinput andconversely. Sorted
sequenceareproducedalternatelyin ascendingrder (through P,) and idescending
order (throughP,). Thus msequencedf nintegers eachresortedin (m + 1)n insteadof
2mn steps. Obviouslyhetime to comparawo b-bit integersx andy, whenbis notfixed,
isalinear functionof b. Thus,thepreceding timeare inreality(m T 1)nb and2mnb. It is
of course possible comparawo b-bit integers ifewerthan bstepsby usingadditional
circuitry in each processor. This circuiigjin theform of a complete binary trewith b
leaves. Assumehat bit-parallelinput is allowed,thatis, all b bits of aninteger arrive
simultaneously. Eadeaf compare®nebit of x with thecorresponding bivf yandsends
the result upward. These resyt®pagate uphetree,andin logé stepsthelargerof x
andy is determined. Thisvould makethe runningtime (m + 1)nlog b and 2mnlog b.
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Show that a network derived fromthe linear array whose processorsise no special
circuitry andoperate athebit levelcan sorin (1 + m/2)n + b time. This would represent
a significantimprovementover the precedingapproach.

Considerthe following algorithm forsorting thesequenceA ={a,, a,, ..., a,} of b-bit
integersTwo arraysof n entries eaclarecreatedn memory. Theséwo arraysarecalled
bucketo and bucketl. The algorithm consistsf b iterations. At thebeginningof each
iteration, all positionsof both bucketscontainzeros.Duringiteration j, eachelementa;
of A, where
a; = a;(b — 1) aib — 2)...4,(0),

is examined:A 1 is placedin positioni of either bucketd or bucket1 dependingon
whethera;(j)is 0 or 1, respectively.Thevalues inbucket0, followed bythosein bucket,
form a sequenceof 0’s and I's of length 2n. The prefix sums{s,,s,,...,s;,} Of this
sequenceare now computed.Finally elementg; is placedin position s; or s;,, of 4
(dependingon whether bucke® or bucketl containsa 1 in positioni), concludingthis
iteration. Show howthis algorithm can be implementedin parallel and analyzeits
runningtime and cost.
Thenetworksin sectionsl4.2-14.6 receivetheir inputs andproducetheir outputsleast
significant bit first. By contrastthe networksn sectionsl4.7 and14.8 receivetheirinputs
andproducetheir output'smostsignificant bit first. This may bea problemif the output
of onenetwork(of thefirst type)is to serveas the inputo anothemetwork(of thesecond
type), or vice versa.Suggestwaysto overcomethis difficulty.
Let usdefine
() clock cycleasthe timeelapsedrom the momenbneinput bit arrivesata networkto

the momentthe following bit arrivesand
(i) gatedelayasthe time takerby a gateto produceits output.
Showthat,for the networks inthis chapterto operateproperly,it is importantthat

clock cycle> gatedelay.
Arguethatthe runningtime analyse@ this chapterarecorrect providedhatthe ratio

of clock cycle to gatedelayis constant.

Showthat the proces®sf computing themajority of fundamental statistical quantities,
suchasthe meanstandardleviation,and momentcanbespeededip usingthe networks
describedn this chapter.

Designa networkfor computingthe greatesttommondivisor of two b-bit integers.

14.10 BIBLIOGRAPHICAL REMARKS

As mentionedn the introductionmost model®f computatiorassumehatthe wordsize ofthe
input datais fixed and that eachdataword is availablein its entiretywhen neededsee,for
example[Aho], [Akl 1],[Horowitz], and[Knuth 17].In this sectionwe briefly reviewsomeof
thealgorithmsthat weredesignedo solvethe problems addressé@usectionsl4.2-14.8 based
onthesetwo assumptionsWhencomparingthose algorithmgo the networkf this chapter,
oneshouldkeepin mind that thelatter do not make theprecedingtwo assumptiongandcan
thereforebeused(if needed)n situations wheréheseassumptions appliaswell asin situations
where theyd o not).
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Thefastest known algorithm faddingtwo b-bit integerds the carry-look-ahead adder
[Kuck]. It runsin O(logb) time and usesO(blog b) gates with arbitrarily large fan-outhe
algorithm's cost is therefo@(blog?b). Thisis to becontrastedwith the O(b) costof the SA-box
([Baer]).

The sum of n b-bit integers can be computday a tree of carry-look-aheadadders
[Ullman]. This requires O((logn)log b)) time and O(nblogb) gates for a cost of
O((nlog n)b log?b)).By comparisonthe tree of SA-boxesdescribedn section14.3 usedewer
gateshasa lower costandis faster for b= O(log n). Another algorithm superiato the treeof
carry-look-aheadadderss described in problerh4.2.

Two solutionsaregivenin [Kuck] to the problenof multiplying two b-bit integersThe
first one usescarry-look-aheadaddersand requiresO(log?b) time and O(b?10gb) gates.The
secondand more elaborateolution isbasedon a combinationof carry-saveand carry-look-
aheadadders.It uses O(B) gatesand runsin O(log?b)time (when the fan-oubf the gatess
constant)and O(log b) time (when the fan-out is equal to b) for costsof O(t’10¢’b) and
O(?10g b) respectivelyBoth of these costarelargerthanthe O(I8) costof the multiplication
treeand multiplication meshof section14.4.

If carry-look-aheadaddersare usedin section13.2.3for computingthe prefix sumsof a
sequencef nintegers, then the tree algorithm described therein would re@{diog n)log b))
time and O(nblog b) gatesfor a costof O((nlogn)b log?h)). Assume forconcretenesshat
b = O(log n). Thenthepreceding expressions describing theningtime, numbelof gatesand
cost becom@((log nXlog log n)), O((n log nXlog log n)),and O((n log2n)logZlog n)), respectively.
The corresponding expressiofar the networksof section 14.5re O(log n), O(nlog n), and
O(nlog®n).

ProcedureCUBE MATRIX MULTIPLICATION of section7.3.2 usesn® processors
andrunsin O(log n)time. If the processorarebasedn theinteger multipliergivenin [Kuck]
andwhosegateandtime requirementare O(b?)and O(logb), respectivelythenthe productof
two n x n matricesf b-bitintegerganbeobtained ind((log n)(logb))time using O(fb?) gates.
Thisyieldsa costof O((*10gn)(k?10¢?hb)) Again, letb = O(log n). The costof procedureCUBE
MATRIX MULTIPLICATION in this casds O(n*10¢’n log?10gn). Thisis largerthan the
O(n*10¢’n) cost of the network described in sectidi®.6. Note also that the productof the
solutiontime by the numberof gatesusedfor any sequential matrix multiplication algorithiof
the type described, for exampl& [Coppersmith] and [Gonnet], canbe improved from
O(N*b?10¢fb) where x < 3 (using the integer multiplier in[Kuck]) to O(n*b?) (using the
multiplication treeor meshof section14.4).

Many tree algorithmsexist forselecting thécth smallest elemerdf a sequencef n b-bit
integers (assuminthat all bits areavailable simultaneously). Sonoé theseare reviewed in
[Aggarwal 1]. Thebestsuch algorithnmusesO(n) processorandrunsin O(log?n)time.Counting
bit operations, thisunningtime becomesO(blog?n). Unlike (the modified) procedurd REE
SELECTIONdescribed in sectioi4.7, this algorithmis not cost optimal.

A costoptimal algorithmfor sorting n b-bit integerss described irffLeighton]. It uses
O(n) processorandruns in O(blogn) time (counting bit operations), f@an optimal costof
O(bnlogn). Using the bitomparatorslescribed in sectiob4.8andin [Knuth 2], sorting can
be performed inO(b+ log n) time with O(n) gates.

The networksin this chapterare mostly from[Akl 2], [Cooper], and [Meijer]. Other
algorithms concernedith bit operations arelescribedn [Aggarwal 2], [Akl 3], [Batcher],
[Bini], [Brent], [Kannan], [Luk], [Reeves], [Siegelland[Yu] for a varietyof computational
problems.
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